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BBEJEHUE

Cy6auddepeHimaibHoe NCUUCIEHHE YKe JIOCTATOYHO JaBHO ABJSETCs (DyHIaMeH-
TOM BBIILYKJIOIO U Herjajkoro axaausa (cm., manpumep, [1], [2], [3], [11], [12], [13]).
. B. OpJioBbIM HECKOJIBKO JIET Ha3a/l ObLIO BBEJIEHO IOHSITHE KOMNAKMH020 cybdudide-
pernyuanae i K -cybduddeperiyuana, KOTOpoe 3aTeM HAIIO Cepbe3HbIe IPUIOKeHUsI. B
coMecTHBIX pabortax ¢ @.C. CTOHSIKUHBIM 3TO MOHSTHE OBLIO MOJPOOHO U3YUEHO JJIsT
oTobpazkenuii BermecTBeHHOTO aprymenta B JIBII, u ¢ ero momorsbio OBLI0 Oy IeHOo 00-
IIIee TOIOJIOTUYEeCKOoe perrerne mpobaeMbl Panona-Hukommma njist maTerpasia Boxmepa
(5], [6],[18]).

B nanbmeiiniem Bo3HUK BoIpoc o mieperoce mousitust K-cyoanddepenimaa Ha ciaydait
BEKTOPHOI'O apryMeHTa, 4TO W OBbLIO ¢esiaHO B coBMecTHBIX paborax U. B.Opiosa u
3. 1. Xamwmmosoit (cm. [7], [8], [16], [17]). PesynbraTs! mamum 3HaduMble IPUMEHEHNS B
PEeIeHnN BAPUAIMOHHBIX 387189 C HENJIAIKIM UHTEIPAHTOM.
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Henapno nonsarue K-cybanddepenimasia 661710 0000IIEHO Ha CUMMETPUIECKHUI CITy-
qaii. Beuto BBemeno mousTue cummerpudeckoro K-cybauddepennnana (mwim Kg-cy6-
nuddepenipana), 0600IANIEr0 CUMMETPUIECKYIO MTPOM3BOHYIO, a He OOBbIYHYyI0. B
Hamux paborax [19], [20] uznoxken ocHoBHoit anmapar Teopun Kg-cyomuddepenimaion
[IEPBOI'O U BTOPOI'O TOPsiJIKA JIJIsi OTOOPaXKeHUil CKajsspHOro aprymenta. [Ipumenenue
Ks-cybnuddepeHiuaioB BMECTO CUMMETPUIECKIX TPOU3BOIHBIX B Teopun psiioB Dy-
pbe 03BoJIMI0 06001 Th Kiaccuueckuii metos; Pumana-IlIBapiia 060611ieHHOTO CyMME-
poBanus psinos Oypbe.

JlanHast cTaThs MTOCBSIIIIEHA BBEJIEHUIO U ucciaenoBannio K -cybanddepeniimaaon
N-T0 TIOpsIIKa, & TaKXKe BBIBOJy TeOpeMbl O cpegHeM u opmysbl Teitopa jyist cum-
MeTpUYecKnX npou3Bogubix u Kg-cybauddepenrmanios. Pabora cocrout u3 wernipex
OCHOBHBIX pa3jiesioB. B mepBoM pasjesie mojydena (popMy/ia KOHEIHBIX MPUPAIIEHUN 1
JIOKazaHa TeopeMa o cpejHeM it Kg-cybauddepennupyembix orobpazkenuit (Teope-
Ma 2). B gacTHOCTH, HIOJIyYeHa TeopeMa O CPeJIHEM JIisi CAMMETPUIECKHUX IIPOM3BOJIHBIX.
Bo Bropom paspuese noaydena dbopmyna Teitnopa B dhopme Ileano (reopema 3) mis
CUMMETPHYECKUX TPOM3BOJHBIX. TaK»Ke MoJyueHbl BapuaHThl dopmyiibl Teiopa s
YETHOI'O M HEYETHOI'O IOPSIKA IPU HECKOJIHKO MHBIX TpeboBanusx. B Tpernem pasme-
Jie PACCMOTPEHBI MTPUJIO2KeHUsT (DOPMYJIbl Teitsiopa Jijist CHMMETPUYECKUX TPOU3BOTHBIX.
Hakomuerr, B mocsiesineM pasjieiie mpeJblIyIiue pe3yabTaThl epeHocsaTes Ha caydail Kg-
cyb b depeHIupyeMbIX 0TOOParKEeHHA.

[IpuBesem HEKOTOPBIE BCIIOMOTATEIbHBIE CBEJEHUS, KOTOPbIE OYIyT UCIOJIB30BaHbI B
pabore. Berogy nasiee Mbl paccmarpuBaeMm orobpazkenue f : R D [a;b] — F, onpenenen-
HOe B HeKOTOpoii okpectHocTH U (2) Touku x € R, rne F' — npou3BoJIbHOE BEIECTBEHHOE
HOPMHUPOBAHHOE MTPOCTPAHCTEO.

HanoMHIM orpe/iesieHusi CHMMETPHYIECKOI IPON3BO/IHOM n-10 mopsika (eum. [4], [23]) n

K s-cybnuddepennuana nepsoro nopsika ([19], onpenenenne K-upemena cum. paszer 4).

Ounpenenenne 1. Cummempuueckol npouseodnot n-20 nopadka orobpaxkenus f(zx) B
TOYKE T HA3BIBAETCSI BEJMINHA

. AMf(x,h . 1 n
() = lim (éé)n) - Jim ;(_1)kcﬁf(m +(n— 2K)h).

Onpenenenune 2. Hazosem K-cybduddepernvyuanom nepsozo nopadka orobpakenus f
B TOUKe T cjeayromuit K-1pesest, ecju OH CyIeCTBYeT:

31[r/<]f(x)ZK—%i_%co{f(ijh);hf@_h) ‘0<h<5}.
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1. ®OPMVJIA KOHEYHBIX ITPUPAIIEHUA U TEOPEMA O CPEIHEM JJIs
ABCOJIFOTHO HEIIPEPBIBHBIX K -CYBAU®PEPEHIIMPYEMBIX OTOBPAYKEHUI U
CUMMETPUYECKHNX TTPON3BOJHBIX

Buauaste osryunm popmysty KoHeUHBIX Hipupaitiennii Jjis K g-cy6nuddepeHnmpyeMbix
0TOOparKeHUiA.

Onpepnesienne 3. Orobpaxkenue [ : [a;b] — F HazbiBaeTcs (CHILHO) aBCOIIOTHO HEIIpe-
pBIBHBIM Ha [a; b, eciu Ve > 03 § > 0 Takoe, 4ro0 151 JIOOGONO KOHEUHOIO MJIM CYETHOTO
Habopa Henepecekaromuxcst nHTepBasoB {(ag;by)} u3 obsactu oupejeseHnst, KOTOPbIii
YZIOBJIETBOPSIET yCJIOBHIO Z(bk — ay) < 0, BBIIIOJIHEHO Z | f(br) — flar)| < e.
k k
Teopema 1. [Tycmv omobpasicenusn f: R D a;b] — F u g : R D [a;b] — R abcoamrommo
nenpepovishv ma [a; b] u Ks-cybdudpepenyupyemv na (a;b), npuuem g eospacmaem. Ecau
OAA HEKOMOPO20 3AMKEHYMO20 6biNYKA020 MHodcecmea B C F evinosnena A0KkaAbHaA
ouerKa (92] (x) € 8&29(33) -B (a < x <b), mo cnpasedausa 2406a101aA OUEHKA:

f(0) = f(a) € [g(b) — g(a)] - B. (1)

Jlokazamenvemso. 1) @ukcupyem € > 0. Ucnons3ys onpepenenne K-cybauddepen-
Huasa BoIOepeM s KayKJIoro « € [a + €;b — €] Takoe 0 = (e, z) > 0, 1To
fle+h)—flx—h)
2h
g(x+h)—g(z—h)
2h

(31ech O — e-okpecTHOCTH MHOXKecTBa B F'). OTcioya nosydaem:

(0<h<6)= (f(erh)Q_hf(x_h) € Oy (g(x+h)2—hg(x—h)_3>>. (2)

€ 0.(8llg(z) - B);
0<h<0)=

€ 0.(0g(x))

2)CucremMa CerMeHTOB {55(33)}%[%8;1)_5}, d < 0(g,x), oueBuHO, OOpaA3yeT MOKPHITHE
Burasmm (cm. [4], [14], [15]) muoxecrsa [a + €;b — €]. 1o BrOpoit Teopeme Buranu o mo-
kpoitusx ([14]), s moboro 3aganmoro n > 0 U3 JAHHOIO MOKPBITHS MOXKHO BLIJIC/IHTD
TaKyio KOHeUHyIo cucreMy cermentos { Oy, (5‘71')}?:1’ 9TO

n
mes (S = [a+¢e;b—¢]\ U O, (xz)> < n. Ioceiaee MHOXKECTBO S COCTOUT U3 KOHEYHOTO
i=1

qnciia OTpe3KoB [ay; f5], j = 1,n+ 1. B cuny abcomoTHOil HENPEPBIBHOCTH OTOOpazKe-
uuii f u g Ha [a;b], MoxkHO TIOOOpPaTh Takoe 1 = 1(e) > 0, 4T0O

n+1 n+1 n+1

(mesS =3 "(8—ay) < n) = (Z 1F(B7) = Flap)ll <& > lg(By) —gley)] < 5)- (3)
j=1

j=1 7j=1
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rie, B cuiy (2),

ZT; 51 — Ty — (SZ
f(@i+6:) — f(xi — &) € 26 - O (g( - )251-9( ) .B> i=Ln). 6

u u3 (3):

n+1 n+1

> _IF(B) = fla)] € 0=(0), Y [9(B)) —glay)] € (—=;2). (6)

=1 =1
[Mogpcrasnsst onenku (5) u (6) B (4), ¢ yuerom BbiryKocTr B, nmeem:

flb—e)— fla+e) e - 26; - O- (9(%’ + 5@')2—5‘9(% — i) ) B) + 0:(0) C
i=1 '

n
C O (Z 9(zi+6i) — g(@; — &) - B) +0:(0) C
i=1
CO:([(9(b—¢e)+¢) = (gla+e) —¢e)]- B) + O(0).
3) Ilepexons B (7) x npezeny npu € — 0, ¢ yaerom 3amkayTocTu B, noixygaem (1). O
Jlokarkem TeopeMy o cpejgmeM i i K g-cyoanddepeHmpyeMbix 0TOOpasKeHniA.

Teopema 2. ITycmv omobpasicerue f: R D [x;x + h] — F abcoarommno nenpepuero Ha
[z;2 4+ h] u Kg-cyboupdeperyupyemo na (x;x 4+ h). Tozda svnoanaemes ouenka:

flz+h) — f(z) e@( U ng(erGh)) . 8)
0<6<1
Jloxasamesvcmeo. JloctaTouHO, B yCJIOBUSIX TeopeMbl 1, moioxkuth g(0) = 6 u
B = @( U 8%]”(30 + 9h)>, a 3areM npuMeHuThb dhopmyity (1). O
0<o<1

CJIG,ZLCTBI/IGI\I ,H,aHHOfI TE€OPpEMDI ABJIAETCA TEeOpeEMa O CpeJHEM JJIFd CUMMETPUICCKHUX
IPOU3BOJHDBIX.

CaencrBue 1. [Iycmv omobpasicenue f : R D [x;x + h| — F abcoarommo nenpepuiero
na [x;x + h]l u cummempuuecku dugpepenyupyemo na (z;x + h). Toeda svinoansemcs
ouenKa:

fx+h) — f(z) € f((z;2+h)) - h (9)
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Jokazamenvemeso. Ecim f(z) cummerpudeckn uddepeHpyemo, To

an(x + 6h) = {f[/] (x + Qh)}. [Tosromy

U allr@+om = { M@+ om) [0<o<1} = /(i +n).

0<6<1

2. ®opMVJIA TENJIOPA AJIAd CUMMETPUYECKNX ITPOU3BOJHBIX

Mpbr osryunm 3xaeck dpopmyaty Teitnopa B opme ITeano B mpeanookenun, 9To 0To0-
paxernue f : R D U(z) — F (n — 1) pa3 auddepennupyemo oObIYHBIM 06pa3oM B
OKPECTHOCTH TOYKHU T M N Pa3 cuMMeTpudecku auddepenupyemMo B Touke . Ipex e
4yeM IepeiiTi K OCHOBHO# TeopeMe, ¢chopMy/IUpyeM HECKOJIbKO BCIOMOTaTeIbHbIX yTBEp-
YKJIeHU.

Jlemma 1. Hmeem mecmo wucio60e paseHcmeo

(3]

> (=DFCE(n - 2k)" =27 nl.

k=0
Ipemnoxenne 1. Ecau cywecmeyem (P N(z), mo cyweemsyem cummempure-
ckas npouszeodnas n-20 nopadka fIM(x) e mouke © u umeem mecmo pasencmeo:

@) = (£ ) (). (10)

Jlokasamenvcmeo. Tlpumennm Teopemy Komm (n — 1) pas no nepementoii h:

A f(a,h) (A f (2, b)Y

(2h)" (2h)m)n=br |
=l ALFOD (g nfh) — - CF T 2nm L ALF(D (g 20R)
27 - nl(6h)
_ nn1 _ Alf(”_l)(x, nbh) B (n—2)" . Alf(n_l)(l” (n —2)60h)
201 (n—1)! 2n6h 271 (n — 1)! 2(n — 2)6h

[TosryuenHOE PaBEHCTBO MOXKHO 3aIlCATh B BHUJIE:

3]

N F(a,h)  Ch A (@, ah)
_ - 11
Ghp T2 @owny O ()
(n — 2k)" !
rae o =n — 2k,  Bpr = (—1)’“0,’§m. IIpu sTom Zﬂnk =1 B cuny jgemmbr 1.

k=1
[Tepexonst k npeaeny B (11) npu A — 0:

(5]
() = Zﬁnk (N (@) = (F-N ().
k=1
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|
CupasemmBa ciemyomast dhopmysta Teilsiopa Jjisd CHMMETPUYIECKUX [TPOU3BOIHBIX.

Teopema 3. I[Ipednonooicum, wmo cywecmeyem (f7— D)l (x) u omobpasicerue f(x) ab-
comommo nenpepuisho 6 oxpecmuocmu U(x). Toeda umeem mecmo pasencmeo:

n=l e(k)
f(x+h)— ka,(””)hk e %@f[n}((x;ﬁh)) -h™ + o(h™). (12)
Kl !

Joxasamenvcmeo. N3 cymecrsosanns (f~N(z) crenyer, uro oroGpaxenue f(z)
OLIPEJIEJIEHO ¥ MMeeT OObIUHBbIE HPOU3BOJHBIE 0 (n — 1) mOpsijiKa BKJIIOYUTENLHO B
OKPEeCTHOCTU TOYKU T. HpI/IMeHI/IM MaTEeMAaTUYIECKYIO MHAYKIINIO.

a) IIpu n = 1 pasencrso (12) npunumaer Bu:

fx+h) — f(z) e eofl((z;2 + 1)) - h+ o(h).

TakuMm 06pa3oM, LOJYYHJIA TEOPEMYy O CpedHeM IJIs CHMMETPHYECKHMX IIPOM3BOIHBIX
(cM. caencrue 1).
b) Bocnosbsyemest unykiumeii o n. JJomyctum, yTBepKIeHHEe T€OPEMbI BEPHO JJIsl JIIO-
6oro f, yJOBJIETBOPSIONIETO YCJIOBUIO TEOPEMbI Jijist TIopsijika (n — 1):
- ~ hnfl

fle+h) - fx) e eof ' (x4 b)) + o(h" ).

(n—1)
Orciona Vy,_1 € cof* 1 ((;1:7 x+ h)) BBITEKAET:

- - hn—l

flx+h) = f(z) -

myn—l € O(hnfl),

rie o(h"1) me saBucur or BHIGOpa Jn_1. Beemem Yy, € cofl" ((z;2 + h)) Benomora-
TeJIbHYIO (DYHKITHAIO:

nel o n
rn(fyyn;h) = f(x +h) — f(x) — Z / k'(x)hk - %Z/n.
k=1 ) '

Borauciisist 00bI9HYI0 TPOU3BOIHYIO BCIIOMOTaTE/ILHON (DYHKIMH 7y, TMEEM:

/ , n—1 (k) 1
o (foymih) = (@ +h) = fPNx) oy h

k=1

(k—1)! (n— 1™

OTKY/a, 10 JIOIYIIEHNI0 HHIYKIUU CJIEIyeT: T;L( Foynih) =1 (f' Yn—1 = yn; h) =
= o(h"1). Ilpumenss obbranyio Teopemy o cpeanem (0 < 6 < 1), momyumm:

Pa(fyai ) € {77, (£ 901 00) | 0< 0 <1} b= o(h"1) - h = o(h").

ARG
Urak, nokazano no uapykimu, 9ro f(x + h) — E i h" — —Yn = o(h™), rie MHO-
! n!

k=0
ro3HAMHAs OlEHKA «O» He 3aBUCHT OT BbI6Opa yp € ¢of!") ((1:, x+ h))
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n

B cBsizu ¢ stum f(z + h) — Z fkl(x)hk € h—'yn + o(h™), rie o(h™) MOXKHO CUMTATD
! n!

HE3aBUCSIIUM OT BBIOOpA ¥, € COf (] ((a:, £L'+h)) . Takum obpazom, MbI JOKa3a M POPMYJTY
Teitopa ¢ ocrarourbiM wienoMm B (hopme [leano. [l

JL1st HeUeTHOrO MOpsIKa CIpaBeINBa CiIeayolas dpopmyaa Teiiopa.

Teopema 4. Ecau omobpasicerue [ abcomomno nenpepweno 6 U(x) u cywecmeyem
cummempuyeckasn npouseoonas 2 (x) = (FEN(z), mo umeem mecmo pasencmeso:

n (2k—1) T [2n+1] T
f(w+h)—f($—h)—22w 2’“”W

k=1

h2n+1 + O(h2n+1)_ (13)

Zoxasamensvcmeo. IlpumernnM MaTeMaTHIECKYIO UHIYKIIHAIO.

a) IIpu n = 1 pasencreo (13) paBHOCHIBHO ONPE/IEJIEHIIO [IEPBOii CUMMETPUYECKON 1PO-
usBoauoii: f(x +h) — f(x —h) = 2f(x) - h + o(h).

b) domyctum, yTBep:KIACHIE TEOPEMbI BEPHO /i Topsiika (2n — 1):

n—1 _ n— ’
9 f(% 1)(95) 2%k-1 (f(2 2))[](x)h2n—1+0(h2n—1)'

fl@+h) = flx—h)= 2k —1)! (2n—1)!

k=1
Beenem BciomorareibHy0 (OYHKITAIO:

" op(2k-1) () @)\ [(4

k=1
Brrancisist BTopyio CHMMETPUYIECKYIO MTPOU3BOIHYIO BCIIOMOTATENTLHON (PYHKITUH T95,11
1o h, mojyvaem:

n (2k 3 1y (2n—2)\[']
("] _ [ [” (f") (), ok 3 ((f") )H(®)  9n—1
Tong1(fyh) = fUl(x+h)— -2 g 2k —3)! = ) = 1)l h ,

=2

//
OTKYZa, 110 JOIYIICHUIO MHIYKIUH, CICIYeT: T‘[Zn f(foh) =rona(f" h) = o(h?"1).
CuauaJsia IpUMeHUM OOBLIYHYIO TEOPEMY O CPEIHEM:

r2n+1(fa h) = r2n+1(f7 h) - T2n+1(f7 O) € co r/2n+1(f7 [Oa h]) ~h =%co r2n+1(f/7 [Oa h]) < h.

Jlajiee 110 TeopemMe O CpeJHEM I CUMMETPUYECKUX ITPOU3BOJIHBIX:
co T2n+1(f/, [0; h]) -h = @{7’2”_:,_1(‘]0/,0}7,) ’ 0<f< 1} -h C

ca{ |J @) oom) ) -h =
0<f<1
U @ ro0 (57 1050R]) - B} - b= o(h*~1) - 12 = o),
0<0<1
T.e. roni1(f", h) = o(h*T1). Takum obpaszom, Mbl moayumnu cdopmyiy Teiimopa (13).
[l
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Amnayornamo paccmorpuM dopmyiry Teifopa B 9eTHOM ciiydae.

Teopema 5. Ecau omobpasicenue f' abcomommno nenpepwsno 6 U(x) u cywecmeyem
cummempuyeckasn npouseodnan f2(z) = (FE=N(z), mo umeem mecmo pasencmeso:

fl@+h)+ fz—h) _2Zf )h2k+2fi2]())h2” o). (14)

Joxazamenvemeo. TIpuMeHNM MaTEMATHIECKYIO HHJLYKIIUIO.

a) Ipun = 1 nonyunm: f(xz+h)—2f(x)+f(z—h) = fI'l(x)-h240(h?), aro paBrocuIBHO
onpezenermio fU)(z).

b) [omycrum, yrBepKieHne TeopeMbl BEPHO Jyist mopsizika (2n — 2). Beegem Bcromora-
TEJILHYIO (DYHKIHIO:

(25) (2n—1\[1(4
ran(fyh) = f@+h) + f(z — ) —zzf S a2 i,

Boerancstst BTopyio cHMMETPHIECKYIO TPOU3BOIHYIO BCIIOMOTATEIHHON (DYHKIIUU '3y, 110
h, noJsryuaem:

" n—=1 e\ (2k—2) z My (2n—3)\['] T
) = F @+ k) + 1 h)—Qth2k—2_ ((f (>2n_2>)!< ) ooz,

OTKY/1a, HO JOIYINEeHHIO HHIYKINH, CJIeLyer: rQn(f Jh) = ron_o(f", h) = o(h?"2).
Jljist onenku o, (f, h) cHada a MPUMEHNIM OOLIMHYTO TEOPEMY O CPEeJIHeM:

TQn(fy h) = T?n(fa h) - T2n(f7 0) € co T/Qn(fv [Ovh]) ~h=¢co TQn(flv [07h]) “h.

Jlajtee 1o Teopeme O CpeaHeM I CHMMETPUIECKUX ITPOU3BOIHBIX CIEIYET, UITO
@ ran(f,[0:h]) - h = @{m(f’,eh) ( 0<0< 1} hc

ceof |J @ (b ) UF [0:00) } - =

0<6<1

U @ raaa(f”,10;0R]) - h} h= o(h?"2) . B2 = o(h2"),

0<o<1

T.e. T2, (f", h) = o(h*"). Takum obpaszom, Mbl osyanmm dbopmyny Teitmopa (14). O

3. IIPUJIOXKEHUE: HEKOTOPBIE I'VIOBAJIBHBIE CBOVCTBA CUMMETPUYECKUX
IMPON3BOAHBIX

3/ilecb MBI CBSIKEM PE3YJIbTAThl IPEJbLIYINEro pa3jesia co CBOWCTBaMu 00600-
IMEHHBIX CAMMETPUIECKUX TPOM3BOIHBIX, BBEJEHHBIX U WUCCIEIOBAHHBIX B paboTe
P. Txxeiimca |23]. Buauasie BBesieM HEOOXOMMBIE TIOHSITHS U [IPUBEJEM PE3y/IbTaThl, O
JIydeHHbIe B [23].
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Onpenenenne 4. [lycrs dyuknus f(x) onpenenena ua [a;b], zo € (a;b). Ecan cyme-
CTBYIOT MOCTOSTHHBIE (0, P2, - - , P2, (3aBUCAIIIE TOIBLKO OT X(o) TaKUe, ITO

r h2k

3 {7+ ) = oo =0} = 35 = ol

upu h — 0, T0 B9, Ha3BIBAETCS 0000UEHHOT CUMMEMPUECKOT NPOU3BOIHOT TIOPIJIKA 27
bynxmun f(z) B Touke x = x0, 1 obozHadgaerca D" f(xg).

Ecmn D% f(xq) cymecrsyior npu 0 < k < m — 1, onpenenum semuauny Oa,, (xo; h)
PABEHCTBOM:

)_l

h2m m—

1 h2k
W@Qm(fﬂo, h) = §{f($0 + h) o — } 2 )‘

1 IIOJIOZKUM

D f(zy),

A2mf(ac0) = lim sup 0o, (x0; h),
h—0

62™ f(x0) = lim inf gy, (z0; h).
h—0

CkaxkeMm. uto dbysKkIws f(x) yaoBaerBopsier yciaoBusam Ay, Ha (a;b), ecan oHa Hempe-
peiBHa Ha [a; ], Bce D?F f(x) cymecrBytor n koneunst mpu 1 < k < m — 1 na (a;b), n

lim Aoy, (x,h) = 0
h—0

upu Beex = u3 (a;b)/E, rne E He Gostee, 4eM CUETHO.

Ckaxkem. uyro dyuknus f(x) ymosiersopsier ycioBusiMm Bo,_o Ha (a;b), eciu oHa
nenpepbisHa Ha [a;b], Bce D f(x) cymecrsyior n koneunst npu 1 < k < m—1 na (a;b),
u D% f(x) ne umeer pazpeisos nepsoro poa (a;b).

Jasnee qepes AF f obosnadaercst KoHedHast pa3HOCTD k-ro mOpsiIKa st f.

Teopema 6. Ecau f(x) ydosaemseopsem ycaosusm Aogpm—o u Bopy g na (a;b), npuuem
A?2=2f(z) > 0 na (a;b), mo dynxyua D>~ f(z) svinyraa, u npu scex 1 < k < m —2
dynxuuu D?F f(x) nenpepoieno, na (a;b).

Teopema 7. Ecau f(x) ydosaemsopaem ycaosuam Agy U Bop—o nma (a;b), npuuem
A% f(2) > 0 na (a;b), mo gynwyus D> 2 f(z) evwnyraa, u npu scex 1 <k <m — 1
dyrryuu D f(z) nenpepwviero, na (a;b).

Amnanoruunbie pe3ysnbraThl IPUBEIEHbI B [23] 17151 0600IIEHHBIX CUMMETPUIECKUX TIPO-
W3BOJIHBIX HEYETHOT'O TOPSIIKA, /e aBTOP UCXOAUT U3 Pa3JI0KEHUS:

h2k:—1

%{f(l’o +h) = f(xo — h)} — Z mﬂ%_l — o(h?1).
k=1

CpaBHuBas pe3yabTaThl TeopeM 6 u 7 U ¢ pe3yJibTaTaMi, COOTBETCTBEHHO, TEOPEM U3
pazjiesa 2, Mbl IPUXOJIUM K CJIE/IYIONIUM yTBEPXKICHUAM, BHaYaJIe /I CUMMETPUUYECKUX
POM3BOJIHBIX YETHOTO MOpsijiKa (CM. Teopemy 5).
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Teopema 8. [Iycmwv omobpasicenue [’ abcoromno nenpepweno ¢ U(x) u cywecmsy-
em cummempuueckas npouszsodnas f2M(z) = (f(Q"*U)H(x). Ecau f ydosaemesopsaem
yenosuam Aspm o u Bom—yg 6 U(x), npunuem A?™2f >0 6 U(x), mo dynrxuyua f@Em=1)

sunyxaa, u npu ecex 1 < k <m — 2 dynryuu f(%) HENPEPIGHDL B U(x)

Teopema 9. ITycmv omobpasicerue f' abcomommno nenpepumero 6 U(x) u cywecmeyem
CUMMEMPUYECKAA NPOU3EOOHAA [ [2”}(36) = ( f (2"*1))”(37). Ecau f ydosaemsopsem ycao-

2m—2)

6uAM Aoy U Bop_o 6 U(z), npuvem A?"f >0 6 U(x), mo dymryus f( B8HNYKAA,

u npu ecex 1 < k <m —1 dymruyuu fOF) nenpepusno, ¢ U(x).

AHaJIOrMYHO, OTHPABJISISICH OT COOTBETCTBYIONIMX PE3YJILTATOB [23| B HEYeTHOM Cily-
4qae, Mbl IPUXOJIUM K CJIEIYIONIUM Pe3yJbTaTaM, CBA3AHHBIM C CUMMETPUYECKUMU ITPO-

M3BOJIHBIME HEYETHOTO Opsijika (cM. Teopemy 4).

Teopema 10. ITycmv omobpasicenue f' abeoaromno nenpepvisho 6 U(x) u cywecmsy-
em cummempuueckasn npouszsoonas fRH(z) = (f(Q”))H(x). Ecau f ydosaemesopsaem

yeaosuam Agy_1 U Bopm—3 6 U(x), npuvem N>V f >0 6 U(z), mo dymxyus f2m=3)

2k-+1)

evnyxaa, u npu ecex 1 < k <m — 2 dynxyuu f( HENPEPIGHDL B U(a:)

Teopema 11. ITyemwv omobpasicenue f' abcoaommo nenpepvisno 6 U(x) u cywecmey-
em cummempuueckasn npouszsodnas fE T (z) = (f(2"))[](x). Ecau f ydosaemsopsaem

yeaosuam Aoyt U Bop_1 6 U(z), npuvesm A*™1f >0 6 U(z), mo dymryua =1

2k+1)

svinykaa, u npu scex 1 <k <m—1 gynryuu [ HENPEPLIBHDL 8 U(w)

4. ®orMyIA TENUIOPA i K-CYBANOOEPEHIIMAJIOB

31ech MBI IIepeHeceM pe3yJIbTaThl pas3jena 2 Ha caydail Kg-cybanddepeHupyeMbix
orobpazkenuii. J[j1s1 mepexoma K OCHOBHOMY ITOHSITHIO HaM ITOHAIO0UTCS OIIpEIe/IeHHe
K-npejeina cucreMbl MHOKeCTB (eM. [5], [7]).

Onpepenenne 5. Ilycrs {Bs}s~o — yObIBamoIas 10 BJIOXKEHHUIO CHCTEMAa 3aMKHYTBIX
BBINYKJIbIX nojMHOkecTB F, U = U(0) — npousso/ibHasi OKpecTHOCTh Hysis B E. Hery-
croe MHOX)KecTBO B C E naswiBaercst K-npejesnom cucrembl { Bs}sso:

B = K—1lim By, ecyn :
60

)YUO)CEJoy>0: (0<d<dy)= (BC Bs C B+U);
2) B — KOMIIAKTHOE MHOXKeCTBO B E.

Bsenem nonatue K -cyomuddepenimana n-ro mopsika.

Onpenenenune 6. Hazsosem K-cybduddeperuyuanom n-20 nopadxa orobpaxkenust f B
TOYKe T caeayronuii K -mpejes, ecim oH CyIecTBYeT:

Zn:(—l)k(}jff(a: + (n — 2k)h) ‘ 0<h< 5}.

[n] o ) 1
O f(w) = K= lim CO{ (2h)" &
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Hanomunm, aro B paborax [19]|, [20] monstue K,-cybnuddepennnaa ObLI0 BBEICHO
ans caydasa n = 1, 2. JlokaxkeMm cieyroriee BKIIOYEHHE.

ITpengyioxxenme 2. FEcau cyuwecmsyem 65(](]((”_1))(30), mo cywecmsyem Kg-cyb-

duepenyuan n-20 nopadka B[Kn} f(z) u umeem mecmo exarouenue:
O f () € 910V (@),

ﬂo%asameﬁbcmso. Kak nokaszano B JI0Ka3aTeJIbCTBE ITPEIJIO2KECHU A 1, CIIpaBE/IJINBO pPa-

BEHCTBO: -
A" f(x, h 2. Al f(n=1) T, apih
G 2 Gauh)
e apk =n — 2k, Bpp = (—1 )kCS (n j12k) ITo nemme 1
(5]
k=1

ITpu sTom:

0t ) ¢ Dl
(20énkh)n (20énkh
B cuity Boimykiocrn onenku (17) u pasencrsa (16), nmeem:

(3]

(o<h<5} (17)

ALf=) (2 aih) ALF=) (2, ph)
co 1
; Ganh)r Pk € ] Zah)" ’ 0<h<d}. (18)
Taxum obpaszom, u3 (15) n (18) cremyer:
AVf(z,h) (AL (2 apph)
(2 oo Zaneh)" ‘ 0<h<d},
OTKY/1a:

Anf( Alf(n Y (.T ankh
co{(2h’0<h<5}Cco{ Ganch) ‘O<h<5}
ITepexozst k K-1ipejiesty ¢ ucnoib3oBanueM npusHaka Beiteprirpacca ( [5], [7]), moayga-
ent: O f () c O (F D) (). O

ITostyanm Teneps dpopmysty Teitopa ¢ gomoiHETETBHBIM 1ieHoM B hopme [leano mis
K s-cybmuddepennmalion.

] f(n—1
Teopema 12. I[Ipednonooicum, wmo cyuecmsyem aKf( )(1:) u omobpasicenue fab-
CONOMMHO HENPEPBIBHO 6 OKPECMHOCTU MoKy . To2da umeem mecmo oueHnka:

fl@+h) Z f —co{ U @)@} v 9)

n!
0<o<1
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Jlokasamenvcmeo. 13 cymecTBoBaHns a}’(] f=D(z) crenyer, aro f mveeT 0GBIHBIE TPO-
u3BOHbIE 10 (n — 1) Hopsi/Ka BKIIIOYUTEILHO B OKPECTHOCTH TOYKM . IIpuMeHuM Ma-
TEMATHYECKYIO MHJLYKIUIO.
a) IIpu n = 1 pasencrso (19) npunuMaer BuI:

f(x+h)—f(x)e@{ U (a}'gf)(xwh)}-mo(h).
0<0<1

Takum obpazom, mosyaaem TeopeMy 2 o cpenueM s Kg-cybauddepenimaios.
b) Bocmonbssyemest unykimeit mo n. Jomyctum, yTBepK/IeHne TeopeMbl BepHO jist Vf,
Y/IOBJIETBOPSIOIIETO YCIOBHIO TEOPEMBI JIst opsiaka (n — 1):

~ ~ hnfl N~ n—
F@+h) - Jz) € @{ U @5 1>)(a:+9h)}+o(h b,
(n—1)! 0<6<1
Otcrona Yy,—1 € @{ U (8%]”("_1)) (x + Gh)} nMeeM:
0<0<1
" " hnfl 1
ne
flz+h)— f(z) - O € o(h"7),
e o(h" 1) He zaBucuT or BRIGOPA Uy_1. BBemem Yy, € @{ U (8}1(]]“(”_1))(35 + Gh)}
0<0<1
BCIIOMOTaTEeNbHYI0 (DYHKITHIO:
n—1
hn
Tn(.ﬁyn; ) f(1'+h Zf n| —Yn-
k=1
Boraucianm oOBMHYIO TPOU3BOIHYIO BCIOMOTATEILHON (DYHKIIUN T+, :
, _ b1 hn—l
st = Fy- S L I
ITockoubKy, 85(] f=D(z) = ( (fH)=D)(z), To MO JOUYIMEHHUIO MHIYKIIHH:

o (fotmi ) = rno1(f yn—1 = yn; h) = o(h"~1). TIpuntensist oBbiumyIo Teopeny o cpei-
HeM (0 < 6 < 1), nosyunm:

ralfyyni h) € @o{ v (frymi 0) [0 < 0 < 1} o(h" ™) h = o(h").
1 h”
Urax, nokazano no unpykiuu, 9ro f(z + h) SYn = o(h™), Tae MHO-
- n!
'] (n—1)
ro3HavHas OIEHKA «O» He 3aBUCHT OT BLIOOPA U U (0 f )(a: +6h) ;.
0<6<1
n—1 (k) (l’) 52

B rakom ciayuae f(x 4+ h) — Z ! Wk e TYn + o(h™) upu 060M BBIGOPE
k=0
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Yn € @{ U ((‘)E(]f(”*l))(x—i-ﬁh)} Taxkum o6pa3om, Mbl ostyunsin pasercTso (19). O
0<6<1

st HeUeTHOrO TOpsiIKa IMeeT MecTo cjeayomast ¢popmysta Teiopa.

Teopema 13. Ecau omobpasicenue f' abcoaommo nenpepvisno 6 oxpecmuocmu U(x) u
cywecmeyem 8%(]0(2”))(56) = 8En+1]f(az), Mo UMEEM MECMO PABEHCTNEO:
n f(2k71) (%) op 1 p2n+l 6[2”+1]

fl@+h)—fla—h)—2) €2

= 2k=1)! 2n+ 1)K f(@) +o(h*1). (20)

Zoxaszameavcmeo. IlpumennM MaTeMaTHIECKYIO UHIYKIIAIO.
a) IIpu n = 1 pasencrso (20) npunumaer Bux: f(z+h) — f(x —h) € 28%]5(95) -h+o(h).

[Tomyaaem:

fle+h) - flx—h)

o € 0l f(x) + o(1). (21)
ITockosbKy 8;(]]"@) = K:;i_r)%@{ fla+ h)Q_hf(x —h) ‘ 0<h< 5}, TO
flx+h) - fz

Ve>036>0(0<h <), crenyer: @{ _h)} C@E(]f(x)+05(0).
fle+h) - flx—h)

2h

2h

€ 6% f(z) + O (0). IIpu ToM, BBO/ISI MHOTO3HAYHOE

B uacrrOCTH,
oTobparkeHne
©(0) = O«(5)(0),

ciepyer: @(h) = o(1) upu h — 0. Takum o6pa3omM BbIOTHEHO ycsoBue (21).
b) lomycrum, yTBepKIeHIE TEOPEMbI BEPHO Jijist YV f, yIOBJIETBOPSIONIMH YCIOBUIO TEO-
PeMbl Jijisl OpsiIKa Jijist opsiyika (2n — 1):
2n—
an—1] 7, _ 2n—1
makn ]f(ﬂj) + O(th 1). OTCIO,ILa. Vygn_l S 8%” ]f(.%')
~ ~ h2n—1
BeitekaeT: f(x + h) — f(z) —

fx+h)—f(z) e
m%n—l € o(h*" 1), rue o(h*1) ne sasucur or
BBIOODPA Yon,—1. BBeseM Vyo, 411 € 3%"“1 f(z) BcomorarenbayIo byHKIUIO:

nf(2k-1) 2n+1
P (F ) = fle ) = fo =) =23 T e g

22 (2 — 1) 2n+1)
Borauciisisi 06bIMHY0 BTOPYIO ITPOU3BOIHYIO BCIIOMOTATEILHOW (DYHKIUA T'op 41 110 h,

nMeeM:

" " " n (2k—1) h2n71
rongr(Frh) = f (@ +h) = f(@—h) =2 M 2 @n =Tyt

k=2
OTKYyZa, 110 JOIYIINEHUIO UHILYKI[H, CIEILyeT:
1" ~ —_
Toni1 (s Y2nt15 B) = ron—1(f", Yon—1 = Yon+1; k) = o(R*"1).
[Tpumensist nBazk bl 06braHYy0 TeopeMmy o cpeareM (0 < 6 < 1), mosmydanm:
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7“271—',—1(](.”,y2n+1; h) S @{Tgn_;,_l(fl, Yon+15 Hh) 0<b< 1} -h C

cao{ |J @ (rh)(f 10:6h) | -h =
0<6<1

= @{ U @ raa-1(f",[0:6R]) h} h=o(h*"7) - h? = o(h®" ),
0<6<1

T.e. Tony1(f", h) = o(h*"1). Jlokasano mo WHIyKIMH, 9TO

nop(2k-1) 2n+1
) = o =) =23 g = 2 e = o™,
k=1 ' :

rJie OIEHKA «O» He 3aBUCHT OT BbIOOpa Vo, 11 € ({)gnﬂ] f(x).

Orcrona
— fCPU(@) gy . 2n+1
h) — —h)—2» ——= =2———Ya R,
CJIEJIOBATENBLHO, paBeHCTBO (20) BBIIOJIHEHO. O

Anajiornuno nostyunm dpopmysty Teityiopa B 9€THOM cirydae.

Teopema 14. Ecau omobpascenue f' abcoarommno nenpepwiero 6 oxpecmmocmu U(x) u

cywecmeyem 8£3n]f(x) = E(](f@”_l))(m), MO UMEEM MECMO PABEHCTNEO:
n—1
FER (@) o, 2" fon) 2n
f@+h)+ f(z—h) 2;:0 @) h?k ¢ 2@% f(x) + o(h*™). (22)

Zoxazameavcmeo. IlpuMennM MaTeMaTHICCKYIO UHIYKITAIO.
a) Ilpu n = 1 pasencrso (22) npuHuIMaeT BU:
fx+h)=2f(x)+ f(x —h) € 283(]]”(3:) - h? + o(h?). B Takom ciydae

fle+h) =2f(x) + flx—h)

o € 0l f(z) + o(1). (23)
[TockonbKy Og]f(x) = K:;EI[I)@{ fleth) = QJ;L(f) +fle=h) ’ 0<h< 5}, TO

Ve >030 >0 (0<h <), creayer:
o Mot 1) =200+ o)

fle+h)—2f(x) + fx—h)
h2

b c ol f@) +0.(0).

B uacrHOCTH, € 85(/} f(z) + O:(0). Orcrona, BBOJISI MHOTO-

3HAYHOE OTOOPAaKEHNE
©(0) = O(5(0),

mveeM: p(h) = o(1) upu h — 0. Takum o6paszoM, BBIIOIHEHO yciaoBue (23).
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b) JomycTum, yTBEpKICHHE TEOPEMbI BEPHO JIJisi Vf, VIOBJIETBOPSIOINIETO YCJIOBUIO TEO-

2n—2 -
gk @)+ o),

Torma Vyo,_o € 8gn_2]f(x) HOJTy 9aeM: f(:z: +h) — f(x) —

pembl st nopsiaka (2n — 2): f(z+ h) — f(x) €

2n—2

T a2 € o(h*"72),

rae o(h?"~2) me 3aBHCHT OT BLIGODA Yoo € aﬁ”‘ﬂf(x). Beenem Vo, € 3gn]f(a:)
BCIOMOIaTe/IbHYI0 PyHKIIUIO:

n—1 ¢(2k) 2n
ranl ) = o) flo = 1) =23 Lot o,
2 .

Borauciisist 06bI9HY 10 BTOPYIO IPOU3BOIHYIO BCIIOMOTATEIbHON (DYHKINY T2y, TIO h, IMEeM:

n—1 —
F#P) () p2k=2 _ h?n 2
!

" ” " T
= - —h)=2) — oo Y2ns
ron(fih) = f (@ +h) = f (= D) ; ) T
OTKY/Ia, [0 JOIYIIEHUIO UHIYKIUH, CJIeJyer:
Tgn(faan;h) ::TQn—2(fH7@én—2 ::y2n;h) ::0(h2n72)-
[Ipumensist gBak (bl 00bIUHYI0 TeopeMmy o cpeaneM (0 < 6 < 1), mosy4mnm:
ron (", yan; h) € @{rgn(fl,ygn; 0h) ’ 0<0< 1} -h C
ceo{ |J @ (. )(f10:0h]) } - h =
0<6<1
- @{ U @ raaa(f”,10;0R]) - h} b= o(h?"2) . B2 = o(h?"),
0<6<1
T.e. 7o, (f", h) = o(h?"). JlokazaHo 10 MHIYKIIHH, Y9TO
n—1
fOR () o B 2
h) — —h)—2 h® —2 n = o(h™"),
IJle OIEHKA «0» He 3aBUCUT OT Bbibopa Vo, € 8%”1 f(x).
Orcrona
n—1
FER() o h? 2
- —h)—=2 =2 n "),
fl@+h) = fl@—h) kZ:O @or " = 2yt oh”)
crenoBaTenbio, T, (f”, h) = o(h*"). B pesyabrare mMeer MecTo paBeHcTBO (22). O

ABTOp BBIpaxkaer mpusHaTebHOCTH Mpod. . B. OpioBy 3a mMoCTAHOBKY 3aa4Ud 1

II0JIE3HbIC O6Cy}K,ILeHI/IH .
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Teopema 1po cepeane Ta dpopmysaa Teisopa A CUMETPUYHUX MOXITHUAX i
cumerpuununx K-cyonudepeHiiaais
Y emammi posaasnymo noHAMMA CUMEMPUUHO20 KOMNAKMH020 cyboudepen-
yiana n-20 nopadky. Ompumari meopema npo cepedne ma gopmyaa Tetiropa
OAA CUMEMPUMHUL NOXTIOHUX | cumempuynur K -cybdugpepenyianic. Poseas-
HYMI deari 3aCmMocy6anHs.

Koro4osi cioBa: cuMmeTpruydHa MOXigHA, CHUMETPUYHUN KOMIAKTHUN cyOmudepential,
Teopema Ipo cepenne, dpopmysia Teitnopa, abcofOTHA HEIIEPEPBHICTD.

Mean value theorem and Taylor formula for symmetric derivatives and
symmetric K-subdifferentials
A few years ago in the works [5], |6] the concept of compact subdifferential (or
K -subdifferential) was introduced and then is has found successful application
to the vector integration theory and in the calculus of variations.

Recently, the concept of the K-subdifferential was generalized to the
symmetric case. The concept of the symmetric K -subdifferential (or Kg-sub-
differential) generalizes symmetric derivative instead of usual one.In the works
[19], [20] the basic tools of the theory of the first and the second order Kq-sub-
differentials were researched.

Our work contains research of n-th order Ks-subdifferentials. Like the case of
the usual K -subdifferential, symmetric subdifferential is defined as the following
K-limit:

n

S (~1)FCEf (z + (n — 2k)h) ( 0<h< 5}.
0

ol f(z) = K— lim @{

—0

1
(2h)" £
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In the first section the finite increments formula is received and the following

mean value theorem for K,-subdifferentiable mappings is proved:
fla+h) - flz) € @( U dir+ 9h)) h.
0<o<1

In particular, the following mean value theorem for symmetric derivatives is

recetved:
fz+h) — f(z) e e f((z;2+h)) - h

The second and third sections contain Taylor formula, first for the symmetric
derivatives and then for the Ks-subdifferentiabls. Let’s formulate, as an
example, the Taylor formula for the Ks-subdifferentiabls.
Theorem. Let a mapping f : U(x) — F be absolutely continuous in some
neighborhood U(x) of the point © € R, where F is an arbitrary real Banal
space. Suppose that there exists 8%(]0("_1))@). Then the following estimate:

n—1 k n
fla+h) =) f(;!(“””)hk € %@{ U O =) (2 + eh)} + o(h™).
k=0 0<o<1
1s valid.
Note in addition, that n-th order Kg-subdifferential is connected with the
right part of (24) by the inclusion

O f(x) c O (F V) (@)

Keywords: symmetric derivative, symmetric compact subdifferential, mean value

theorem, Taylor formula, absolute continuity.
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JIAIIJTACMAH 110 MEPE U SAJTAYA JUPUNXJIE

Jas pynkuud Ha cenapabesvbHom BeULLCTNEEHHOM 2UALOEPTMOBOM NPOCTPAH-
cmee H (dim H < 00) npedaoosicena eepcus onepamopa Jlanaaca, noposcdéniio-
20 3adannot na H (6openescroti neompuyamenrvnotls koneunot) mepots . Uc-
CAe008aNYL CYULLCTNBOBAHUE U eduncmEerHnocmy pewenut (6 m.u. "caaboir”)
3adavwu Jupuzrse das aanunmuueckozo ypashenus 6 obnacmu G, coesacoear-
HOU ¢ ucxodrnol mepoti . Ipusedén modesvrvili NpuMep cO2AACOBAHUAL MeEPDL
W ¢ obaacmuvio G.

KitoueBbie cioBa: rmibbepTOBO IMPOCTPAHCTBO, OopesieBcKas mepa, auddepeHIupo-
BaHMe Mep, dJUIMNTUIECKUE yYpaBHeHus, 3a1a4a Jupuxie.
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1. IIPEJABAPUTE/IbHBIE CBEIEHUS

[Tycts H - cemapabesbHOE BENECTBEHHOE MMIb0epToBO mpocTpancTso (dim H < 00);
[ — KOHe4IHas (HeoTpHIlaTeIbHasi) bopeseBcKast Mepa na H.

O6osnaqanm 1gepes C, = Cp(H) mpocTpaHCTBO BCEX OIPAHMYEHHBIX U HEIPEPBIBHBIX
dyukmmit f: H — R; cumosiom Cy(H; H) 0603HaAYNM TPOCTPAHCTBO BCEX HEIPEPHIB-
HBIX OIPaHMYIeHHBIX BeKTOpHbIX mosteii H — H; uepes C} = CJ(H) (cooTsercTBento
CL(H; H)) oboznaium npocrpanctso seex dbyukimit f € Cp (COOTBETCTBEHHO, BEKTOP-
ueix nosneit X € Cyp(H; H)), muddepentupyembix o @perrte B Kaxkioii Touke © € H ¢
HENPEPLIBHOI 1 orpanudentoil na scém H npoussognoit f/(+) (coorsercrsenno X'(-)).

[Iycrs ®; = ®% — norok BexkropuHoro nois Z € C’l}(H ; H). Ilycrs mepa p aud-
depennupyema Broab 1nosisi Z B cuiibHOM cMbicie (o PomuHy). DTO O3HAYAET, UTO
JUIs Kaykjioro Oopesesckoro muoxkecrBa A € B(H) cymecrByer upegen ¥(A) =
%1_13(1)% (u(®LA) — p(A)), orkyna caeayer, uro ¥ = dgzu siBasieTCst 6OPeIEeBCKOil (3HAKOIIE-

PEMEHHOI1) MepOii, aGCOTIOTHO HEITPEPBIBHON OTHOCUTEILHO MepPhI (1. COOTBETCTBYIOILY O
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dv

IOTHOCTD 7 HPUHATO HA3BIBATE JlorapuMIIECKON TPOM3BOIHON MEPHI [t BJIOJIb ITOJIA
Z v nuseprenmnueii noust Z (oraocurensHo Mepbl p): divZ =div, Z = %.

Cunbaast muddepeHImpyeMoCcTb MEPHI (4 BIOJIb 110/ Z PABHOCUJIbHA CYIIIECTBOBAHUIIO
byHKIMET p = pf € Li1(H, p), koropast st Beex byHKIWi u € Cl} (H) ymosiierBopsier
PaBEHCTBY:

/u cpdp = —/(g]ﬁ'adu7 Z) du.
H H
ITpu srom p = div,, Z.

[ycrs G — orpanudennas obmacts B H ¢ rpanuteit S = dG. Yepes C(G) obosnatum
cemeiicTBo Beex dyHKuil Ha G, JIOIyCKAIONIX IpojoJKenne Ha H 10 dbyHKImil Kiacca
C}; cumponom CJ(G) obosnaunm cemeiicrso dynkuuit u3 C'!(G), HocuTemm KOTOpPbIX
nexkar B G. Anasornuno onpenensiem C(G) u C(G; H).

Yepes Lo(G) = Lo(G, ) 0603HAYNM IPOCTPAHCTBO HHTEIPUPYEMBIX € KBaJIPATOM
m3MepuMbIx HyHKIHi Ha G 10 OTHOIIEHUIO K Mepe [i|g. Anamormano depes Lo(G; H) =
Lo(G; H, 1) 0603Ha4UM TIPOCTPAHCTBO KBAJAPATUUIHO HHTETPUPYEMBIX BEKTOPHBIX TI0JIEl
na G. Hopmy B Lo(G; H) 3amaém dbopmymnoit: ||Z|J* = J1Z(x)||* (uurerpupyemocts

G

BEKTOPHOI'O TOJIsI TIOHUMAEM B CMbICJIe KOHCTPYKImn Boxuepa).

I'panuna S obmactu G mpeanonaraeTcs IIaJKUM BJIOXKEHBIM B H 10aIMHOrooOpasu-
€M KOpPa3MepHOCTH 1; 1oJie eIMHIYHON BHEITHell HOPMAJIU IPAHUIIBL S IIPEeIIoIaraeTcs
IPOJIOJIZKMMBIM J10 BekTopHoro nosst n € Cf(H; H).

JomoiHnTe IHHO TIPpE/IIoIaraeM Takzke, 9To Mepa 4 auddepeHnupyema BI0JIb M0JIst
n. CymecTBoBaHue M0JIsk N ¢ YKA3aHHBIMU BBIIIE CBOMCTBAME MOCTYJIUPYEM U TOBOPUM
o “corslacoBanHoctu S ¢ mepoii p” (em. [1]).

ITycrs € > 0. CumBosiom S 0603HAYNM £-OKpPeCTHOCTH MHOX)KecTBa S. B pabore 2]
(dbopmyma (13)) moKazaHo, YTO IPU CONJIACOBAHHOCTH S ¢ MEPOii ft, UMEET MEeCTO PaBEeH-
crBo: 1u(S:) = O(e) (e — 0), a noromy ([1], npeoxenne 1) CF(G) mnorno B La(G).

CorstacoBanHasi ¢ S Mepa (4 MHIyIHpyeT Ha S MOBEPXHOCTHYIO Mepy |1, 2|, koropyio
obosHaunMm fg. Eciim 4 — orpaHuveHHasi HelpepbiBHasE QYHKIWS HA S U U — €€ mpo-
noskenne j10 Gyakuun G € Cy(H), OCTOSHHON Ha TPAEeKTOPHSIX MOl N, TO MOBEPX-
HOCTHAsI Mepa (1§ KOPPEKTHO OIPeJesISeTcs Ceayomeii hopMy/ioil, KoTopasi IT0JIzKHA
BBIIIOJTHATHCS /I BCEX OIPAHMYEHHBIX HEIPEPBIBHBIX DYHKIMH Ha S:

d ~ ~ n
/Ud,us:dt /udﬂz/u'p#du,
t=0

5 ong G

(em. [1]).

Hanee mpemtaraercs ciaemyiomasi Lo-Bepcusi omeparopa Jlamraca. PaccmarpuBaer-
cst omepatop grad: Ly(G) — Lo(G; H) ¢ ectectsennoit obiacteio onpesererus CL(G)
(CHG) > uwrs gradu € C(G; H)). Jl1s KOPPEKTHOTO 3aIaHIs STOTO OIEPATOPA CJIEJLY-
eT TpoBepuTh, uTo yesopust: u, v € C1(GQ); u = v(mod i) BIEKYT 3a coBOI PaBEHCTBO:
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grad u = grad v(mod p). lannoe TpeboBanme BBITOJIHEHO JJIsT TEX MEP [, JIJIs KOTOPBIX
HepasercTBo ((U) > 0 mmeer MecTo Jijist JI000TO HEIYCTOrO OTKPBITOrO MHOXKecTBa, U.
[Tocsieiee ycioBue BBITIOJHEHO JIjIsi KBA3UMHBAPUAHTHON MepbI fi, T.€. TAKOil Mephl i,
JIUIsSE KOTOPOii MHOYKECTBO KBasuMHBapUAHTHBIX cIBUTOB h (up(A) == u(A+ h); pp ~ p)
cozlepkuT maorHoe B H ymneiinoe mogMuoroodpasue L£. IIpumepoM Takoil Mepbl siBJisi-
eTcsl rayccoBa Mepa (i = 4 B H, sepHbIil KOPPesIMOHHBIH olepaTop KOTOPOoii nmeer
IUIOTHBIN 0b6pa3 B H.

JaJbHeilme oCTPOEHUsT TIPEJIIIOIATAIOT BbIIOJHEHUE CJIEYIONUX JIBYX JIONOJTHU-
TeJIbHBIX yCJIOBUM HA MEDPY f4:

a) omeparop grad: Ly(G) D CH(G) 3 u +— gradu € Lo(G; H) ¢ obnacTbio ompejie-
nerust C1(G) KOPPEKTHO ompeesiéH 1 JIOMyCKaeT 3aMbIKAHME;

6) pE‘G € Loo(G).

MojebHBII TpUMEp MEPBI, COTJIACOBAHHON C MMOBEPXHOCTHIO S, /1T KOTOPO#l BBITIOJI-
HSTIOTCsT TAK?Ke OJ[HOBPEMEHHO YCJIOBHs a) M 0) MPEJIOKEH B 3aKJIOUNTEIbHON YacTH
paboOTHI.

CoBmecTHOE BBINIOJIHEHNE YCIOBHUiT &) U 6) MO3BOJIsIET KOPPEKTHO BBECTH OIEPATOD
crena : La(G) — La(S) = La(S,us) ¢ obmactoio onpenenenns D(grad) (. [1]).
[pu stom ars bynxumit u € CH(G): y(u) = uls; v mpeacTaBageT coboil OrpaHmaeHHbIIT
omepaTop n3 6amaxopa B HopMe rpaduka mpocrpanctsa D(grad) B La(S).

Iycrs g uddepennupyema sioas nons Z € CH(H; H); uw € CL(H). B pabore [1]

nosydena dpopMmyIia:
/ wdp :/(gradu, Z) d,u—i—/u-pfdu.
t=0
G

d
dt
dZG G

B pabore [2] nokazaHbl cieyomnme paBeHCTBA:

d d
il dy= — dy =
dtt_o/““ dt|,_, / wan
PZG %P
_4 / (Z, n)~ud,u:/(Z, n)-udug.
dt],_g
L 3Ye] 5

(B cuy pasHOMepHOIT HenpepbiBHOCTH QyHKIWMY (Z, N) U B OKPECTHOCTH MOBEPXHOCTH
S — em. [1]).
Tem caMbIM JloKa3ana GopMya:

/(Z, n)udps = / (gradu, Z) du + /u . pE dpu (1)
S G G
ITockosbKy Jiesast qacThb B popmyste (1) obpamaercst B Houtb 1y1s dbynxiuit u € Ci(H),
a1 Kotopwix ulg = 0, a Kery D C}(G), o Ker v miorno B Lo(G). ®opmyaa (1) onpas-
JbIBaeT BBesieHune Lo-Bepcuu omneparopa div B OJHOM U3 CJIEAYIONMX JIBYX BAPUAHTOB.
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Bapuanwm 1. Omneparop div: Lo(G; H) — Lo(G) oupenenum dopmymoii: div =

- (grad}Kem> .
Bapuanwm 2. Omneparop div: Lo(G; H) — Lo(G) oupenennm dopmymnoii: div =

- (sradlye))
B oboux caydasix oneparop Jlamiaca Beogum dpopmysioit: Au = div ogradu.

B orsiname or paborst [3] B anH0ii paboTe paccMaTpuBaeM BTopoit BapuaHT Lo-Bepcun
omeparopa div.

2. ICCNTEOAOBAHUE 3AJAYU JIUPUXJIE

B mamHOM pasmesie mpeioaraeM COrJIacOBAHHOCTb I'PAHUIIBI S OIPaHUIEHHON 0018~
ctu G ¢ Mepoii {4 U BBIIIOJIHEHUE YCJIOBUI &) 1 6), HAJIOXKEHHBIX Ha Mepy fi.

Jlemma 1. Ilyemv u € D(grad); ¢ € CHG). Tozda u - ¢ € D(grad) u npu smom
grad(up) = u grad ¢ + p gradu.

Joxasameavemeo. Ilycts nocienosarenbrocts u, € C1(G) takosa, arto u, — u (B
L2(G)); gradu, — Z = gradu (B8 Lo(G; H)). Tlockombky ¢ € Loo(G), To mmMeroT
MECTO COOTHOINEHUST: Up - ¢ — u - @; grad(u, - ¢) = gradu, - ¢ + u, - gradp —
¢ - gradu + u - grad ¢, OTKy/a U ClIelyeT yTBepIKIeHIe TeMMBL.

O

Jemma 2. [Tyemv» X € D(div); ¢ € CYG). Toeda ¢ X € D(div) u npu amom:
div(¢X) = (grad ¢, X) + ¢ - div X.

Zoxazameavcmeo. Tlo onpenenenuio oneparopa div fad Kaxkaol QyHKIAN U € C&(G)
HMeeT MeCTO PaBEHCTBO:

/(gradU, X) dp = —/u-diVXd,u.
G G
Ho ¢ - u € C}(G) n, crenosarensio, [(grad(u-¢), X) du = — [u-p-divXdy,

G G
OTKYJla, B CUJIy JIEMMBI 1, cjiejlyeT paBeHCTBO:

/(grad u, pX) dp = — / (u (grad ¢, X) + ¢ - divX) du,
G G
YTO U JOKA3BIBAET JIEMMY.

O

Iycrs f € La(G); k€ CHG);a € C(G); k(z) =20 >0(Vz € G); alz) = a>0(Vr €
G).
ITycrs uw € D(A). Torna gradu € D(div); B cuity JieMMBbI 2 HIMEET MECTO BKJIIOUEHHUE:

k- gradu € D(div). st u € D(A) paccMOTpuM ypaBHeHUe
L(u) =div (k-gradu) —a-u=f (2)
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U TIOCTABMM BOIIPOC O MOKCKE pelenus 3aa4uu Jupuxiie st ypasaenusi (2) ¢ KpaeBbIM
YCJIOBHEM.
v(u) = e, (3)

(3mech ¢ € Im(7)).

KonedHOMEpHBIN BADHAHT IIOCTABICHHOI 3a/[a4i B Cilydae MHBAPUAHTHONW MepPbI HC-
cJlefioBaH, HampuMmep, B [4].

Pacemorpum cnauana ciay4aait ¢ = 0. Torga u siBiastercs perenneM 3agaqan (2)—(3) ¢
¢ = 0 B TOM u JIMITIb B TOM ciiyuae, eciin u € Kery u pu Beex v € Ci(G) ynosnersopser
YDABHEHHIO

/v-(div(k‘-gradu)—au) du:/vfdu. (4)
G G
o crexpyer uz mornoctn C(G) B La(G).
YpasHuenue (4) npeoGpasyem B cJiejyoree:

/(k: (ﬁu, gradv) +a-uv) dp = —/deu. (5)
G G

[Tpu nanHbIX yeaoBusix Ha DYHKIMU k U @ jieBast 4acThb ypaBHeHus (5) npejcrasiisier
coboit ckassproe pousseenue (u, v); B D(grad); nopma || - ||1, naayrmposannas sTum
[IpOM3BeIeHIeM 3KBUBajieHTHa HOpMe rpaduka. Ilpu srom cymecryer unciao C' > 0
Takoe, uro npu Beex v € Cf(G) Bomomusuorcs nepasencrsa: | [vf du| < ||f|| 1. ) -

G

[0l L2y < I flls(a) - Cllvllh
[ycrs Teneps H(G) — sambikanue C}(G) B8 D(grad) B mopme rpaduxa onepatopa
[0}
grad. H(G) — ruapbeproBo MPOCTPAHCTBO, HAJEIEHHOE CKAJSIPHBIM POU3BEICHUEM

o
(+, -);- Horomy B cumy Teopemsr Pucca cymecrsyer equncrsennas Gyuknus u € H(G) C
Ker vy, koTopas yjoBiersopser ypastuennio (5) npu seex v € C3(G).
[ycts u — pemtenue (5) mpu Beex v € CF(G). Ieperumenm (5) B Buse:

/(kzgradu, grad v) dﬂz—/v(f+au)du.
G G

CrpaBeiTHBOCTD MOCTeHero pasencTsa mpu Beex v € C}(G) osmauaer, uto k - gradu €
D(div) u upn atom div (k - gradu) = f + au. Hockoueky 3 € CH(G), T0 B cuity eMmbl
2, gradu € D(div) u, cregosarensno, u € D(A).

Tem cambIM st TpaHnIHOTrO ycaosust y(u) = 0 J0Ka3aHbI CYIIECTBOBAHUE DEIICHUS

(¢]
3asaun (2)—(3) u ero eMHCTBEHHOCTH B PYHKIHOHAJIBLHOM npocrpancTBe H(G).

3amevyanue 1. B orinume or KiaaccuyeckKoil KOHEYHOMEPHOI CHUTyaIMU BOIIPOC O COB-

o
najennn npocrpancts Kery u H(G) sBisiercst OTKPBITBIM, a TIOTOMY OTKPBIT U BOIIPOC
O €JMHCTBEHHOCTH PEIIeHUs] IIOCTABJICHHOI 3a/1a4H.
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Ecnu reneps ¢ € v (D(A)), To cymecrByer dyukuus w € D(A), s KOTopoit ¢ =
v(w). B arom ciyuae k - gradw € D(div), a moromy ompeneneno L(w) u yHKIms
U] = U — W JIOJIZKHA YJIOBJIETBOPATD 3a1a4e:

Luy =div (k- graduy) —a-uy = f —div (k- gradw) + a w; (6)

y(u1) = 0. (7)

Bagaua (6)—(7) poiyckaeT perieHne ONUCAHHBIM BBIIIE IPUEMOM.
ITpu srom 3amaua (6))—(7) onmcaHHBIM BbIIle HPHEMOM CBOJUTCH K 3aJ@ade IIONCKA
bynxmm u; € Ker vy, koropas mpu Beex v € C¢(G) yaosnersopsier ypapHenuio:

/(k: (gradul, grad v) + auy v) du
G

= —/ (vf—i—k (grﬁw, gradv) —i—awv) dyt. ®
G

s o € Im vy cymectsyer dyrkmusa w € D(grad), aas koropoii v(w) = ¢. Jlokaskem
cymecteoBanue dbynkmm u; € Ker+y, koropas mpu seex v € C3(G) ynosnersopser
ypasuenuio (8). Torma dyskims u = u; + w MOXKeT OBITh MCTOJKOBaHA KaK ‘Caboe
pemrenne” 3amaan (2)—(3).

Heticreurenbio, cymecrsyior uncia Cp, Co > 0 takue, uro upu seex v € Ci(G)
BBIIIOJIHEHBI HEPABEHCTBA!

‘/ (vf+k: (gradw, gradv) +awv) dp‘ <
G

Sl +avliy@ ol +sup k() - lgradwls, c:m) - llgrad vllzy @) <
< Oy lvll + C2 [ grad o]

U IPUBEJIEHHBIE BBINIE COOOPAYKEHUsI MO3BOJISIIOT, UCIOJIB3Ysl TeopeMy Pucca, cienarsb

BBIBO/I O CYIIECTBOBAaHUNU CJaboro perrernst 3aja4n (2)—(3) mst nponsBosbHOi ¢ € Im .
Tem cambim st @ € vy (D(A)) nokazano cyriecrBoBanue pemienus 3anaan (2)—(3) (a

Jutst p € Imy JokaszaHo cyriecrBoBanue cyaboro perternst 3a1aau (2)—(3)).
ITosyuennsiit pe3yiabrar cpOpMyIUpPyEM B BHUIE TEOPEMBI.

Teopema 1. ITyemo epanuya S ozparuvennot obaacmu G cozaacosamna ¢ mepol fi,
a cama mepa ydosaemesopsem ycaosusm a), 6). Toeda 3adava (2)—(3) 6 cayuae ¢ €
v (D(A)) umeem pewenue u € D(A). Ecau ¢ € Im -y, mo 3adaua (2)—(3) umeem caaboe
pewenue, m.e. cywecmeyem @ynryus u € D (grad), ydosaemsoparowan yeaosuro (3)
u npu ecex v € CHG) ypasnenuro (5). Ecau oce o = 0, mo sadaua (2)—(3) umeem

eduncmeennoe pewerue 6 Pynryuonarvrnom npocmpancmee H(G).
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3ameuyanune 2. B Ttom ciydae, ecoim omeparop div ompemesnTh paBeHcTBoM: div =
- (grmh(ew)* (BapumanT 1), pesysnbrar TeopeMbl 1 GoJiee cozpeprkareseH: 3amada (2)—
(3) mist p € v (D(A)) mmeer u npuroMm eguHCTBeHHOE pererne u € D(A); B ciydae
¢ € Im~y 3amaga (2)—(3) umeer u UPUTOM €JIMHCTBEHHOE cjiaboe perneHne (IpH 3TOM
caboe perienue onpejiesieno anajgorndno ¢ samenoit C}(G) na Ker ).

3. MOJE/BHBIN TPUMEP

B jlaHHOM paszjelie IPUBOJUTCA IIPUMEDP Mephl, CONJIACOBAHHOI C IIOBEPXHOCTHIO S =
OG, 111 KOTOPOii BBILIOJIHEHBI yCIoBUst &), 6) 1n°1.

IIycte n € C’I}(H ; H); &t — moToK BeKTOPHOro moJist N; (i — (HeoTpuIaTeIbHAs)
koneunast 6opesieBckass mepa Ha H; ¢: R — R — menpepsiBuo muddepennupyemas

HeoTpurarenbuast GyHkiwms, st Koropoit [ ¢(t) dt < co; ¢ u ¢’ orpanmuensr na R.
R
Orobpaxkenue R x H > (t,x) — ®_,x € H sBiseTcsi HENPEPBIBHBIM U TIOTOMY JIJIsi

KazK10ro Gopesesckoro muoxkecrsa A € B(H) muoxecrso {(t,z) ’ d_z e A} B(R)®
B(H) — uamepumo. [Tosromy myist Beex A € B(H) dynxuus ¢t — p (PrA) = [jao Py du
H

spisiercs B (R)-usmepnmoii (n orpammdensoit) ([5], c. 225-226). Tem caMmbiM ompeiesén

unrerpan [ ¢(t) p (P4 A) dt. Dopmyra
R

o) = [ o(t) (@) e 9)

R
KOPPEKTHO OIpeJiesisieT HeOTPUIIATEIbHYI0 KOHEYHYI0 bopeseBcKyio Mepy Ha H. Mepa
e uddepeHnupyemMa BI0JIb BEKTOPHOTO HOJIS N 1 IPH 9ToM [yist Kazkaoro A € B(H)

nMeeT MeCTO paBEHCTBO!:

d

dt

o (@) = = [ () (@.4) ds.
0 R
[TycTh, ponoaHUTEIBHO, CYIeCTBYET KoHcTanTa C') jiJist KOTOPO#H 1pu Beex § € R BbI-
[IOJTHEHO HEPABEHCTBO ‘go/ (s)} < Cp(s). Torga st KaxK10ro 60PEIEBCKOr0 MHOKECTBA
A C H umMeeT MeCTO HEPABEHCTBO:

/w'(t)u(@:fl) dt| < C /<p(t),u(<I>tA) dt,
R

R
orkyna |due(A)| < Cpup(A), a noromy pjy = d(ddT“:J € Loo(H, py). Ilpumepom Takoii
dbyukImME @ sBIsIETC CTIaXKeHHAasi B OKPECTHOCTH HyJIst (DyHKIIUST
Y(s) =e Bl o> 0. (10)

Eciu renepp @, — npoposkenne Ha H 10Jid e JMHIYIHON BHeITHEH HOpMaan K S, To S

coryiacoBaHa ¢ MepOil [ig W IPU ITOM Mepa (i YIAOBIETBOPSIET YCIOBHIO 0).
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ITycts B H cymecTByeT moJjHas CHCTEMa BEKTOPOB, BJIOJb KOTOPBIX MCXOIHAS Mepa
p Lo-muddepennupyema (T.e. Takasi cucrema BeKTOpoB h € H, BIOJb KOTOPBIX IIPO-
_ d(dnp)

HU3BOHAST MePBI dp [t UMEET IJIOTHOCTD pﬁ == € Lo(H)). Ilpumepom Takoit Mepsl

SIBJISIETCSI TAyCCOBa Mepa, KOPPEIAIIMOHHBIN OIepaTop KOTOPOl MMeeT IJIOTHBIN 0Opas3 B

H.

Teopema 2. Ilycmo koneunas GOPeaesckas (HEOMPUUAMENLHAA) MEPA [ YIOBALMBEO-
paem npusedénromy evaue ycaosuro. ITyemo, donoanumenvro, pu(U) > 0 das awobozo
nenycmozo omkpovimozo mnosicecmsa U 6 H. Toeda mepa iy, onpedesénnasn dopmyaots
(9) ¢ pynryuets @, npedcmasasoweti coboll C2AaHCEHHYIO 6 OKPECTNIHOCTIU HYAA (PYHK-
yuro ¢ (cm. (10)), coenacosana ¢ S u ydosaemsopsem ycaosusam a) u 6) n°l.

Joxasameavcmeo. OcTaioch IPOBEPUTD JIMMIL KOPPEKTHOCTL U 3aMBIKAEMOCTD OIlepa-
topa grad: La(G, uy) O CH(G) 2 u— gradu € Ly(G; H, ).

Ecim U — orkpbiToe HemycToe MHOXKecTBO B H , 0, B cuity (9), py(U) > 0. ITosTomy,
ecn u,v € C}(G); uw = v (mod p), To gradu = grad v (mod p), a mo3TOMy OlEpaTOp
grad ornpeesiéH KOPPEKTHO.

U3 (9) st orpanndeHHbix 6openeBckux dyHKIui f H0IydnM paBeHCTBO:

/fd,u,@:/go(t)dt/fo(b_td,u. (11)
H R H

Dopmya (11) obobrmaercst Ha ciaydaii HeoTpunaTensHblx bynmuit f € Li(H, py,).

C 9T0#f TeNBbI0 CTPOUM TOCTEIOBATETHLHOCTD OTPAHMIEHHBIX W3MEPUMBIX (OYHKITHIH

fn, anst koropuix fn, ' f. Torma npm kaxkaom t € R umMeer MeCTo CXOIAMMOCTB:

hn(t) = [ fno®_tdp /7 h(t) (h(t) € [0;+00]). ITocKOIbKY HHCIOBAs LOCIEAOBATE b
H

H
JleBn dyuknus h(t) uarerpupyema Ha R 1mo mepe ¢ dt u h(t) mourn BCrogy KOHEUHA.

Hocts [ ¢(t) hy(t) dt orpanmiena csepxy uarerpasom [ fdp,, To 1o reopeme Bernmo
R

Urak, fo ®_y € Li(p) nast mourn Beex ¢ u pasenctso (11) Bepro mst f € Li(H, py);
f=0.

Iycrb U, € CHG); upm — 0 B La(G, py); grad uy, — Z B Lo(G; H, uy,). peacrour
JoKazark, 9T0 Z = 0 (mod pu,).

Jomyckaem IpOTUBHOE: IyCThH H|ZH]%2 (GiHopp) = d > 0. Iome3ysice Tem, 9o f1,(S) = 0
(ciencTBue coryacoBaHHOCTH S H fi,) BbIOepeM Takoe € > 0, 4To

[ 1200 > 3

G\S.
Hycrs byukuus € CYH(G) rakosa, uro 0 < n(z) < 1 u npu srom n(z) = 0 npn
x € 5’%; n(xz) = 1 upn z € G\ Se. Torna nu, — 0 B La(G, py); grad(nuy,) =
n grad u,, + u,, gradn — nZ. IIpu srom ||n Z|||%2(G,H o) > g > 0. [Toromy, He repsis

OGITHOCTH, MOYKHO CUMTATD, YTO Uy, € CL(G) 1 supp uy, C G\ Se.
2
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[ockombKy Tenepb U, € C}(G), To, npumenus dbopmyry (11), cxoaumocTs
grad u,, — Z B Lo(G; H, 1,) Tlepenmiinem B BHJIE:

/@(t) dt / (grad u,)(_, z) — Z(®_, 2)|2 dy — 0. (12)
R H

[Mepexoas K nomnocseoBaTesbHOCTM U3 (12) mosydnm Jyist modTH Beex t CXoju-

MOCTDb!

/ | (grad wy,, )(®_;x) — Z(®_; z)||* dp — 0, k — oc. (13)
H

Onnaxo, (grad(uy, o ®_¢)) (z) = [%(é_t )] " (grad u,)(P_; ), oTkyma

<|(asto-m)

< M |[(grad um, ) (®_; ) — Z(D_, )|,

grad(uy, o ®_)(z) — {a@_t:ﬂ)r Z(d_,2)| <

ox

|(grad up, ) (@t x) — Z(®_; x)|| <

rae C' = sup [[n'(-)]].
H

Teneps uz (13) genaem BBIBOJ: JIjisi IOYTH BCeX & UMEET MECTO CXOJIUMOCTb:

/

Ucxonmoe yciosue ty, — 0 8 Lo(G, dp,) 13 Tex xKe coobpazkeHHUit IPUBOAUT K CXO-

2

grad(uy,, o ®_4)(z) — [;x(@t x)] Z(®_;x)|| dpu— 0, k— oo. (14)

JIIMOCTH (JJIs1 TIOYTH BCEX t):

/u2 o®_,du— 0, s — oo. (15)

My,
H
[Tokaxkem, 9T0 B ycjaoBusix Teopembl omeparop grad: Lo(H,p) D Cl}(H ) D v
gradv € Lo(H; H, 1) 3aMbIKaeM.
JeficTBUTeNbHO, TONOKAM: Uy, — 0; grad vy, — Z (31€ch vy, € CL(H)).
Torna ans ¢ € C}(H) sbinumenm dbopMysly HHTEIPHPOBAHHS 10 YacTAM B HAIPaBJIe-
Hun h (pz € Lo(H, p)):

[ Gerad o, wh) dp == [ v, (grad i, by du— [ v v g,
H H H
(cm., nanpumep, [6], c. 179).

Ipenenbupiv nepexogom noiayuns: [ (Z, 1 h) = 0 1 0CTaIOCh 3aMETUTH, YTO U3 II0-
H
CJIEJIHETO PABEHCTBA CJIe/IyeT OpTOroHaIbHOCTb Z B Lo(H; H, |1) BCeBO3ZMOYKHBIM JINHEH-

HBIM KOMOMHAIIUSM MH/IMKATOPOB OTKPBITHIX MOJAMHOKeCTB B H (¢ BeKTOpHBIMEU KO3(]-
dunmenramn), Koropbie wioTHel B Lo(H; H, ).
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Teneps u3 (14)—(15) MOXKHO ¢/1e/IaTh BLIBOJL: JJIst IIOYTH BCEX ¢ IMEET MECTO PABEHCTBO:
8 *
@) 2@ =0 (mod )
Ox
OTKY/Ia, B CUJLy HEBBIPOXKJEHHOCTH OllepaTopa %(‘P,t x), Z(®_4x) = 0 (mod p). O1-

[z dn, = [etyar [1zoo 2 dn=o0
H R H

Tlostyvennoe npoTuBOpedne TOKA3BIBAET TeopeMy 2. U

cronia;
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Jlantacian mo wmipi ta 3agada lipixae Jlasa ¢gynxuitd wa cenapa-
beavromy diticnomy 2iavbepmosomy npocmpopi H (dim H < o0) sanponoto-
sano eepcito onepamopa Jlanaaca, nopodicenozo zadanoro wa H (6openisco-
KON 1e610 EMHO010 CKINUENHO0M0) Mipoto . Jlocaidoceno ichysanna ma eounicmo
pose’askie (6 m.u. "caabrux") 3adavi [dipizae dasn esinmuuno2o pishanms 6 00-
aacmi G, wo noz2odxcena 3 euxidnow miporo . Hasedeno modesvruti npuraad
nozodotcerna Mipu p 3 obaacmio G.

Kirouosi cioBa: rinibbepTiB mpocTip, bopesiBcbKa Mipa, TudepeHItiioBaHH Mip, eJIil-
TUYHI piBHSHHS, 3ama4a ipixie.

Laplacian on measure and the Dirichlet problem It was proposed
Laplace operator version on functions on a separable real Hilbert space H
(dim H < o0) that is generated by the (non-negative finite Borel) measure p
defined on H. It was studied both of existence and uniqueness of solutions
(including "weak" ones) of the Dirichlet peoblem for the elliptic equation in
a region G that is agreed with an initial measure p. It was given an example of
agreeing of a measure p with a region G.

Keywords: Hilbert space, Borel measure, differentiation of measures, elliptic equations,
Dirichlet problem.
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KJIACCHI BAPUAITMOHHBIX ®VHKIIMOHAJIOB,
NMEIOIIINX HEJIOKAJIBHBIT KOMITAKTHBIN

SKCTPEMYM B WP HAJI MHOTOMEPHOI1
OBJIACTBIO

B dannoti cmamuve paspabomana crema uccaedosaHUA 6aPUAUUOHH020 PYHKUU-
OHANAG HA HEAOKANLHVIT KOMNAKMMHBLL IKCmpemym 6 Hyae 6 npocmpancmee Co-
6oaeea WHP(D), p € N, nad mnozomeproti xomnaxmmoti obracmoro D C RN,
N € N. Ilpuseden pad xKaaccos 8apUAUUOHHBLT PYHKUUOHANOE, UMEOULUL HEAO-
Kaaonur K —axcmpemym.

Kirouessie ciioBa: Bapuannonusiil pyukimonal, npocrpancrsa Cobosesa, K—sKcTpe-

MYM.

BBEAEHME. [IPEBAPUTEJbLHBIE CBEJIEHUS

Haunnas ¢ pa6orst JI. Tonesm [1], Bapuanuonusie 3aja4u B npocrpascTsax Cobo-
JIeBa IIPpUBJICKAIOT BHUMaHNE MHOT'UX MaTeMaTHKOB. B 60.HI:)H_H/IHCTBG CJIy1aeB (CM., Hall-
pumep, [2]-[5]) uccienoBanue sKCTpeMaIbHBIX BaAPUAIMOHHBIX 339 B IPOCTPAHCTBAX
CO6OJIeBa 6]:)LHO CBfA3aHO C TaK Ha3bIBAECMBIMH IIPAMBIMUI MeETOJaMU BapUAIlMOHHOT'O MUC-
YHMCIIEHUS.

Hemnapmo Ob11 pa3zpaboTan HOBBIN METO/I MCCJIEIOBAHNS BAPUAIIMOHHOTO (DYHKIIMOHA~
na B npocrpancree CoGoseBa B ofHOMepHOM ciaydae (cM. Hammu paborsl [6]-[8]). On
OCHOBAH HA HCCJIEJOBAHUM TAK HA3BIBAEMBIX KOMNAKMHO-anasumuveckur (um, K-
AHAAUTNUNECKUT ) CBOUCTB U KomMnaxmmuux sxempemymos (K -sxempemymos) Bapuary-
OHHBIX (DYHKIIMOHAJIOB. BriocsiecTBum 3T0T METO OBLI IIEPEHECEH Ha MHOTOMEPHBIH CJTy-
qaii ([9]-[12]).
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B nacrosimeit pabore Ha OCHOBE MOJYYeHHBIX paHee Kak HEOOXOJMMBIX TaK W JIOCTa-
TOYHBIX YCJIOBHI KOMIIAKTHOT'O KCTPEMyMa pa3paboTaHa cXeMa NCC/IeI0BAHNS BapHalli-
oHHOro (byHKIMOHA/A HA HEJOKaIbHBIN K—3KcTpeMyM B HyJle B ipocTparcTBe Coboiie-

N
Ba WB2(D), rne D = [][0;T). llpusejien psiji KIaccoB BapHATIMOHHLIX (DYHKIIHOHAIOB,

=1
HMCIOIMMX HeJIOKaJIbHBIX K*SKCTpeMyM.

1. K—AHAJIUTUYECKHNE CBOMCTBA U YCJIOBUSI K—SKCTPEMYMA
BAPUAIIMOHHOTO ®YHKIIMOHAJIA B WP

B mannom myHKTE B 0630PHOM MOPSIIKE TIPUBEIEM HEKOTOPBIE BCIIOMOTATEIHHBIE OITpe-
Jesienust n pe3ynsrars! (eum. [8], [11], [12]), Heobxomnmble /115 TAIbHEHIIErO HCCIIe/[0Ba-
HUS BapUAIMOHHOIO (bYHKIIMOHAJIA HA HEJIOKAJbHBIH KOMIIAKTHBIN 9KCTPEMYM B HyJe
B npocrpancrse Cobonesa WP (D), p € N, najg MHOrOMepHO# KOMIAKTHOI 061aCThIO
DcRN, NeN.

[Tycts E — npousBOJIbHOE BEIECTBEHHOE JIOKAJIBHO BBIILyKJI0€ HpocTpancTso, €(FE)
— cucreMa Bcex abCOMIIOTHO BBIMYKJIBIX KoMIakToB B E. s kaxaoro C € €(F) o6o-
sHaunM 4epe3 Fo smHeiinyo obosouky C, cHabkeHHY0 GanaxoBoil Hopmoii || - ||, mo-
poxKaeHHoil MmuoxKkecTBOM C.

Ounpegesnienne 1. Oyukimonan @ : F — R naswiBaercs K -nenpepvishom (K —-dugge-
penyupyemoim, 0saxcov K —dugddepenyupyemvim u T.0.) B Touke y € E, eciu Bce cyxe-
nust ¢ Ha (y + F¢) venpepoiBubl (quddepentnupyenmbl o Opere, aBaxibl quddepen-
mupyemsl 1o Pperrie 1 T.J1.) B Y OTHOCHTEIBHO HOPMHI || - ||¢. AHamornaHo ckaxkem, 4To
O umeer xomnaxmmuil sxempemym (K —-sxempemym) B Y, ecim Bce CyKeHHs! <I>|y \Ee
NMEIOT JIOKAJIbHBINA SKCTpeMyM B y OTHOCUTEJIbHO COOTBeTCTByIOH_I‘I/IX HOPM.

B namux paborax [9]-[10], Ha 6a3e HOHATHS JOMUHAHTHOI CMEIIAHHO TJ1aJIKOCTH,
ObLIM BBEJIEHBI [IMPOKNE KJIACCHI JIOIYCTUMbIX WHTEIDAHTOB, HA3BAHHBIX Beiiepiirpac-

coBckuMu K —ncesdonosuromamu, It KOTOPBIX BApUAIMOHHBIN (DYHKITHOHAJ

®(y) = [ f(z,y, Vy)dx (1)
/

B mpoctpanctee Cobomesa WLP (D), p € N, rne D — xommakr B R" ¢ jmmmmmesoit
rpanuiieil, ob/1aaeT cCOOTBETCTBYIOMUMI K —aHaInTHIeCKUME CBOMCTBAMHU.

m o
Onpegnenenne 2. Ilycrs f € C™ N Kp(z). Orobpaxkenne f HasbiBaeTcs sediepumpac-
cosckum K —ncesdonoauromom xaacca W™K,(z), ecii OHO MOKET OBITH IIPEICTABIIEHO
B BHJIE

f(x7ya Z) - ZRk<$7yv z)(z)k7 <2>
k=0

rie koaddurmentsr Ry (k= 0,p), npuHIMaonye 3Ha49eHns B IPOCTPAHCTBE k—JIHHE-
HbIX opm Ha R", ABIAIOTCH OGOPEIEBCKUMU OTOOPAXKEHUSIMU U BCE JPKETHI IIOPSIIKA 110
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(Rk,Vysz,...,V;’;Rk) K03 PuImenToB Ry yI0BJIETBOPSIIOT YCJIOBHUIO JTOMUHAHTHOM

0 T, Y CMeIIanHoil HernpepsiBHOCTH (cM. [13]).

Yenosue f € WMKp(z) obecieansaer m—kparuyio K-nuddepennupyemocts dyHK-
mronasta (1).

Teopema 1. Ecau uwmezpanm [ sapuayuonnozo gynkyuonasa (1) npunadaescum
xaaccy WM Ky(z), m € N, mo gynxuyuonan (1) m pas K -dupgepenyupyem 6 npocmpar-
cmee WHP(D). IIpu smom kaaccuneckas gopmyaa eapuauus m-—20 nopaoka COTPaH-
emesa u das K —sapuayuu m—20 nopadka, m.e.

& () (h)™ = /

D

O m—1 I
[Z Cm gmiga (&9 VOR™ - (VRY'| de. (3)
=0

st maxoxgenust K—9KcTpeMyMa BapualdoHHOrO (DYHKIMOHAJA ObLI BBHIBEJIEH aHa-
JIOP KJIACCHYECKOI'0 HEOOXOJMMOr0 YCJIOBUSI JIOKATBLHOIO 3KCTpeMyMa — ODOOINEHHOe
ypasuenue Ditnepa—Ocrporpasckoro (em. [11]).

B/ech MbI paccMaTpuBaeM BapualnoHHbIH (yHKimoHas (1) ¢ 10moJHUTETEHBIM I'Pa-
HUYHBIM yCJIOBUEM

y‘a D — Y0, (4)

rae yo € WHP(OD), D — xomnaxT B R™ ¢ mmmmmnesoit rpanumeit 0.

Teopema 2. IIycmy f € WK, (2). IIpednonoscum, wmo dynryuonan (1) npu eparun-
nom yeaosuu (4) docmuzaem K -oxempemyma 6 mouxe y(-) € WEP(D) u omobpasicenue
(0f/02)(z,y, Vy) npunadaescum npocmparncmey Coboaesa WL(D). Tozda n.e. na D
umeem mecmo obobwennoe ypasrenue Jtrepa-Ocmpoepadckozo

of "9 [of
3y @ VY) —; 7, <6%(x,y, Vy)> =0. (5)

B wacmrocmu, Ycaosue meopemvl 6biNOAHEHO, ECAU

% €cC'R? xR, xR?) u y(-) € W*(D).

Pemenust 06061menHoro ypasuenust ditsepa-Ocrporpasckoro (5) nassanbl K -akcm-

PEMAAAMYU BAPHAIMOHHOTO dyHKImoHaga (1).
Hanee, B pabore [12] mosydeHo pocrarounoe yciosue K—skcTpemMmyMa BapUAIMOHHOIO
dbynxmuonana (1) 8 WHP (D) B TepMunax reccmana MOIBIHTETPATBHON BDYHKITIN.

Teopema 3. I[Tycmv y(-) — K-axcmpemans gynryuonara (1) ¢ WHP(D) (p > 2) npu
eparuarom yeaosuu (4). Ilpednonosicum, wmo

(i) unmeepanm f npunadaesicum eetiepwmpaccosekomy kaaccy W2Ky(z);

(id) (0f/02)(z,y,Vy) € WHI(D).

Ecau na K-sxempemanu y(-) npu 6écex x € D evinoanenv, ycrosus

1)(82f/0y?) (z,y,Vy) > 0;
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2) (82f/822) (x,y,Vy) > 0;

3) (02f/0y?) (x,y,Vy) — (0/0z) (0f |Oy)(x,y, Vy) - ((0*/02%) (,y,Vy))~
(0/0y) (0f /0z)(z,y, Vy) > 0;

4) (0*F/0y?) (z,y,Vy) - (8°f/022) (x,y, Vy) — (8/0y) (Of |02)(x,y, Vy)-
(0/0z) (0f/0y)(z,y,Vy) >0,

mo sapuayuornwil gyrkyuonan (1) umeem cmpozuti K-munumym 6 mouke y(-).

2. KJTACCBHI BAPUALIMOHHBIX ®YHKIIMOHAJIOB, UMEIOIIUX HEJIOKAJIBHBIN
KOMITAKTHBI SKCTPEMYM B WP

Tenepnb mepeiiieM K pacCMOTPEHUIO KJIACCOB BAPUAIMOHHBIX (DYHKITHOHAJOB B ITPO-
crpancree Cobonesa W1UP (D), p € N, man MHOrOMepHOII KOMIAKTHOH 06IaCThIO
D Cc RN, N €N, koropsle Gy/yT UMeTh HEJOKAILHBIH KOMIAKTHEI SKCTPEMYM B HY-
JIe.

Hamu paspaborana ciemyromas cxema UCCJIeJI0BaHUST BAPUAIIMOHHOIO (DYHKITMOHAJIA
Ha HeJIOKaIbHBIN K—sKkcTpemyM. CHadaia Mbl IpoBepsieM TOT dakxT, 41o yo(-) = 0 sBiisi-
ercsi K—KcTpeMaJsibio COOTBETCTBYIONIEro (PpyHKITMOHAIA, T.€. YAOBJIETBOPseT 00OOIIeH-
HOMY ypasHeHuio Jitsepa—Ocrporpasckoro (5). Hasee na K—skcrpemann yo(-) = 0 Mbl
OpoBeEpsAeM JOCTATOIHOE YCJIOBUE KOMIIAKTHOI'O MUHUMYMa B TEpPMHUHAX I'eCChuaHa ITOAbIH-
rerpasbHOil dyHkuu (Teopema 3). Ha mocseaem srarme Mbl IPOBOJUM UCCIIEOBAHUE
Haifigennoro K—vuaumyma yo(-) = 0 Ha HEJIOKAJIBHOCTD.

O606m1as npumep, pacemorpentsiii Opiossim U.B. u Boxonok E.B. (em. [8], npu-
mep 5.1.4) Ha caydait mpocrpancTsa CobosieBa HaT MHOTOMEPHOIT 00JIACTHIO PACCMOTPHIM
T.H. "COBOIEBCKYIO KBa3UHOPMY "

IIpumep 1.
0= [ 1+ o) - [yF] de
D
N
y(-) € WH(D), ¢(-) € W(2), D =]]l0;7], (6)
i=1
IPU JIOTIOJTHATELHOM TPAHUIHOM yCJIOBUH
Ylop =0. (7)
B mamewm ciygae nHTErpaHT UMeET BUI,
f(xvyaz) = y2 + (10(2’/) ! HZH2
HaiiileM yacTHBIC TPOU3BOIHBIE HHTEIPAHTA
af 0% f 0% f 0% f
=2y 5 =2 = =0;
oy Oy? Oydz;  0z;0y

Af  9p(z) | o CPf Pez) o, Op(z) '
aZi - aZi ||Z|| +290(Z) Zis 823 — 8222 ||Z” +4 6Z,L- Zz+2§0(2),
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f _Pp(z) 2, 500(2) 9p(2)
azi&zj N 8218% ‘ HZH +2 azi T +2 aZj

OueBuHO, 4T f NPUHAJIEKAT BeiiepmTpaccoBckoMy Kiaaccy W2Ka(z).

1. Bapuanuonuoe ypastenue Ditiepa-Ocrporpagckoro (5) st dyrkimonana (6)

S A L O RS P E ®)
i1 8.1‘Z 02,’

Taxum obpasom, npu rpanndaoM yciosnu (7) dyukiws yo(-) = 0 ymosierBopsieT ypas-
Henuio (8), To ecrb siBastercss K-—sxcrpeManbio dynknuonana (6); npu srom $(yg) = 0.

2. IIposepuM Tenepb JIOCTATOUHOE YCJIOBUE CTPOroro K—MuHMMyMa B HyJle B TEPMU-
HAX recCHaHa HOJBIHTErPAJILHON (DYHKIMU Il JTAHHOIO BAPHAIMOHHOIO (byHKIMOHAJIA
B npoctpanctse Cobonesa WH2(D) (teopema 3). OTmernm BHauase, 9To Ha K-—9KCTpe-
maymt yo(x) = 0 bynxua (9f/0z)(x, yo(w), Vyo()) € WHH(D).

[Tposepum BbinosiHenue yeaosuii (1)—(4) Teopembr 3:

1)(02f /0y?) ‘( =270

"

2¢(0) 0
2) (82f/822) ( 00): > 0 npu tpebosarnu ¢(0) > 0;
- 0 2¢(0)
3) [(62F/05%) — (0/02) (0f oy) - (2*1/0:2)) ™" - @/ow) @1 /02)] | | =
=2>0;
D[©F/0y°) - (9°1/0%) = (0/9) (0£/02) - (9/9=) O Joy)] | | =
4¢(0) 0
= > 0 npu Tpeboanuu ¢(0) > 0.
0 4(0)
Takum o6pa30M, BCe€ yCJIOBHA JOCTATOYHOI'O YCJIOBHA B TEpMUHaAX I'eCCUaHa IMOAbIHTE-

N
rpaiabHON (DYHKIWMK BhIIOIHSIIOTC Beogy Ha D = [[[0;7] nupu 1onosHUTEIBHOM Tpe-
i=1
6osammn ¢(0) > 0. Nmeem, aro dynkmmonan (6)—(7) umeer crpormit K-MuHnMyM mnpu
©(0) > 0 B Touke yp(-) = 0.

3. Ilokaxkewm, uro dynkiumonan (6)—(7) me mMeer JIOKAJIBLHOIO IKCTPEMyMa B TOUKE
N
crpororo K-mmamvywma yo(z) = 0 B mpoctpanctee WH2(D), tne D = [[[0;T] ¢ yaeTom
i=1

BBejieHHOro TpeboBanust ¢(0) > 0.

TloTpebyem mOmONHITE/IHLHOE YCIOBUE IePEeMEeHbl 3HAKA, JIJIsT (-

w(z0) < =19 <0 (9)
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a7 HeKoToporo zg = (29,...2%) € RV,
Paccmorpum

N ~
ys(an xN)_ ZZ?(CL’Z‘—&), D:{:L‘ED‘.%}SQZ':LN};
e = =
0 ) B OCTaJILHBIX TOUYKax D

JTsl TOCTATOYHO MaJIoro € > 0.
Ouesntno, uro y° € WH2(D). Kpome Toro,

€ 1> N 2 N
HySH%Vm :// (ZZ,?($1—€)> —I—EI(z?)2 dey...dey — 0
s o i=1 i=1

npu € — 0.

Warerpant f Broab QyHKIANA i TPUHAMAET BUL

f(xv y57 Vya) -

N N 2
_ ) (e () + (Z 2z — 5)> : D;

0 , B OCTAJIBHLIX TOUKaxX D.

N IS5
¢@ﬂ=¢MU%%%§]£V-/~:/MLHMW+
0

=1 0
€ € N 2 N
+//<Zz?(aﬁz—5)> dry...dzy = Zl,... Z
0 0o \i=l =
£ 2
+/ / (Z — & ) dry...dzy <
0 0 =1

< -rg- Z(z?)2 eV + 0(eMN) < 0 g mocrarouno masoro € > 0.

Takum 06pazoM, Bapuaronubiit dyukimonasn (6)—(7) He gocTUraer JOKAJILHOIO MUHU-
N
MyMa B Hyae B mpocrpanctse W12(D), roe D = H[ T]. Tosyuennbie BbIIe PE3Yiib-

TaThl MOXKHO OIUCATD B CJIEILYIOMIEH
Teopema 4. Paccmompum eapuauornvili gyrryuonan ”CO60./L€66?€y70 keazuropmy")
o) = [ [+ ¢(V0) - V9] do, o) € WD), D= HOT

D

2de @(-) € WZ(2), npu donoanumeabnom epanusmom Yeroeuu y‘ ap = 0.
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Tozda, 6 npednonooicenuu ©(0) >0 u npu ycrosuu mnepemenv. 3HAKG OAA P:
©(20) < —19 < 0 das mexomopozo zp = (29,...2%) € RN, sapuayuormvidi dynryuonan
®(y) docmuzaem cmpozozo neaokasvrozo K-munumyma 6 nyae.

IIpocreiimum npuMepoM coBOJIEBCKOI KBA3UHOPMBI MOXKET OBITH

N
yw:/wﬁm%m%wwwwwamqewmw%D:Hmﬂ.
D =1

Bnecy dymknus p(z) = cos(z1 + ...+ zn), ¢ € WZ(2) B cuIy NepHOIMTHOCTH H TIaJl-
koctH, 9(0) =cos(0+...4+0)=1>0, ¢(z0) = —1 <0 gzt zp = ((7/N), ..., (7/N)).
Tenepb MOKHO 0600IUTH IpUMep 1, BBEIsl 3aBUCUMOCTD (9 OT Y.

IIpumep 2. Paccmorpum

D(y) = / [v* + oy, Vy) - | Vyl?] dz,

D
N
y(-) € WH(D), w() € Wi(2), D =[]0 7], (10)
=1
Ipu AOIIOJTHUTEJIbHOM I'PAHUYIHOM YyCJIOBUN
Ylop =0 (11)

OrMmeTuM, 9TO B IAHHOM U B ITOCJIEIYONINX [IPUMepPaxX CXeMa UCCJIe0BaHusl Ha HEJIOKA b~
HBI KOMIIAKTHBIN 9KCTPEMYM B HyJIe TOBTOPSET cxeMy mnpumepa 1. B aToit cBsi3u, Mbr
6ymem HOpMYIUPOBATH OKOHYATE/IHHBIE YC/IOBHUS HA MHTETPAHT B KAXKIOM M3 OT/IE/IHHO

B3ATBIX CJIYYIa€B.

Teopema 5. Paccmompum eapuavuonnviti dynxyuonan (10), 2de p(-) € W(2), npu
donoarumenvrom eparusrom ycaosuy (11).
Tozda, 6 npednososiceruu p(0,0) > 0 u npu Ycaosuu nepemenv 3Haka 0Nl ©:

©(0,20) < —rg <0

das nexomopozo zo = (29,...2%) € RN, sapuayuonnwii dyrnxyuonas ®(y) docmuzaem
CMP02020 HEAOKANH020 K —Munumyma 6 nyae.

B kauecTBe KOHKPETHOI'O IPUMEPa MOXKHO PaCCMOTPETh
N
o) = [ [ +cosly + divsy) - [Vol] do, y() € WD), D= [[10:7).
D i=1
B pmamom  ciayuae  dymkmms  @(z) =cos(y + 21 + ...+ 2N);  OUEBHAHO, UTO
¢ € W2(z). Kpome Toro, BBINOJHEHB YCJIOBUs —TeopeMbl b, a  HMEHHO
©(0,0) =cos(0+0+...4+0)=1>0, 9(0,20) = —1 <0 g1 20 = ((7/N),...,(n/N)).
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Takuwm obpazom, dynknmonan ®(y) B Hyse JoCTUrAET CTPOrOro HEJTOKAJIBHOIO K —Mu-
HUMYMa.

JasibHeiinme Kaacchl MPUMEPOB, KaK U OroBapuBaJjiu, OyuaeMm opopMISTh B BHJE TEO-
peMm. O606IIUM TTOC/IEIHAN TPUMED U PACCMOTPUM

Teopema 6. Hmeem sapuatuornvili GyHKUUOHAN
N
d(y) = / [ + oy, Vy) - IVyl*] - ¢(2)de, y(-) e WH(D), D=]]0:T], (12)
D i=1
2de p(y,z) € Wi(2), ¥(-) — nexomopas noaoskcumeavas nenpepbienas 6eco6an dyms-
YUA, NPU QONOAHUMENLHOM 2PAHUNHOM YCAOBUL

yl,p =0. (13)
Tozda, 6 npednoaooceruu ¢(0,0) > 0 u npu yciosuu nepemens, 3Haka OAi p:
©(0,20) < —rg <0

OAs HEKOMOPO20 2o = (z(l), e z?v) € RY, sapuavuormwiti dyrryuonan ®(y) docmueaem
CMP02020 HEAOKAAPHO020 K —Mmurumyma 6 Hy.e.

B kauecrBe BecoBOi (byHKIMU MOXKHO B3aTh 1)(x) = exp™ T TONIN pre o € R,
1 = 1, N, u olHOBpEMEHHO He PaBHBI HY/I0. B 3TOM ciIydae, pu yC/JIOBUY BBIIOJHEHUS
OCTAJILHBIX TpeboBanuili Teopembl 6, DYHKIIMOHAT BUIA

By) = [ [ + ¢l 99) - [Ty - expes ot onen da,
D

N
y() e W (D), D =[]l0; 7],
i=1
JOCTUTa€T CTPOIro HEJIOKAJIbHOI'O K*MI/IHI/IMYMa B HYyJIE.

Teopema 7. Paccmompum 8apuatuoHHvLL GyHKUUOHAN
N

O(y) = /so (v + IVyll*) dz, y(-) € WD), D =]]l0;T], (14)
D i=1
2de o(y* + ||2]|?) € Wi (2), »(0) =0, npu donoarnumenvrom epanuHom Yeio6uU
y|6D =0. (15)
Tozda, 6 npednososcenuu (Op/0t)(0) > 0 u npu ycarosuu nepemenve 3HaKa OAf ©:
o(ud) < —rg <0

das nexkomopoezo ug € R, sapuayuonnods gyrnxyuonas ®(y) docmuzaem cmpozozo 1eno-
Kaavho2o K -munumyma 6 nyae.
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OrmeruM, 9TO ycaoBus Ha DYHKIHIO
¢ € C*([0;+o]), @t +h) — () = O(h) aus || = oa

ABJISIOTCS JIOCTATOMHBIMU Jiis npunasiexnoctn o(y? + ||z]|?) x xmaccy W2 (z). B ka-

9eCcTBe KOHKPETHOI'O IpUMepa Takoi (PyHKIINN MOXKHO PacCMOTPETH

£ 0<t<1-24;
o(t) =4 2—t, 1+0<t<+4o0;
v,  criaaxena Ha [1 —J;1 + 0].

Hannast dyHKIms yioBieTBopsier BceM TpeboBaHusiM TeopeMbl 7, a umenHo ¢(0) =0,
(0p/0t)(0) = 1 > 0 u aua moboro uy > /2 ¢(ug) < 0.
O6001uUM JIaHHDBIA IIPUMED.

Teopema 8. Paccmompum 8apuayuonivili Gyrnkyuonan
N
o) = [ ¢ (P +IVyIP) - wla)ds, o) € WD), D=[J:7,  (10)
D i=1
2de p(y? + ||z]|?) € W2 (2), ¢(0) = 0, 9 (-) — Hexomopas nenpepbieHas noioHcUmensHas
6ecosas Pynkyua, NPu QONOANUMENLHOM 2PAHUYHOM YCAOBUL

y‘aD =0. (17)
Toz0a, 6 npednonosiceruu (Op/0t)(0) > 0 u npu ycaosuu nepemensv. 3HAKA OAL ©:
o(ud) < —rg <0

das nexkomopozo ug € R, sapuayuonnots gynxyuonas ®(y) docmueaem cmpozozo 1eno-
KaAbH020 K —-MUuHumMyma 6 nyae.

OrmeTnM, 9TO B Kav4eCTBE BECOBOM (PYHKIIUN MOYKHO B3SITh JIIOOYIO HEIIPEPBIBHYIO IO~

JIOKUTENILbHYI0 (DYHKIMIO, B 9acTHOCTH, ¥)(1) = exp®1®1HFTONIN pre ; € R, 1 =1, N,
U OJIHOBPEMEHHO He PaBHBLI HYJIIO.

Teopema 9. Paccmompum sapuayuonnoids gynkuuonan (m.n. "keasuzapmoruueckul
ocyuanimop”)

N

ww=/@wwwwﬁ+¢@—fwamomﬂ%m,D=HMH,<w>
D =1

2de @(-) € Wi (2), ¥(-) € C?, (0) = 0, npu donoanumMesbHOM 2PAnUMHOM YCAOBUY
Ylop =0 (19)

Tozda, 6 npednonosicerus p(0) > 0, ¥'(0) =0 u "(0) > 2 u npu yeaosuu nepemens
3HAKG 0NA P

w(z0) < =19 <0



40 E. B. Boxonok, E. M. KysbmeHnko

OAs HEKOMOPO20 Z( = (z(l), e z?v) € RN, sapuavuormviti dyrryuoran ®(y) docmueaem

cCmpoz20o20 HEAOKAADBHO20 K*MUHUMyM(]J 6 HYne.

IIpocreiimum mpuMepoM KBa3UTaPMOHUYECKOTO OCITUIATOPA MOYKET CJIYKHUTL (PyHK-

TIOHAJ

O(y) = / [cos(divyy) - | Vy||* + 2sin® y — y?] dz,
D

y(-) e WD), D = HOT

Baech ¢(2) =cos(z1 + ...+ 2n), ¢ € WE(2), ¢(y) =2sin?y, ¥(-) € C?, (0)=0.
[Tposepum  TpeGoBanusi Teopembl 9 wa dyukuuu @, 1. eiicrBurensho,
©(0) =cos(0+...4+0)=1>0, ¢/(0) = 2sin2y|,—o = 0, ¥"(0) = 4 cos2y|y—o =4 > 2,
o(z0) =—1<0 maa zp=((7/N),...,(r/N)). Takum o06pazom, BapuAIMOHHbII
dbynkimonan ®(y) B Hyse JOCTUrAET CTPOTOro HEJOKAIBHOIO K —MUHUMYMA.

B paccMmorpeHHBIX BbIIIe TpUMepax HUKAKUX OrpaHuYeHuit Ha mepy objactu D me
nayaraercst. Ceifqac paccMOTPHUM IPUMEDP BAPUAIIMOHHOTO (BYyHKIMOHAJIA, st KOTOPOTO
Hasmane K-sKcTpeMyMa BO3MOXKHO TOJILKO TIPH HEKOTOPOM OrpaHWdYeHun Ha mepy D.
st aToro chopMyupyem eIy oIy TeOpeMy IS IPOBEPKH JOCTATOYHBIX YCJIOBHUIT
K—wvununmyma (eMm. [14]).

Teopema 10. ITycmo sapuayuornwd dynkyuonan (1) ydosiemsopsem 6 wyae ypas-
nenuro Aiinepa-Ocmpozpadcxozo (5) npu epanuunom yearosuu ylap = 0, f € W2Ky(z),
(0f/02)(x,y,Vy) € WHH(D).

Bsedem caedyrowgue 0603HaeHUA:

9% f(x,0,0
r =: minmax{y? > 0|R(z)(2)? >+ - ||z||* (Vz € R")}, R(z) = @;
reD 0z
0.0
o reD 6y2 ’

82 (z, 0 0) <« 9 f(x,0,0)
¢ =minQ(z), Qz)= Z oz, < Dy07 > :
Tozda
1) npur >0, q>0, ®(y) docmueaem cmpozozo K —-murumyma 6 nyse (6e3 kKaxur—1u60
oepanuverull na mepy D).
2) npur >0,q<0,s>0 unpu oepanuvernuu na mepy D
N

N 2r
mesy(D) < N2 - ( M) , (20)

®(y) docmueaem cmpozozo K-munumyma 6 nyae.
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Teopema 11. Paccmompum sapuayuonmnvit gymnryuonanr ("obobwernnud xeazuzapmo-
Huneckul ocyuaramop”)

B(y) = / [o(Vy) - V9% + (a,, V) — o] da,
D

N
y(-) e WH(D), D =T]0;7T), (21)
i=1

2de p(-) € W2 (2), ¥ € WK (2), ¥(2,0,0) = 0, npu donoanumensnom epanurmom yeao-

esuU
Y|pp =0 (22)

Beedem caedyrousue 0bosnanerun

r= Irggmax{’YQ > 0|R(2)(2)* > 7* - [|2]* (vz € RY)},

20e , ,
2p(0) + UL .. Zpe00)
R(z) = .. ... ;
924(x,0, 92¢(=,0,
T 200+ s
2
s = min (20@0.0) )
xeD 6y2
: a2¢($70,0) . 82111(377 an)
- (P aan (PE20)

Tozda, 6 npednososcenuu @(0) >0, r >0, s >0 u g <0, u npu Ycro6uu nepemensi
3HAKA 0Nf Q!
©(z0) < =19 <0

das nexomopozo zo = (29,...2%) € RN, sapuayuonnwii dyrnxyuonaa ®(y) docmuzaem

cCmpo2020 HEA0KAADHO20 K*MUHUMyM(l 6 HYAE NPU JdonoaruMeALHOM o2paruMeHuU Ha

mepy obaacmu D
N

mesn (D) < NZ . ( 7T2r>
[
B Bapuarmonnom dyukimonase (21) B kadecrBe dYHKIMN ) MOXKHO B3Th
U(z,y, 2) :2sin2(y+z1+...+zN)—|—3(x1+...+xN)-y~(z1+...+zN).
Torma MOXKHO paccMOTpeTh (DYHKITHOHAJT

N
O(y) = / [cos(divxy) | Vyl|? + 2sin’(y + divey) + 3 Z z; -y - divgy — y? | de,
D i=1
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N
y(-) e WD), D =]]l0: 7
=1

Janubril byHKIIMOHAT OyIeT yIOBIETBOPSTHL BceM TpeboBaHuaM Teopembl 11. JleiicTBu-
TenbHo, ¢ € Wi (z), ¥ € W2K1(z), ¢(,0,0) = 0. st GyHKIUI ( BBIIOIHSETCS yC10-
Bue nepemensl s3Haka p(0) =1>0, a g zp = ((7/N),...,(7/N)) ¢(z0) = -1 <O0.
Ocrajiocs ipoBepuTh HepaseHcTBa 1 > 0, s > 0 u ¢ < 0. B HamewMm ciayqdae

6 4 - 4
R($): 0 )
4 4 6

TOIZIa UMEEM

r= 1[1rliBr1f1ax{'y2 > 0|R(x)(2)® > 7?|2)|*(Vz € RY)} = 2 > 0;
TE

s=2>0; ¢g=2-3N<0 (VN).

Takum obpazom, P (y) mMeer cTporuii HeJTOKATBHBIH K —MUHIMYM B HyJI€ IPU JTOMOTHA-

TeJIbHOM OTPAHUYEeHUHU Ha Mepy obsactu D:

5 N
N w2
mesy < N2 - _
N ( 12— 3N|>
Ormernm, 9T0 B ciy4ae pasmepaoctu N = 1 1mojydaeM orpanudenue Ha JIJIMHY OTPE3Ka
[0; 7]
T < V2.

O0600IKM TPEAbIIYINNI IPUMED — BBEIEM BECOBYIO (DYHKIIUIO.

Teopema 12. Paccmompum 6apuayuorHoili Gyrkuyuora

B(y) = / [o(Vy) - [Vyl? + (a5, V) — 7] - (x)de,
D

N

y() € W2(D), D=]l0:7), (23)
=1

2de () € W2 (2), v € W2K (2), ¥(x,0,0) =0, 7(-) — nexomopas norosicumenvnas
HENPEPUEHAA BECOBAA HYHKUUA, NPU JONONHUMEALHOM 2PAHULHOM YCAOBULU

Ylop =0 (24)
Bsedem caedyrowsue 0b603nauerus

r= Hggmax{v? > 0|R(2)(2)* 2 7* - [|2]* (vz € RY)},
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2de
(20(0) + ZULDY  7(z) - P00 (1)
R(x) = ;
Tee () (2<P(0) + %ﬂ”;‘”) - 7(z)
SziréiBKW_?) ‘T(x)] ;
¢ = min KW — 2 — divg (W)) .T(m)} _

Tozda, 6 npednososcenuu ©(0) >0, >0, s >0 u g <0, u npu ycrosuu nepemerv
3HAKE 0Nf @

w(z0) < =19 <0
OA5 HEKOMOPO20 Z( = (z?, . Z?V) e RY, sapuayuonmoni dyrxyuonan ®(y) docmueaem
CMP02020 HEAOKAALHO020 K —MUHUMYMG 6 Hyae NPpu JONOAHUMEALHOM 02PAHUMEHUL HA

mepy obaacmu D

N

2
mesN(D)<N§-< H) .
q

ABTOopBI BRIpazkaroT OaarogapHoctb M.B.OpiioBy 3a mosesHble 00CYKICHUS U 3aMe-

YaHUA.
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Kuacu Bapianiiinux dpyHKIIOHAIIB, 1[0 MAOTh HEJOKAJbHUN KOMIIAKTHUMN

ekcrpemyM y W1P(D) nan 6araTopumipHoio 061acTio

Y dawitd cmammi pozpobaena cxema 00CAIOHCENHA BaPIaULTH020 OYHKULO-
HAAG MG HEAOKAALHULT KoMNaKmMHul excmpemym y wyat 6 npocmopi Coboae-
sa WYP(D), p €N, nad 6azamosumiprorn xomnaxmmoro obaacmio D C RY,
N € N. Hasedeno pad xaacié eapiauilinux GYHKUIOHANIE, UL MAIOMb HEAO-
xarvruxr K —-excmpemym.

Kurouosi cioBa: Bapiamniiiauii dpyukiionas, npocropu CobosieBa, K—ekcTpeMyM.

Classes of variational functionals having nonlocal K—extremum in W1?(D)

on multi-dimensional domain

In this paper the investigation scheme of nonlocal compact extremum at zero for
variational functional in Sobolev space WYHP(D), p € N, on multi-dimensional
compact domain D C RN, N € N, is derived. Some examples of variational
Sfunctionals having nonlocal K —extremum are considered.

Keywords: variational functional, Sobolev spaces, K—extremum.
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9. JI. TA3UEB

CIIEKTPAJIBHAA 3AIAYA C YCJ/IOBUAMU
COIIPA2KEHN A HA KPVBOJIMHENMHOUN I'PAHULE

Hszyuaemen cnexmpasvhan 3a0a4a, 603HUKAIOULAL 6 NPOOAEME MAABIT DBUIHCE-
Hull cucmemsr "udeasvras KanusrAPHGA otcudrkocmo—2a3" 6 mpamoyzosvHoMm
KaHase ¢ meepdotli cmenxol. Paccmampusaemcs cayuatll 9KCNOHEHUUAAGHOT
CcmpPamuPUKEAUUY 2036 800Ab HANPABAEHUSA 2PAGUMAUUOHHBIT CUA U YCAOBUI
CONPANCEHUA OAS NOMEHUUANOE CMEULEHUT, CHOPMYAUPOSAHHBLT HA NOBEPLIHO-
cmu orcudkocmu, Komopas 6 COCMOAHUL NOKOA HE ACAAEMCA 20PU3OHMANHOTL.
IIpedaazaemes npoexyuorHbIl MEMOJ, 0CHOBAHKBIT HA BAPUAUUOHHOM NOJTOJE.

KrogeBnie cioBa: KanmujisipHasi )KUIKOCTD, Ta3, CTPATU(MUKAIIAS, CIEKTPAJIbHAT 38~
Jlada, YCJIOBUE COIPSI?KEHUsI, MTPOEKIIMOHHDBINA MeTO I, 000OIIEHHOE pEellleHue.

1. BBEAEHUE

DBOJIIOIUOHHBIE W CIEKTPAJbHBIE 38Ul THIPOIUHAMUKN OIMCHIBAIOTCST HAYAJBHO-
KPaeBbIMU U KPAaeBbIMU 3aJ1ad9aMu Jiyisi TupepeHInabHbIX YPaBHEHUN B YACTHBIX MIPO-
M3BOJIHBIX U OOBIKHOBEHHBIX AuddepeHnualbHbIX yPABHEHUH, 11 OOJIBIIMHCTBA KOTO-
PBIX He yIaeTcsl MOJyIUTh TOTHOE aHAJUTHIecKoe pernenne. [loaromy ocobblii nHTEpEC
[IPEJICTABJISIIOT IPSIMbIE METOJIbI HAXOXKJIEHUs] MCKOMBIX BejmduuH. Cpein HUX OTMETUM
[IPOEKIMOHHBIE, BADUAIIMOHHBIE W YUC/IEHHO-aHATUTHIECKAE METOJIBI, CM., HAIIPUMEp, Pa-
Gorer [1]-[12], B KoTOpBIX Hpu paspaboTke U OOOCHOBAHUU METOJa UCIOJIb3YIOTCS Ba-
puaruonnas pOpMyJIMPOBKA UCCIIEYEMOI 3a/1a41, SHEPIeTUIECKIE NN BaPUAIMOHHBIE
cooTHoIennst. B obrem ciaydae BEIOOP KOOPAUHATHBIX (IPOOHBIX) (DYHKIHIT TPOEKITNOH-
HOT'O METOJIa SABJISETCS JIOCTATOYHO CJIOZKHOM MIPOBJIEMOIT U OCYIIECTBIISAETCH [0-PA3HOMY.
B wacrrocth, B [2| B 3a7ade 0 cOGCTBEHHBIX KOJEOAHUSIX HICATHHON YKIUJIKOCTH BBIOOD
KOODJIMHATHBIX (DYHKITMII OCHOBAH Ha MPUMEHEHUU OPTOIOHAJILHOIO MPOEKTUPOBAHUS
COOCTBEHHBIX JIEMEHTOB 3aJia4l Ha (DYHKIIMOHAJIBHBIE MTOJIIPOCTPAHCTBA, €CTECTBEHHO
BO3HUKAIOIIUE [IPYU UCIIOJIB30BAHUU METOJIA PA3/e/ICHUs IePEeMEHHBIX.
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B nacrosimeit pabore paccMaTpuBaeTCs CIEKTpaJbHAA 3a/1a49a, TOPOKICHHAs ITPOobIIe-
MOI COOCTBEHHBIX KOJIEOAHUI B IMPAMOYTOJIbHOM KaHAJE THIPOCUCTEMBI, COCTOAIIEN 13
HECKUMAEMON KalW/UIAPHON »KUJIKOCTA W ra3a, CTPATH(UIMPOBAHHOIO IO IIJIOTHOCTH.
DBOJIIOIUOHHAS [TPODOJIEMa OITUCHIBACTCST KPAEBOH 3aJiavueil Jjist MOTEHIINAJIOB CMEICHU
B Cpelax ¢ KHHEMATHIECKUM M JUHAMUYECKUM YCJIOBHAMU COIPSAXKEHHUS TPETHErO POJIa
Ha rpanuiie pazzesa cper. OmepaTopHbIi MTOAX0/ B 00IIEM CiIydae, KOTJa I'PAHUIA Pas3-
JieJia CpeJi B COCTOSIHUU TTOKOsI He 00si3aTeTbHO SBJISIETCS SIBJISIETCS TIJIOCKOU, ITPEJJIOXKEH
B pabore [10]. B ciyuae ropusoHTaIbHON PABHOBECHON HOBEPXHOCTH KUJIKOCTH CIICK-
TpaJibHasl pobsema 6Oblia u3ydeHa B [13], a npubIMKeHHBI MeTON JIJIsi BBIYUCIICHUS
KPUBOJIMHETHON PaBHOBECHOIT IIOBEPXHOCTH pasjiesia cpe/i 61 npeioxkeH B [14]-[16].

Hama 1iestb — 1pejiosKuTh TPOEKITUNOHHBINA METOJ, JIJIsl TTPUOJIMKEHHOTO BBIMHCJICHUST
3HAYEeHUil CIIEKTPAJILHOTO IapaMeTpa B IIOCKOH (JIByMepHOit) mpobeme ¢ yCIoBUsAME

COINPSI?KEHUsI Ha KPUBOJIMHEHON IpaHuUIle pasjiesa Cpe/.

2. DOPMVYJ/IMPOBKA JIBYMEPHOW CIEKTPAJIbBHOUW 3AOAYU U OCHOBHBIE
MNPEAITOJIOXKEHNM A

B nmekaproBoit cucreme xoopauaar Oxyz PacCMOTPUM IPSAMOYTOJILHBI KaHAJ, [eo-
MEeTpUsI MOIIEPETHOr0 cevYeHus Kanasa (IJI0OCKOCThIO i = const) mpejicraBieHa Ha puc. 1.
Kanan 3anonnen njteaabHON KAMUIISPHON HEC2KIMAEMO KUIKOCTHIO INIOTHOCTH p1 > 0
1 6APOTPOITHBIM Ta30M, IIJIOTHOCTH KOTOPOI'O U3MEHSIETCsI 10 3aKOHY

p2,0 == p2,0(2) = p2,0(0) exp(—2ez), €:= Bgo/(2a2) < 1,

e CL2 = const — KBa/IpaT CKOPOCTU 3BYKa B ra3€, gp — CTaHJapTHOE YyCKOpE€HUHE CBO-

OOHOTO TAJIEHUST B 3eMHBIX YCJIOBUSIX, 3 — KO(MMUIUEHT TIeperpy3Ku.

[TycTs rpaBuTanmonHoe moje JAeicTByeT BI0Jb ocu Oz CBEpXY BHU3 C MHTEHCUBHO-
creio § = —fgo€s, S > 0 (€3 — opr ocu Oz). B s10M ciiydae TpexmepHast mpobJiema
CBOJIUTCsI K JIByMEPHOIi (I7I0CKOit) mpobjieMe B TOmepevHoOM cedennn Kanaja. O6sactb
1, 3aHSATas XKUJIKOCTHIO, OIPAHUYIEHA YaCThIO S TBEP/IO CTEHKN KaHaJja u rpaxurei I,
paznensiomeii obsactu "xuakocrs" u "raz", B cocrosnun 1mokost. COOTBETCTBEHHO a3
pacuoJioxkeH B obactu §o, orpanndyentoii I' n yacroio So crenku S = S U Sy. CunraeM

Takke, IYTO ypaBHeHue ayru [ 3ajaHo B mapaMeTpudeckoil popme
x=ux(s), z=2z2(s), —so<s<sp,
x(so) =1, x(—s0) = —I, (1)
—hy < z(s) < hg, —s50<s< s,
rJe B Ka9ecTBe IapaMeTpa $ BhIOpaHa JJIMHA JyTU I, OTCUNTHIBaeMAas OT €€ CePEIUHEI,
| — nmonymmpuna Kanaja, H — BbIcoTa KaHaja, V) — 3aJaHHBI 0ObeM >KUIKOCTH,
hi = Vo /(2l) — ycnoBuasi BicoTa Kugakoctu, he = (H — hj) — yciaoBHast BBICOTa ra3a.

[Iyctb w — uacrora Kosiebanuii, ¢ > 0 — K03MDMUIMEHT TOBEPXHOCTHOTO HATSIKEHUS

una ['; 1 — BekTOp HOpMasu K ', HanpaseHHbIl u3 {)1; My — BEKTOp KacareabHo# K I
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F 3
S, Q,
h,
A\ Ay,
_ ] p: 1 X
0 hl
S, Q

Puc. 1. Ilonepeunoe cedenne KaHaJa.

B Toukax § = £5¢ (r.e. x = £1); ¢ = ((s) — orriIOHeHHE B TOUKe § jyru [’ BoJb 71 o
paBHOBecHOT0 cocrosiaust; k(s) — kpusnsna gyru I', 0 < § < 7 — yros cMaduBaHUSL.
Cremys [10], BBemem opronpoektop Pr : Lo(I') = Lo, Lo := Lo(I') © 1p, 1o 3akomy

50
1
Pr¢i=(— — : 2
0= g [ s )
s
Torga myist norenrmanos cmerennii 1 := &1 (x, z) B Kugkoctn u Py := Po(x, 2) B
rase IoJiydaeM CJIeAyIOMyIO JUHeAPU30BAHHYIO CIIEKTPAILHYIO 3a1a4y
0P
A =0 (BQ1), — =0 (1aSy), (3)
on
oy ,—2 00y R R 2
—AQ(I)Q = )a (1)2 (B Qg), % =0 (Ha SQ), Aoq)z = p2,0 le(p270V(I)2), A=w y (4)
S0 S0
0P oD
e s ¢ (mal), / (ds =0, / d1ds =0, /pg 0P2d 2y =0,
on on ’
—s0 —S0 Qo
B¢ = Pr(—0Ar( +a(s)¢) = A(p1®1 — Pr(p2,0®P2)) (na I),
(,ifo +x¢=0 (upu s==+sg), (5)

—

a(s) == —a(k(s))? + g(p1 — pao) cos(ii, €3), x := —k(s)cosd/sind. (6)
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OrmeTnM, UTO B CIIEKTPAJIBHOI 3a/1atde conpsizkennst (3)—(6) HCKOMBIi CIIeKTpasIbHBII
napaMerp A BXOJIWUT B ypasHenue (4) u rpanmanoe yciosue (5). Kpome Toro, omeparop
Ar B JauHAMIYECKOM ycsoBuH (D) M COOTBETCTBYIONHMIT €My OIepaTrop rpajuenta Vr
BBITHCIIAIOTCS HAa KPUBOJIMHEHHOf tyre I

Hobasum erue, uaro B [14]-[16] st oreickanus I' mosydena kpaesast 3a1a4a

2" =a'[c+ Boz + bof(2)], 0<s < s, (7)

2" = —2[c+ Boz + bof-(2)], 0<s < s,
2(0) = —z9, 2'(0)=0, z(0)=0, 2'(0) =1,
50
(s0) = 1, 2/(2(5) +hy)alds = Vi = 2hl, (8)
0
rjge zp — MaKCHUMaJIbHBIA mporu® paBHOBecHOW nyrum I' B Touke s = 0, f.(z) :=

p2,0(0)(exp(—2ez) — 1)/(2¢). O cmbicite mapamerpos By u by OymeT cka3aHo HIKe.
Hasee cauraem, aro npobiema (7)—(8) pemena, u paBHoBecHast Jayra I’ HaiijeHa.

3ameuanne 3. [lyist BEIUUCIEHUST IPOU3BOIHON 110 HOpMaJIM Ha n3BecTHON I’ nMeem:
0 , 0 , 0
— =g — - —. 9)
on 0z ox
O

Boibepem | u p; B KauecTBe XapaKTePHBIX BEJMYUH U OCYIIecTBUM B 3ajade (3)—(6)
epexo] K 6e3pasMepHBIM MIEPEMEHHBIM ¢ TIOMOIIBIO 3aMeH

X = .CUl, pg,o(O) — p270(0) p1, E— el.

Torma npobrema (3)—(6) npeobpadyercst K CleKTpaibHbIM 3agadaM Heitmamna

P
A =0 (59), 220 (masy), (10)
on
—Ao‘l)g = )\052(1)2 (B Qz), % =0 (Ha SQ),

C YCJIOBUSIME CONPSZKeHUsT UCKOMBIX dbyukiuit @1 u 9 na xpusosuneiinoii (B obmem
ciyuaae) gyre I

0P, _ 0P, L B
%—W—C, 50<5<SO,
By¢ := Pr[—=Ar¢ + a(s)¢] = A[®1 — p2,0(0) Pr(exp(—2e2)P2)], —s9 < s < s0,
¢

— 4+ =0 (upu s = =£s
" YCJIOBUAMU HOPMUPOBKU
50

s0
/ (ds =0, / ®1ds =0, /exp(—252)<1>2d(22 =0. (11)
o

=50 Qo
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31ech BBeJIEHDI CIeIyIONe 0O003HAYCHUS:

A= ,010.)2[3’ o = ——,
o pila

g

a(s) := —(k(s))? + (B — by exp(—2¢2)) COS(ﬁTEg,), e = feo, €0 := gol/(2d?),

12 ~ ~ 12 12 ~ o~ 12
_ P9 R By P p20(0)gl" o, By = 2,0(0)g0 '
o g o o

C yuerom [1], em. ¢. 527 mist oneparopa Jlamnaca—Benbrpavu Ap Ha KpuBoJMHEHHOM

By :

rpanure I', 3agannoii B Buze (1), moaydaem

Ar¢ = d*¢/ds>.
3. OHPE[LEHEHI/IE OBOBHIEHHOI'O PEIIEHUNA

Onpenenenne 1. Byjem rosopurs, uro 3aa4da (10)—(11) umeer equHcTBeHHOE 0600-
mennoe pemenne & = (O1;P9;¢), Y1 € H(Q), P2 € H'(Q25p20), ¢ € Loy, ecim
upu mobbix bynkiuax VU = (Uy;Uosep), Uy € HY(Q), Uy € HY(Q9;p20), ¥ € Lar,
BBIIIOJTHEHBI CJICYIONME HHTErPAJIBHBIC TOXKIECTBA:
50
/V\Ifl-vq>1 Q) = / (\Ill)‘rgds, (12)
951 —50

S0

({Pz,ov\% Voo ddo +_ZO (,02,0‘1’2> ‘chs = )\Oézl p2,0¥2 P2 df2s, (13)
/O W +a(s)uchds + X&) = / V(01 = Prpon®2) )| ds. (14)

O

Paccmorpum coywait, kKorma omeparop B, TOTeHIMAJIBLHON SHEPTUN THIPOCHCTEMBI
SIBJISIETCSI TIOJIOYKUTETHHO OIpPEJIeIEeHHBIM. Fciin BBITIOTHEHO yCJIOBHE

(= AB;! (‘I’l — PF(P2,0®2)>

)

T.e. coornorrenne (14) ynosnersopsiercst Touno, 1o u3 (12), (13) mas obobmenHoro pe-
IIEHNs TI0JIyYaeM MHTerpajbHble TOXK/ECTBA, B KOTOPBIX HE IPUCYTCTBYET dyHKIWs (:

S0

/Wl V®y dQ = ) / [\pl(Bgl(cpl - Pp(pg,o@g))ﬂ ‘Fds, (15)
2

—s0

50

/ P20V s - Yy dQy + A / [p2.0%2 (B, (@1 = Pr(p2®2)) ) || ds =

Qo —So
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= Aoﬁ’/pg,o%cbz dQq, YU, € HY(Qy), YUy € HY(Q9; p20).  (16)
Q2

OrmeruMm Takke, 9To TokKAecTBa (15), (16) paBHOCUIBHBI COOTHOIICHUIO

/ VU, - Vd dQy + / p2.0V¥s - VdydQy = A{oﬂ / p2,0Va®y dy+
951

QQ QQ
S0

+ / {(‘1’1 - ﬂ2,0‘1’2)<351(q’1 - PF(Pz,oq)z)))] ‘Fds}- (17)
so
Oupenenenune 1 obobmaer omnpegenaeHue OOODIIEHHOIO PEIIeHUs, IIPEIJIOYKEHHOEe
M.4. BapusakoMm s u3ydeHus MPoOIeMbl KOJe0aHnil naea bHOM KUIKOCTH B COCYIIe
(em. [2], a rakxke [5]-[7], [9]) Ha ciayuail, Korja KOHTefiHEp 3alOHEH I'MAPOCHCTEMOIT
" KU IKOCTb—OapOTPOIHLII ra3".

4. BAPUALIMOHHBIN TTOOXO/I

Paccemorpum 3a/1ady Ha SKCTPEMYM KBaJIPATUIHOTO (DyHKIIHOHATIA

/|V‘I’1\2d91 + /P2,0|V‘1’2|2d92, Oy € H'(Q), ®y € H' (Q;p20) (18)
(o5 Qo
opu yCHOBI/H/I
50
042/,02’0(I)Q|2d92 + / [((1)1 — p270<1>2) (Ba_l(q)l — Pr(p2’0¢2))>:| ‘Fds = const (19)
Q2 —s0

U COOTBETCTBYIONIYIO €il 3a/1a1y Ha 0€3yCJOBHBIN SKCTPEMYM

F((I)l,q)g) ::/|V<I>1|2d(21+/p270|V<I>2|2d(22—)\{a2/p270|<1>2|2d92+
(951 Qo Qo

S0
t [ (@1 pao®a) (B, @1 = Pr(pao®2)]| s} (20)
Herpyaao 3amerutsb, uro coorHorierue (17) cyTh paBeHCTBO HYJIIO [EPBOH BapHUallUu

dyuknmonana (20). IIpobuema (18), (19), B cBoO 0uepejib, siBJIsieTCs 3aja4ueii 0 MUHU-
MyMe KBaJpaTUIHOro (DyHKIHMOHAIA

/!V<I>1|2d91+/p2,0\vq>2\2d92
Q1 QQ

50

a? /P2,0|‘1>2|2d92 + / [(‘1)1 — Pr(p2,092)) (B; ' (®1 — Pr(p2,0®2)))ds

Qo —So0
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na dynxmusax ($q; P) € HY(Q) & HY(Qy; p2,0), OTBEYAIOMINX YCJIOBHIM HOPMHPOBKI

50
/ ®,ds =0, /exp(—Zaz)‘Dz dQy =0,
—S0 Qo
KOTODBIl jiocTuraercsi Ha cobcrBeHHbIX 3HaudeHusx 3aja4du (10)—(11). Takum obpaszom,
MOXKHO OTBICKABATH 0DODIIEHHOE PEIIeHNEe UCXOTHOM 3a/1a91, Pelllasi 3319y O MUHUMYMe
dyukmmonana (20). Samerum, uro npu B, >> 0 clekTp 3a/1a49u SIBJISIETCS JUCKPETHBIM,

PACIOJIOXKEH Ha [OJIOKUTEJILHOI TI0JIyOCH ¥ UMeeT IIPeJIesIbHYI0 TOUKy Ha +00 (cm. [10]).

5. ITPOEKIIMOHHBIN METO/ HAXOXKJIEHWA OBOBIIEHHOTO PEIIEHUA

Bynem uckars 06001IeHHOE pellleHre, Ha KOTOPOM JIOCTUTAeTCsl MUHUMAJIbHOE 3HAYe-
nue ¢yukmuonasa (20). Ipegcrasum npubmmkennoe pemtenne 3aaaun (10)—(11) B Buge

N N
Dy

o = ) o = = 21

§ ck P, k (%k >, q kEZICka, (21)

k=1

rJe ¢, — HeusBecTHbIE KO3 durmenTol, @, — npobuble (yHkIinn, a Gyskimu (; Ha 1’
oupesesensl ¢ yaeroM (9) (cm. 3amedanue 3):

0l 0Py 0Py

G i= on " 9z~ ox

[TockombKy nepasi Bapuanust dynkinuonasa (20) va A u ¢ := (cq, ..., ¢N), Ha KOTOPBIX

(22)

JIOCTUTAETCS MUHUMYM (DYHKITHOHAJIA, JOJKHA ObITh PABHA HYJIIO, TO JJIs HAXOXKJICHUS
K03 DUIUEHTOB ¢ U CHEKTPAJTHLHOIO ITapaMerpa A MOJIyIaeM CUCTEMY YpaBHEHU

N

1=TN. 0= a( [ Vo Voudn+ [ pooVon Veudn,)-
k:1 Ql QQ

N 50
- A Z Ck (042//)2,0‘1’%‘1’21 Sy +/(‘I)1z —Pr(p2,0®2)) By (@1 *PP(PZ,O(I)%))dS) . (23)
k=1 3, e
st cyiecTBoBaHUsT HETPUBUAJILHOIO PEIIeHUs] OJHOPOJHOMN cucTeMbl ypasHeHuil (23)
HeoOXO0IMMO, 4TOOBI ee OIpeeauTe b ObLT oTinden or Hy/d. OTciona U ciiejlyeT Xapak-

TEPUCTUIECKOE YpaBHEHUE JIJIsI BBITUCJICHUA A

det A =0, (24)

A= {glk}%:p Ay, = /V(I)m -V d + /PQ,OV(I)% - Vg ddy—
Ql Q2

S0

- >\<Oé2 / p2,0P2r Poy d€2o + / (@17 — Pr(p20®2)) B, (@15 — Pr(p2,oq)2k))d8)- (25)

Qo —S0
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B coornomennsix (25) ¢ yaerom (2) Pr(p2,0®P2;) Beraucisiorces mo dopmyiie

50

1 R
Pr(p2,0®25) = p2,0P2j — 250 / p2,0®P2;ds, j=1,N.

—50

6. BEIBOP KOOPJJUHATHBIX OYHKIINN

Paccmorpum Temeps mpobsieMy HaXOXKIEHWsT CHUCTEMBI KOOPAWHATHBIX (OYHKITHIL.

YdreM, 9T0 HCKOMOE pellieHne B 001eM cirydae (IIpu HeobsA3aTeIbHO TOPU30HTAIBHOI )

JOJIZKHO Y/JIOBJIETBOPATDL aHAJIOTTIHON 3a/la49€ 1 B 9aCTHOM CJIydae, IIpu I'opu3oHTaJIb-

uvoit rpanune I'. Tloromy ecrecTBeHHO BBIOpATH B KadeCTBE KOODIUHATHBIX (DYHKIUI

Dy = Pip(x, 2), Pop = Pop(w,2), k = 1,2,..., pemenus 3aja9u, MOJTyICHHbIE DU

YCJIOBUM TOpU30HTaIbHOCTH I (T.€. Ipu yriie cMaduBanust 0 = 7/2), a UMEHHO:

rjae

2Py 02Dy,

—0 B Q =(=1,1) x (=hy,0),

Ox2 022
0Py, B 0Py, _0 (26)
0z lz=—hy,ze(-1,1) - 0x lz=+1,2€(—h1,0) -
0%y, 0Dy, 0%y 9
( o2 79, + 022 ) a”AQy, B Q= (—1,1) x (0, ha), 27
0z lz=hy,ze(-1,1) - 0r lz=+1,2€(0,hs) -
0Py, 0Py B B
BO‘C’{) = )\((I)lk — pg,o(O)@gk), (Z = O) X (—1 <z < 1), (Ck)/ = O, (28)

r==+1 a

Bo (e := —(Ck)" + (Bo — bo)Ck-

s pemennst 3amaan (26)—(28) 0600mmM Ha paccMaTpHUBAeMBIil ciiydail MeTomn-

Ky HCCaeIoBanus, npejyioxkennyio B [13]. Byaem nckars perenne 3amaan (26) B Buje

D1 = vig(2)ug(x). Herpynno Bumers, 910 U = ug(x) ABISIOTCS PENIEHUSMHI BCIIOMO-

raTe/JIbHBIX CIIEKTPaJIbHbBIX 3a/a4

up 4 pdu =0 mpu — 1<z <1, up(l)=ul(-1)=0,

OTKYyda cJaenayetr, 9To

Mk:{ w(k=1/2) Uk:{ sin(r(k—1/2))

ik cos(mkx) ’

C yueToMm ypaBHEHHUsI U II€PBOIO IPAHUYHOIO yCJIOBHsI 3349 (26) mosydaem, 9ro

Vg = blkCh(,u,k(Z + h1)) = &y = blkch(uk(z + hl))uk(x),
G = bipprsh(pe(z + hy))ug (),
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1 cOOCTBEHHBIE 3HAMEHUS oleparopa B, Bbraucisores mo dgpopuysre
2
Me(Bs) = pi + (Bo — bg) > 0.

Pemmenne 3amaun (27)—(28) 6yuem uckarb B Buge Poi = vor(z)ug(z). C ucnosnbzona-
HHUEM MEeTOJIa Pa3JIeJIeHUs] IIEPEMEHHBIX Jiist (DYHKIWI vgg(2) nMeeM ypaBHeHUe

VY, — 2evhy + (® A — pi)va = 0. (29)
1t KpaTKOCTH BBEIEM OOO3HAUEHIE
Dy = (a* X\ — i) — 2. (30)
Torya obuiee perenne yparaenus (29) upu Dy > 0 umeer Buj

Vo, = exp(ez)[bak, cos(vkz) + bag sin(Vx2)], 'y,% = Dy, (31)

anpu Dy <0

vk, = exp(e2)[bak exp(€z) + ba exp(—&r2)], & = — D

C yueroMm rpannvnbix ycaosuii npu Dy > 0 j1y1a ko3 puninenTos by, bog, 1 b3y mosrydaem
CUCTEMY YypaBHEHUN

bgk{s COS(’ykhQ) — Yk Sin(vkhQ)} + bgk{€ sin('ykhg) + Yk COS(’ykhg)} = 0,
bieprsh(prhy) — ba(e? + 77) sin(he) = 0, (32)
bikA Mk (Bo) psh(pgha) — Apich(pghi) }+ bar Ap2,0(0){e sin(yrha) + vk cos(yrh2) } =0,

OTKYyJa C y49€TOM HETPUBUAJIBHOCTHU HMCKOMOI'O DCIICHUA ITPUXOJIUM K XapaKTEpHUCTHUYC-

CKOMY YPABHEHUIO JJIfl OIPEICICHUA Yk :

B o \i,(By) p1 cth(pxh)
p2,0(0)(12 4 €2 +73) ip2,0(0)

I'pacduueckoe pemienne ypasHenust (33) mokasblBaeT, 4rTo npu (GUKCUPOBAHHOM k =

€+ i ctg(hz) = ( ) @40, ()

1,2,... OHO MMeeT CYETHOE MHOYKECTBO DPemleHuit Yi,, p = 1,2, .... Snavenne p = 1
COOTBETCTBYET II€PBOMY KODHIO ypasHeHust (33). OTMeTnM, 4T0 OThICKAHHE Yip C YIETOM
(30), (31) mo3BoJIsIET JIETKO HAITH 3HAYEHHE HCKOMOTO CIIEKTPAJIBLHOIO IIapaMeTpa:
202 2 2
Mep = @7 (E7 4 i + Vi)

Hasnee, uz coornomrenuit (32) mpu Dy, > 0 Bbrancisiem koddbunuentst bogy, 1 bsgy:

(€ sin(Ypha) + Yep €08 (Vepha)) ik sh(pwhi)
(€2 +¢,) sin(ykpha)
(€ cos(yrpha) — Yip sin(yrpha)) sk sh(pha)
(€2 +77,) sin(yrphe) '

bogp = b1y

I

b3kp = —b1k

Crnenosarenpno, KoopaunaTable GyHKIun $op), MOXKHO BBIOPATEL B BH/JIE
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fui sh(puha)
sin(yephe) (2 + 72,

DPorp = b1 ) {(5 sin(yphe) + Ykp cos(Vrph2)) cos(Vip2z) —

— (e cos(Yrph2) — Yip sin(Yrpha)) sin('ykpz)} exp(ez)ug(z).

Ananornunnre BbBIKJIQJIKW IIPpA Dk <0 HIPUBOJAT K COOTHOIICHUAM

bor (e + &) exp(§pha) + b3k (e — &) exp(—Exha) = 0,

bigpwsh(puh) — bog(e + &) — bak(e — &) = 0,

bir{ A (Bo ) pash(prhy) — Agprch(prhi)} + bagAp2,0(0) + b3 Ap2,0(0) = 0,
U3 KOTOPBIX CJIEJYET XapaKTEPUCTUYECKOE yPaBHEHME I onpeeseHust Ey:

_ O{Q)\k:(Bo') p1 cth(pghy) 2 o
p2,0(0) (i + €2 — &) + 111p2.0(0) > (e =&). (39

Ananus ypasHenus (34) nmokasbiBaer, 4To npu hbUKCHpOBaHHOM k = 1,2, ... OHO UMeeT

€ + & cth(&iha) = <

efuHCTBeHHBIH Kopenb Ekg € (0,4/62 + p2) (cM. 3HAMeHaTe/b IEPBOTO CJIAraeMOro B
npasoii gactn). CoorBercrByioniie Ko3bMUIMEHTE 1 TTPoOHbIe DYHKIA UMEIOT BHI
Doy = —bir exp(—E&koha)  sh(pkhi) keXP(fkohz)Mk sh(pghi)
2(e + &ro) sh(ékoha) 2(ko — €) sh(ékoha)
h(ugh —h — —h
e Sh (g 1){GXP(§ko(Z 2)) | exp(—&ko(z — h2)) } exp(e2)ug (z).
2sh(§koho2) (e + &ko) (€ko — €)h2)

Ormerum, HakoHer, uro upu Dy = 0 HerpuBuasibHoe pereHne Po OTCYyTCTBYET.

b3ko = —b1

Doro = —bii

Teneps ¢ yaeToM MOy YEeHHBIX PE3YJIbTATOB, & UMEHHO, HAJIMIUS IPU KaXKJI0M (DUKCH-
posanaoMm k = 1,2, ... enurcTBeHHOTrO perenns Pokg (MIOBEPXHOCTHAST BOJHA) U CIETHOTO
MHOZKecTBa pemtennit ®opy, p = 1,2,.. ., (aKycTHUeCKHe BOJIHBI), YTOUYHUM IIPEJICTaBIIE-
HUEe TPUGJINKEHHOIO PEIIeHUs ¥ BHJI XapaKTEePUCTHIECKOTo ypaBHeHus (24), (25) mis
HAXOXKJICHUsI 3HAYEeHUIT CIEKTPaIbHOIO IapaMeTpa A = Agp,.

Badukcupyem sHadenust N > 1, M > 0 u neperymepyeM HabOpPBI KOOPIMHATHBIX
bynkimit {Ppy := (P1p; Porp)}, k=1,2...,N, p=0,1,..., M, ciaemyomum crocobom:

Q1 = (P11;P210), 1= (P115P211), Pamrt1 := (P15 Parm),
Dpryo = (P12; Pa2o), Parss := (P12; Po21), ..., Poprg2 = (P12; Poomr), .-,
Q(N_1ym41)+1 = (PN Pano)s -5 Py = (P Pavar), (35)

T.e. JIByMEPHOMY MHJEKCY kD IOCTABUM BO B3AaNMHOO/IHO3HAYHOE COOTBETCTBHE OJIHOMEp-
ubtit nanexc t = (M + 1)(k — 1) + p + 1. Torna, ¢ yduerom ycioBum HOPMUPOBKE (4),
KOHEYHOMepHast armnpokcnManus (21) 0600IeHHOr0 PeneHns EePEeChIBAeTC s B BIIE

N(M+1) (1)
fit Q1 — d, (2) 1 /
P = cefr, O = =a , dy) = —— Do, d2o,
Z ¢t t <f2t t ‘1)2kp—d(2) _1 kp |Q2|Q P2,092kp G542
2

t=1 kp P2,0
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50

d,(cl):zt/@lkds, k=k(t)=t=(M+1)+1, p=p(t)=t—(k—1)(M+1)—1.
0
e

rje a; — JIONOJIHUTEIbHbIE HOPMHUPOBOUHBIE KOI(DMHUIMEHTH IPOIOPIHOHAIBLHOCTH,
HEOGXOMMOCTD BBEJICHUs KOTOPBIX BBI3BIBACTCS TEM OGCTOSITE/IBCTBOM, UTO uncia Ay
BBIpazKaIOTCsl depe3 MHokuresn py = m(k — 1/2), exp(£ug(z + h1), k = 1, N(M + 1),
YTO MOXKET BBI3BATH HEYCTONUNBOCTD BBIYUCJIUTEIHHOIO IIPOIECCA.

Tenepb coorHoenust (25) MEPENNUCHIBAIOTCS B BH/IE

Ay, = (/Vflt -V 1, d + /pZ,OVth -V fo, d€2a—
Ql QQ

S0

- A(a2 / 02,0 f2t fou Ao + / (fir — Pr(p2,0f2t)) By H(fiv — PF(pZ,OfQV))dS)>' (36)

Qo —S0

Takum 006pasoM, UCXOjHAs CHEKTpaldbHas 3ajada CBelleHa K 3ajade (24)—(25) Ha cob-
CTBEHHBIE 3HAYEHNA A\ B KOHETHOMEPHOM TpocTpancTse pasmeproctn N2(M + 1)2,

JlommomHNTEIEHBIE HOPMIPOBOYHBIE KOS MUIINEHTRI @y OIMPEIEISIOTCS TaK, ITOObI Ha,
PELIeHNsIX 3a0a9 ¢ POPU30HTAIbLHOM rpanuleil I’ BBIIOJIHSIOCh COOTHOLIEHHE Qi = 1.
Haxkomnery, orMeTnM, 9T0 cjIaraeMble BUIA

S0

/ (f1r — Pr(p2.0f2t)) By (fiv — Pr(p20fan))ds

—5s0

MOXKHO BBIYHCJIUTH CIIOCOOOM, IIpeJIozKeHHbIM B |1, ¢. 317-319).

7. BBIBOBI

B nannoit pabore pazpaboTan MPOEKIIMOHHBIN METO/ PEIeHHs IBYMEPHO CIIEKTPaIb-
HOW 3a7]a9M ¢ TPAHWYHLIMHU yCJIoBHAMU HeliMama u yCIOBHSMU COTPSTKEHUsT Ha, HETO-
PU30HTAILHOM TpaHuIle, BOSHUKAONEH B MpobjeMe MAJBIX KOJEOAHUN THIPOCUCTEMBI
"umeasbHas KalWJIAspHAs »KUAIKOCTb—OApPOTPOIHBIA Tra3" B MPsMOyTOoJbBHOM KaHAJIE.
DTOT METOJI OCHOBAH HA BapPHAIIMOHHOM IIOJXOJI€ M MOXKET OBITb UCIIOJIb30BaH [IJIsi pe-
IIEHUST CIEKTPAJIBHON 338/[a1 COIPSZKEHNUS, TOPOKICHHON aHAJIOTMIHON IBOTIOINOHHON
po0JIeMOil B OCECUMMETPUIHOM COCY/IE.

AsTop BBRIpaxkaer 6maromapaocts H./[. KomageBckoMy 3a TOCTAHOBKY TPOOIEMBI 1
[IOJIE3HBIE ODCYKIEHUS.
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CnekTpaJjbHa 3aJa4a 3 YyMOBAMHU CIPsi>KEHHsI HA KPUBOJIIHINHIN MeXKi
Busuaemuvea cnexmpansvta npodaema, Aka SUHUKAE 8 NPOOAEME BAGCHUT KOAU-
8ans cucmemu "idearvra xanisapHa pidura—eas”, wo 3anosH0e npamorymHul
KaHaa 3 meepdoro cminkoro. Poseasadaemuves sunadok, xoau 2a3 cmpamugirxo-
8aHULL 3G 2YCMUHON Y3008HC HANPAMKY 2PASIMAUITHULT CUA, G YMOBU CNOAY-
YeHHA OAA NOMEHULANIE BMIULHD CHOPMYABOBAHO HA NOGEPTHL PIOUHU, AKA 6
CMaHi CnoKow He € 20pusdonmansvrot. Ilpedcmasasero npoexuyitinut memod das

3HAXO0AHCEHHA Y3a2a44bHEHO20 p036}ﬂ3’i€y.

Koo4gosi cioBa: kamiistpuaa pinnna, ra3, crparidukariisi, cieKTpaabHa 3a7a9a, yMOBa

CITPsI?KEHHsI, TTPOEKIIHHNI MeTOsI, y3arajJbHeHU PO3B’SI30K.

Spectral problem with transmission conditions on curvilinear interface
This paper deals with a spectral problem arising in a problem of small motions of

a system "ideal capillary fluid—gas" in a rectangular vessel with the solid walls.
We suppose that a gas density is exponentially stratified opposite to the direction
of gravitational forces and conjugation conditions for potential displacement are
formulated on the fluid surface which is not horizontal at rest. A projection

method for finding a generalized solution is offered.

Keywords: capillary fluid, gas, stratification, spectral problem, conjugation condition,
projection method, generalized solution.
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ABCTPAKTHBIE CMEIITAHHBIE KPAEBBIE "1
CIIEKTPAJIBHBIE 3AJAYN COIIPAKEHIM A

B cmamve na 6asze abemparmuot gopmyave I'pura das mpotixu 2usvbepmo-
BT NPOCMPAHCME U 0000wenHol gopmyav, I'puna das onepamopa Jlanaaca
PACCMOMPEH HOBVIT KAACC CMEWAHHBLL KPAESHIT U CNEKMPANGHLLT 30004 U 30-
dav conpasrcenu.

KirougeBnie cioBa: dopmysra ['puna, jgunimuieBa TpaHura, THILOEPTOBO IPOCTPAH-
CTBO, cj1aboe pelleHne, BCIOMOTraTeIbHbIE 3aJatu.

E-mail: kopachevsky@crimea.edu, radomirskaya@mail.ru

1. BBEIEHUE

1.1. A6cTpakTHas dopmyna I'puHa st Tpoiiku rujibGepTOBBIX IMTPOCTPAHCTB.
Iycrs {E, (-, )e}, {F,(-,)r}, {G,(-,")a} - cenapabesnbuble ruib6epTOBLI IPOCTPAH-
CTBa C BBEJICHHBIMU CKAJIIPHBIMU [IPOU3BE/ICHUSIMA. By/ieM caurarh, 9To 1jist 9TOi TpOoii-
KI [IPOCTPAHCTB BBINOJIHEHbI CJIE/LYIOIINE YCIOBHSL.

(1) Ipocrpancreo F' mwiorho Bioxkeno B E, F'— E u
lullg < allu||p, Yu € F. (1)

(2) Ha npocrpatcrse F 3a/1an oniepaTop -y, KOTOPbIii Ha3bIBAeTCsT abCTPAKTHBIM OIIe-
paTopoM ciesa u orpanndenno geictsyer u3 F B G. [lpuaem v : F — G4 — G

n
[yulle < bllullp, b>0, ueF. (2)

(3) fnapo ker~ omeparopa ~ miorHo B E.
Teopema 1. ITycmv daa mpotku euavbepmosvix npocmpancms {E, (+,-)g}, {F,(-,")r},

{G, (-, )a} u daa abcmparmmnozo onepamopa caeda y evinosnens, ycarosus (1)-(3). Tozda
cyuecmeyem abecmpaxmuoe dugpdepenyuanvroe suvpasicenue Lu € F* u abcmpaxmmasn
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npouseodnan no enewnets nopmary Ou € (G1)* maxue, wmo umeem mecmo abecmparm-
naa gopmyaa I'puna (ananroz nepsot gopmyav, I'puna das onepamopa Jlanaaca)

(WaU)F = <777LU>E + <’YT],6U>G, vna u € F. (3)
Ipu smom Ou no snemenmam uw € F v Lu € F* onpedeasemcs 001o3HauHO.

Sameyanue 4. Kocbivmu ckobkamu (1), u) g 0003Ha9aI0T 3Hadenne GyHKImonata v € F*
Ha 9/1eMenTe 1) € F'; aHaJIOTWYIHBIH CMBICT HMeeT BhIpazKeHue (p, ).

1.2. O6o6iuennas dopmysia I'puna i oneparopa Jlanuaca. Ilycrs E = Ly(Q),
F =H(Q),G=Ly), T =090, vu:=u|r (Vue H(Q), Q C R™ T = 99 -

JIMIIIIKUIEBa, 'PpaHuiia obaactu §2.

Teopema 2. Eciu 8vinoarenvs CHopMYAUPOSGHHBLE GHIULE YCAOBUS, O UMEEM MECTNO
caedyrousan 0bobwennas popmysa I'puna daa onepamopa Jlanaaca:

(0. w) iy = / (nu+ V- Va)d = (n,u — A0+

¢ (1)
ou
+<’7777 %>L2(F)7 V777 u € Hl(Q)a
u—bue (HQ), me HPD), (92) &) (5)

1.3. AbcrpakTHass dopmysia I'puHa ajid cMelmaHHBIX KpaeBbix 3agadv. llycrs
{pr}l_, — menpepeiBHBIC IIPOCKTOPEI, AciicTBylomue B G, npudem y {_, pr = Iy (enu-
HUYHBIH oneparop B G4 ). IlycTh TaksKe BBIIOJIHEHBI YCJIOBHsI

P =wkpk, k=1,q, prwr = (I4)r, k=14, (6)

riae (I4)r — equnuunstii oneparop B (G4)r = prG4, pr — HEUPEPBLIBHBINA OlE€paTop
cyxenusi ¢ G4 Ha (G4 )k, a wy — HeIIPepbIBHBII oniepaTop npojoszkenust ¢ (G4 ) Ha G
Torna

Pi = Pk, ph: (Goi = (G2, k=Tq. (7)

IpUYeM wj, — OIIEPATOP CY?KeHUs, & pj, — OUepaTOP IPOJOJIZKEHNSI.

Teopema 3. [Tycmo swnoanenv, ycaosus (1)-(3), a maroce ycaosue (6) aubo (7) To-
2da umeem mecmo abecmpaxmmas Gopmyaa I'puna OAs CMEWAHHOLT KPGESHIT 30004 6
caedyroweti opme:

q

(nw)r = (0, Lu)g + > _(wn, ), Vn,u € F, (8)
k=1

(G)k = Ge = (G4)p ven = peyn € (G4 ),
Opu := wpou € (Gy)p, k=1,q. (9)
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3decv v - abempaxmuwbili onepamop caeda Ha acmy 2panuyb, obaacmu, a Oy - ab-
CMPAKMHBLL ONEPAMOP NPOU3EOOHOT O BHEULHET HOPMAAU, JeTCMEYIoWUT Ha IMOT 4a-
CMAU 2PAHULDL.

1.4. O6o61ennas dpopmysa I'puHa a9 cMeIIaHHBIX KpaeBbIxX 3a4a4. Paccmor-
puM B yciaoBusx 1. (1.2) curyanuro, Korja jaunmmiesa rparuia I’ = 9§ obnactu 2 C R™
pasbuTa Ha HellepeceKatonecs Kyckn [y, ¢ mummmunessivu rpanutamu Oy, k=1, q.

Teopema 4. FEcau 6unoaners, chOPMYAUPOSAHHBLE YCAOBUA, MO UMEEM, MECMO CAEJY-
rowan 0bobuenran Gopmysa I'puna 0is cCMEUAGHHIT KPAEEHIT 30004

q
() ) = (= Au)py) + > (W ) ryryy V0, w€ HY(Q),  (10)
k=1
ou
,: 1/2 _(ou ~1/2 _
wen =1 |r.€ HY2(Ty), Opu: (8n>rk e H-V2(Ty), k=1,q. (11)

2. CMEUIAHHBIE KPAEBBIE 3AJJAYN COIIPS>KEHU S

2.1. ITocranoBka 3amaun. Teopema (4) MO3BOJISET MCCIEIOBATH PA3PENTIMOCTD CMe-
IIAHHBIX KPAEBBIX 3314 COIPSKEHUsI JJIsI HECKOJILKUX MPUMBIKAIONMINX JAPYT K JAPYTY
obJsiacreil, Ha OOIUX IPAHUIAX KOTOPBIX 3aJAHbI YCJIOBHUS COIPSIZKEHUS.

AHayornIHbIe TOCTPOEHUST MOTYT GBITH TPOBEIEHBI U B abCTPakTHO hopMe Ha OCHOBE
TeopeMsl (3).

Bynem myis onpenenennoctu cantarh, 9ro B R™ umetorcst Tpu obsractu 21, (o, (3,
IPUMBIKAIONIHE JIPYT K JIPYTy 1O JunmunesbM Kyckam rpanut I, I = Iyj, 4,k =
1,2,3, u umeromue Bremmnue (cBoGoauble) rpanunsl y,, k = 1,3. Yepes v;,up Gynem
oboznagarh cien Gynkuun uy na I'ji, depes d;,up - COOTBETCTBYIONIYIO IPOU3BOIHYIO
10 BHeIHel HopMaju K objactu €.

PaccMoTpuM cieiyoniyo cMenaniy o KpaeByto 3a1ady (KOH(MUIYypUpaIus — paspe-
3aHHBI Ha TPHU YacTH apOy3 C TpeMsl MPUMBIKAOMIUME JIPYT K JAPYTY BHYTPEHHUMUI
IPaHUIAMHA):

ur —Aur = fi (), i =¢1 (),
us — Dug = fo (), y22uz =2 (I'a2), (12)
ug — Aug = f3 (€23), yssus =3 (I's3).

B kauecTBe ycsioBuil conpsi2kenusi BbIOEPEM CJIEIYIONINE YCIOBHSL:

V21Ul — Yi2u2 = P12,  Oorur + Orpug = Y12 (g =Ta1),
V32U — Yo3u3 = P23,  Osoug + Oguz = o3 (I'eg =I's2), (13)
—y31u1 + Y13us = @31, Os1ui + O1zuz = —13 (I =T'3).

Hamra nesib - BBISCHUTH HEOOXOAMMBIE U JIOCTATOYHBIE YCJIOBHA Ha 3aaHHble (OyHKIIN
fr, or, k = 1,3, a Takike @j, 1 1, Upu KOoTOpbIX 3aa4a (12), (13) nmeer ciaaboe



ABCTpakTHbIE CMELLIAHHbIE KPAaeBbIe U CMEKTPaJibHbIE 3a4a4K 61

pelienne B IpOCTPAHCTBE
HY Q) := HY(Q) @ H' () @ H'(Q3). (14)

B cuny nuneiiHocTH 3a/1aun ee pereHne MOKeT OBITH IPEJICTABJIEHO B BHJE CYMMBbI
peleHnit BCIOMOTaTEeIbHBIX 3818, COJIEPXKAIINX HEOJHOPOIHOCTH B YPABHEHUSIX JUOO
B KPaeBbIX YCJOBUSX JIMIIb B OJHOM MecTe (T. e. jinbo B ypaBHeHUH, JMOO B KPACBOM

YCJIOBUH).

2.2. BciomorarenbHbie 3agauu 3apeMb6bI. [lycThb Uy = (u11;u12; u13) - permenue
3a]a491

upp — Aupp =0 (1), yur =91 (Tn),

ur2 — Auiz =0 (Q2), vo2u12 = 2 (22),

uiz — Auiz =0 (Q3), 733wz = w3 (33),

Ouir =0 (T2 =T921), O3iuir =0 (I'sy =T'13),
Orpuiz =0 (T2 =T91), Osuiz =0 (I'sy =T493),
Oaui3 =0 (I3 =T31), Owguiz =0 (a3 =I39).

Teopema 5. Kaorcdas usz 3aday Bapembv, umeem caaboe peuwserue u3 noonpocmpaHcmed
KBA3ULAPMOHUMECKUT PYHKUUT H}L(Qk) C HY(Q), k = 1,3, moeda u moavko moeda,

ko2da , € HY2(Dyy), k=1, 3. IIpu smom
Utk = Vp Pk Ao € S(H?(Tpp), Hy (), k=13, (15)

2.3. Bcomorarensnas 3agada CrekiioBa. Ouna dhopmynupyercs jjs nabopa QyHK-

nuit (o) = (U21; U2g; U23) B CIIETYIONEM BUJIE

ugr — Augr =0 (1), yiuer =0 (T1y),
ugy — Auga =0 (Q2), 722u22 =0 (Iaa),
ugz — Augz =0 (Q3), 733u3 =0 (I'33).

Ya1U21 — Y12U22 = P12 = P12 — Y21uUll + Yioui2, Oarugl + Oruge =0 (Tia =Ta)
Y32U22 — Y23U23 = P23 1= P23 — Y32U12 + Y23U13,  O3aUzz + Oagugs =0 (I'a3 =T's2)

—31U21 + Y13U23 = P31 1= P31 — Y13U13 + Y31uU11, Oz1u2r + O1zues =0 (s =TI'i3).

Teopema 6. Chopmyauposarras scnomozamervras 3a0aua CMmexi068a 8 YCAOBUAT MeEo-
pemwi (12) umeem caaboe pewenue uggy € Hp () := Hp () & H;.(Q2) & Hj (Q3) mozda

U Mmoavbro moeda, %0200 GBINOAHEHDL Yycaosus

p12 € HY?(T12), @o3 € HY*(Ta3), @31 € HY2(T3). (16)
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2.4. 1lepBas BcriomoraresibHas 3ana4a C. Kpeitna. [lina nabopa dynkmit uz) =
(us31; u32; us3) 3ama41a GOPMYIUPYETCsT CJACILYIOMIM 00Pa30M:

uz] — Augp = f1 (Ql) Y11uzy = 0 (Fll)
ugs — Nugg = fo (QZ) Yoouzz = 0 (F22)
uzz — Augz = f3 (3) v33uzz =0 (I'33)

Yo1usr — yi2us2 = 0, Og1ugr + O12uze =0 (I'12 =T'1),
32Uz — Yo3usz = 0, Osauga + Oaguzgz = 0 (I'az = I'32),
Y31uz1r — Y1zuszz = 0, Oz1uzi + O13usz =0 (I'sp = T'13).

Beemem B paccMoTpenne moamnpocTpaHCTBO

VH(Q) = {u = (u1;uz;u3) € HY(Q) : ~ju; =0 (Tj), j =1,3;
vikuk = gy =0 (Tj), j k= 1,3} € HY(Q)

Teopema 7. Ilepsasn scnomozamenvrasn 3adava C. Kpetina umeem eduncmsernnoe caaboe
pewenue ug) € VE(Q) moeda u moavko mozda, x02da 6bNOANENO YCAOGUE

f=(fi i f3) € (Vo ()", VE(Q) = La(Q) = (V£ ()" (17)

B wacmHuocmu, ecau

3
f=(f1; f2; f3) € P La() — (3 ()7, (18)
k=1

mo ama 3adaya umeem eduHCmBeHHoe 0000ULLHHOE PEULCHUE.

2.5. Bropas Bciomorarenbnas 3aga4da C. Kpeitna. [lnsa nabopa dbyukmumii ug) :=
(u471; Ug2; Ug3) 3871898 HOPMYIUPYETCS TAK:

ugn —Augn =0 (1), yiua =0 ('),
uge — Duge =0 (o), Yoouge =0 (T'a),
ug3 — Ngz = 0 (93)7 v33uq3 = 0 (F33)7

Yorugr — Y1oua2 = 0,  Oo1ugr + Orouge = P12 (T2 = Ta1),
Y32Ua2 — Yo3ua3 = 0,  Og2uan + Ooguag = a3 (T'2g = I's2),
V31U — Y13ua3 = 0, Og1ua1 + O1zuag = —31 (I's1 = Ii3).

Teopema 8. Bmopas ecnomozamesvran dadava C. Kpetina umeem craboe pewerue
Uy € Vrl () moada u moavko moeda, Ko2da vINOAHENVL YCAOBUA

1o € HY2(T1g), o3 € H Y2 (Ta3), 31 € H V2 (T3y). (19)

WTorom paccMOTpeHus CMEIIaHHOi KpaeBoil 3asaxu conpsizkennst (12), (13) apiasercs
clleyIolee yTBEePKICHHE.
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Teopema 9. Ima 3adava umeem eduncmeentoe caaboe pewenue U3 NPoOCMpPaEHCMed
HY(Q) = @2:1 HY(Q4,) moeda u moavko mozda, xozda evinoanens ycaosus (15)-
(17), (19). Pewenue 3adavwu (12), (13) asasemca cymmots pewernuti 6CnOMO2AMENLHOLT
3adav, paccemompennnxr 6 nn. (13)- (2.5).

3. O CIEKTPAJIbHBIX SAJAYAX COIIPA>KEHMSA

Merompl, paccmorpentbie B naparpade (2), IM03BOJISIIOT UCCIEJI0BATh HE TOJBKO Kpa-
€Bble, HO U CIIEKTPAJIbHbBIE 33JIa4UU COIPSKEHUs JJIsl OJHOM, IBYX, TPeX u 0oJiee IPUMbBI-
KAIONUX APYT K JIpyry objacTeil.

3.1. IlocranoBka 3amadyu. PaccMoTpuM ijist TPOCTOTHI CJIyUail JIUIE OJHONW 00/1acTH
Q C R™ ¢ gunmmnepoit rpanureit [ = 0€), pasbuToit Ha YeTbIpe JIUMIIUIEBbIX KycKa 'y
¢ jummmnesbivu rpaaunavu 0y, k= 1,4.

Tpebyercs naiiTu perreHus CaeayIONel OMHOPOTHON CMEITaHHON 3a1a1m:

u—Au=u (Q),

Yu=0 ('),
Oou = Ayu  (T'2), (20)
O3u = pyzu  (I'3),
84u = )\_1’)/4u (F4).

3/1ech A U {1 — KOMILIEKCHBIE TIApAMETPbI, OJIMH 13 KOTOPbIX MOXKHO CYMTATH CIEKTPAJIb-
HBIM, & JIpyroit — dpukcnposanubiM. Permenns 3amaqan (20) OyaeM CIUTATH IPUHAIEKA-
muME mpocTpanctey H(€2).

3.2. Ilepexon K CIEKTpaJIbHOI 3aJadve JJisl ollepaTopHOro my4ka. lIpencrasum
pertienre 3aja49u (20) B BHIE CyMMBbI DEIICHAI YeThIPEX BCIIOMOTATEIbHBIX 3a/1a: OJTHOI
— Tura 1nepBoit Bcrnomorareabuoit 3amaun C. Kpeitna, a Tpex Apyrux — TUIA BTOPO
Beriomoratesbuoit 3ajaan C. Kpeitna.

Teopema 10. 3adaua (20) pasrocusvha cnexkmpasvrol npobaeme
u = AT+ Nyyou + puT3y3u + A Tyyau, v e HY(Q), (21)

2de A — onepamop 2uavbepmosoti napv (H(Q), La2()), a Tj, j = 2,4 — onepamopuu
emopvix 6cnomozamenvroir 3aday C. Kpetina.

Teopema 11. 3adava (21) pasnocuavra cnexkmpasvrotll 3a0ave OAA ONEPAMOPHO20 MY Y-
Ka

LA\ p):==1— XA+ By) — uBs — A" By, (22)

deticmeyrowezo 6 npocmparcmese Lo(2), npu smom

Bj = (AV?T)(v;A™?) = B} 20, Bj € 60(L2(R)), j =2,4 (23)
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B wacraoctu, ecoim p < 0, To npuxonum K m3BectHomy nyuky C. Kpeitna; ecian p >
0, To Bo3HUKaeT UHJAMDUHATHAS METPHUKA B CIEKTPAJIbHON mpodieme 006 yCTORInBOCTU
KOHBEKTUBHBIX JIBUYKEHUN KujKocTH; mpu Imyu # 0 mosydaeM cjaabble BO3MYIEHUSI
nyuka C. Kpeitna; npu By = 0 — 3a51a4y conpsizkeHusi B Teopunt JudPakiiuu.
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AbGcTpakTHi 3MilmaHi KpaiioBi Ta CIIEKTPAJIbHI 3a4a4i CHPsA>KeHHS
V cmammi na 6a3i abempaxmmoi gopmyau I'pina dan mpitixu 2iavbepmosus
npocmopie i yzazasvhenoi gopmyau I'pina das onepamopa Jlanasaca posaasamy-
Mo HOBULE KAGC BMIWAHUL KPATOBUT, CNEKMPANOHUT 36004 1 30044 CNPANHCEH-
HA.

Kunrouosi ciioBa: dopmysa ['pina, Jinminesa mexa, ruab0epToBuUil IpocTip, cjiabkuit
PO3B’SI30K, JTOMOMIXKHI 3a1ati.

Abstract mixed boundary and spectral transmission problems
On the basis of the abstract Green’s formula for the triple of Hilbert spaces
and the generalized Green’s formula for the Laplace operator we consider a new
class of mized boundary value and spectral transmission problems.

Keywords: Green’s formula, Lipschitz boundary, Hilbert space, weak solution,
supporting tasks.



VyeHble 3aNUCKN TaBPUHECKOrO HALMOHANLHOIO YHUBEPCUTETA
um. B. . BepHagckoro

Cepusi « Pn3nko-mMaTeMaTMYECKME HAYKN»

Tom 27 (66) Ne 1 (2014), c. 6574

YIK 519.216.73, 517.986.7, 517.982.46

. B. MEJIbHUKOBA, O. C. CTAPKOBA

CJIABBIE I OBOBIIEHHBIE PEINTEHU A

ABCTPAKTHON CTOXACTUYECKOI 3AJAYN
KOIIIN

B pabome paccmampusaromes mpu euda pewenuti (caaboe, obobwenroe no
spementoli nepementoti u 0606uenHoe no cAyualinot nepemennoti) beckorey-
nomeprotli cmozacmuueckoli 3adawu Kowu X'(t) = AX(t) + BW(t),t > 0,
X(0) = ¢, 2de A, 6 obwem cayuae, 2enepamop pezyiApu308aHHoT NOAY2PYNIbL
8 HeKOmMoOpom eusvbepmosom npocmparncmee H u W — beaviti wym 6 dpyzom
euavbepmosom npocmpancmee H, B € L(H, H). Hccaedosanv ceoticmea yxa-
BAHHBIT PEWEHUT U CEA3U MENHCIY HUMU.

Kirouesbie csioBa: Oejtblii yM, BUHEPOBCKHUI TIPOIiecc, 060DIIEeHHOE, caboe, peryiis-

PU30BaHHOE PEIIEeHNEe, Paclpe/ieieHre, MOJIyTPyIIa OlepaTopoB.

BBEJEHUE

Pabora mocssinena KOHCTPpYKIMHU U CPABHEHUIO PAa3JIUYIHBIX perenuil 3agaqn Koru
Jj1sT aDCTPAKTHOI'O CTOXaCTUIECKOTO yPABHEHUS

X'(t) = AX(t)+ BW(t), t >0, X(0)=¢, (1)

€ TeHepaTOPOM HOJIYIPyIbl Kiaacca Cp WM HEKOTOPOii perysisipu30BaHHoOl (MHTErprpo-
BanHOii, K-KOHBOJIIOIMOHHOIT) TOJIyTPYIIIBI OIIEPATOPOB B IMJILOEPTOBOM IIPOCTPAHCTBE.

Cpe/ii IOIXOI0B K PEIIEHNIO CTOXACTHIECKUX 331, B TOM THCJIEe aDCTPAKTHBIX (TO
€CTh PACCMATPUBACMBIX B OECKOHEYHOMEPHBIX [IPOCTPAHCTBAX ) N3BECTHBIM SIBJISICTCSI IIe-
PexXoJl K MHTErPasbHOil 3a/ade ¢ narerpajgoM VITo mo HeKOTOpOMY BHHEPOBCKOMY IPO-
neccy {W(t),t > 0}, "nepoobpasmoit" or Gemoro myma {W(t),t > 0} (cm., mamp.,
[1]-[5)).

st 3aaun (1) — 910 unTerpanbHas 3agada Komm ¢ aberpakTHbiM uHTErpaioM Uro
[0 BUHEPOBCKOMY IIPOIIECCY :
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t ¢
X(t) = ¢ + /AX(s)ds+/BdW(t), >0,
0 0
3alluCbIBaeMad O6I)I‘IHO, KaK W B Cjy4da€e KOHEYHOMEPHbBIX BHHEPOBCKHUX IIPOIECCOB, B
dopme puddepeHInaion:
dX(t) = AX(t)dt + BdW(t), t>0, X(0)=¢. (2)

Hpyroit nmoxxon K pemenuto 3ajga4au (1) — 310 pernenne uMenHo auddepeHiuaib-
HOI 3aja9u B IPOCTPAHCTBAxX abCTPaKTHBIX pacipejeieHuil. B mpocrpancrBax pac-
npeJie/IeHnil 10 BpEMEHHO IIepeMeHHO# ¢ TaHO olpeie/ieHne mporecca (Q-6ey1oro myma
{W(t),t > 0} u nocrpoeHo perenne 3aja4du ¢ FeHEPATOPOM DPEryJISIPH30BAHHOMN T10JIy-
IPYIIBI, B OOIEM cjIydae He siBJIsiforeiics mosyrpymmnoit kiaacca Cy. B mpocrpancrBax
pacupe/iesieHuil 1o ciaydaiHoil IepeMeHHON w, Ha3bIBaeMbIX CTOXACTUICCKUMU paclIpe/ie-
JeHusiME, ompesesien 6osee obmmmii mporece {W(t),t > 0} — cunrysspuslii 6eblit mym,
HO pellleHne TI0JIyIeHO JJIsd 3a/1a9 ¢ TeHepaToOpoM oJIyrpymibl Kiaacca Cy (eMm., Hamp.,
[6], 7], [5], [9])-

Hacrostimast pabora MocBsiiiieHa, NCCAETOBAHNIO CBOIMCTB M CPABHEHMIO CJIAOBIX peIre-
HUiT cToxacTudeckoii 3agadn Komm B dopme (2) m 0600mennbix perrennit 3amaqu (1),
paccMaTprBaeMoil B MPOCTpaHCTBaX pacupeiesennii. B mepeoM pasiese gaHbl He0OX0-
JIUMbBIE OIpEIesIeHNsI U CBEIEHHUsI O CYIIECTBOBAHMY KazKIOrO U3 TPEX THUIIOB PeIleHUI:
c/1abbIX peIleHuil, pemenuii, 0O0OIIEHHBIX 110 ¢, U pelleHuil, 0000IeHHbIX 110 w. Bo BTO-
POM pazieie MPUBEIEHbl Pe3y/IbTaThbl CPABHEHHS CJIA0LIX U ODOOIIEHHDBIX 110 ¢ pelleHui
[PU YCJIOBUU CYIIECTBOBAHUSI KAYKJOTO U3 HUX, B TPETbEM — CJ1aHBOT0 1 0OOBIIEHHOTO 110
W peleHni.

CJIABBIE U OBOBLIEHHBIE PEHIEHNA CTOXACTUYECKOM SAJAYN Koriim

[Mycrs (2, F,P) — BeposiTHOCTHOE NPOCTPAHCTBO € HOPMAJbHON duabTpanuei
{Fi,t > 0} u H, H — cenapabesbable rusibbeprossl ipocrpancrsa. [lycrs {W(t), t > 0}
— H-3uaunbiii Q-suneposckuit nporecc: W(t) = > 72, 00k (t)ex, tue Q — cummerpud-
HBIIT HeoTpunaresbHbIil oneparop ciega B H, {ex} — mosHas opronopMupoBaHHas cu-
CTeMa, COCTOsIasA U3 COOCTBEHHBIX BEKTOPOB oleparopa @: Qep = U,%ek, ppaty 0,% < 00
u fi(t) — HezaBucuMble GPOYHOBCKUE JIBUKEHUSI.

st aberpakTHoit croxactiaeckoii 3agaau Kormm B dpopme (2), rue ¢ — Fo-usmepumast
H-3naunast ciydaiinasi BeJIMIUHA, orlepaTop A mopoxK1aeT HeKOTOpYTo moJiyrpymny B H
B 0OOIIIeM CJlydae HeOrPAHUIEHHBIX ONEPATOPOB PelleHus OJHOPOIHOM 3agaun; B @ H —
H nuueitabtit orpanndaennsiii oneparop, {W(t), t > 0} — H-3naunbiii Q-BUHEPOBCKMI
nporiecc, 6yJeM pacCMaTpUBaTh CJIEIYIOIINE TUIIBI CJIA0BIX PEIeHUI.

H-3naqnslii ciygaiinslii npejckasyemsiii nporecc X = {X(¢),t > 0} nassiBaercs
caaboim pewenuem 3amaan Kommu (2), ecom fg | X (s)||zrds < oo mu. (Pgs) n
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t

(X(0),9) = (¢ 1) + / (X(s), Ay) ds + (BW(£),y), Pas. yedomA®,  (3)
0
C./LCL6’bL./\/L K-TCOHGO./L'IOMUOHHT)LM peweHU@M, eCcJin

(X(t).y) = ( / K(s)C ds,y) + | / X(s) ds, A*y) + { / / K(s —r) BAW(r) ds,y), (4)
0 0 0 0

n—1

B YACTHOCTH, CAGOVM N-UHMe2Paibhbim peweruem npu K (s) = h
ITo amasornn ¢ KJIACCHYIECKNM CJIydIaeM KaK/I0€ U3 pellenuii, oupeaessaeMblx (3)—(4),
nmercst B gopme X (t) = S(t)¢ + fg St — s)BdW(s) =: S(t)¢ + Wa(t),t > 0, rue
S = {S(t), t > 0} nyst ypaBaenusi (3) siBJIsIeTCsI MOJYIPYIIION OIEPATOPOB PEIIeHus
COOTBETCTBYIOIIEH OJIHOPOJIHOI 3aja4u, jist (4) — K-KOHBOJIIOIMOHHO TOJIy TPy IIOi.
B ciyuae nomyrpymmer kiacca Cp umeer Mecto cieiytomias Teopema [1], [3]-[5]:

Teopema 1. ITycmv A — zenepamop noayepynnw S = {S(t),t > 0} xaacca Cy,
B € LH,H), {W(t),t > 0} — H-snaunoii Q-suneposcrkuii npoyecc u ¥(s) =
S(t —s)B, t > s > 0, ydosaemsopaem ycaouro cyuecmeosanus unmezpanra Umo:
SN Bsds < oo, [W(s)]25 = X2, [W(s)Qbes |2 = trW(s)QU*(s). Tozda dan
mobozo Fo-usmepumozo ( € H cayuatnois npoyece X (t) = S(t)¢ + Wa(t), t > 0,
CYWECTNBYEM U ABAAECNCA OUHCTNEEHHBIM CAGObM Dewenuem 3a0aqu (2).

Crnaboe K-KOHBOJIIOIIMOHHOE U CJ1ab0e 1 pa3 MHTErPUPOBAHHOE PEIIEHNE TAKYKE TP/l
cragumo B dopme X (t) = S(t)¢ + Wal(t); 3mecs {S(t),t > 0} — coorBercrByOIIAs
HOJIyTPYIIIa ONepaTopoB — K -KOHBOJIIOIMOHHAS UM 1 pa3 uHTerpuposanuas [3]-[5].

Temrepb 06 060OIIEHHBIX PEIIEHUSIX; CHAYAIA O PEIIEHNAX B IPOCTPAHCTBAX aDCTPAKT-
HBIX PaCHpee/NeHuil 10 BpeMEeHHOi epeMeHHoil, 3aTeM O PeNIeHUAX B IIPOCTPAHCTBAX
croxacruueckux pacnpegesennii. [Tycrs D'(H) — npocrpanctso H-3HAYHBIX pacipe-
JeleHuit HaJ| mpocTpaHcTBoM ocHoBHBIX (yukuumii JI. IIsapua D u D{(H) — upo-
crpancTBo H-3maunbix pacupejenennii ¢ mocurenem na [0,00). B mpocrpancrse pac-
1pe/iesieHuit KOppeKTHO onpegese Q-6enstii mym W € Dy (Lo(€2, H)) kak 06obenHast
IPOU3BOJIHASL 110 ¢ OT (Q-BUHEPOBCKOIO IPOIECCa, MPOJIOJIZKEHHOro HyseMm mpu ¢ < 0:
(o, W) := — [P W(t)¢/(t) dt, ¢ € D.

Bagaay Kommn (1), ciemys [8], 3anumiem B cie/yromem Buje:

P+xX=0Q(+BW, P:=§R1-06®A, (5)

saecs P € D((L([dom A], H)), [dom A] — obmacts omnpe/enenus oneparopa A ¢ rpad-
OpMOH [|2gom 4y = Il + | Az]]

Pacrpenenenne G € D((L(H,[dom A])) HA3LIBAeTCS 06PAMHBIM  OTMHOCUMENLHO
ceepmiu ¢ onepamopom P, eciu G x P = §® Ijgom 4], P*G = 6@ Iy, vae Iigom a) 1 Iy —
enmHIIHBIE ontepaTopsl B [dom A] u H, coorBercrBento. B cuiy cBoiicTB pacupeiesiennst
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obpaTHOro K P OTHOCHTEILHO CBEPTKH, JOKa3aHO (CM., HAIp., [5]), 9TO eIMHCTBEHHOE
perenne 3agaqu Kommm (5) mmeer Bu

X =G#6C+G*BW, X e Dj([dom A]) N D}(La(€, [dom A])). (6)

B uacrnocru, eciim A nopoxgaer nosyrpyniy S kiaacca Cy, To G = S, 1j1e pacupeee-
are S — 3T0 NpoJIoKeHHbIe HysieM 1pu ¢ < 0 oneparopsl moayrpyis S, u j1yst X uMeer
mecro pasenctso (o, X) = [ @(t)S(t)¢dt — [° ¢/ () dt fot S(t —s)BW(s)ds,p € D.
Eciin A mopoxiaer n pa3 HHTErPUPOBAHHYIO MOJIYTPYIILY, TO

(o) (%) t
(0, X) = <—1>"[ / o (B)S(E)C dt — / S (1) / S(t—s)BW(s)ds|.  (7)
0 0 0

Jns pemenunst 3agadun Komu ¢ rereparopoM K-KOHBOJIIOIMOHHON MOJYyIpyIIbl S, B
CBsI3U ¢ HEOOXOJMMOCTBIO HAXOXKJIEHHST OllepaTopa, 00PaTHOro K CBEPTKE ¢ (pyHKIIHE
K(t),t > 0, oupenessirorneii moayrpyiry, Tpedyercs GoJiee IMUPOKHUN KJIACC pacipeiie-
JIEHUI, TaK Ha3bIBAEMBIX yJbTpapacupejesiennii. OueparopoM, oOpaTHbIM OTHOCHTEJ b
HO cBeprku ¢ dyukuueir K (t), Gymer oneparop Geckorednoro audepeHnupoBaHus
P (%). B Takom ciayuae jyis pemennst o6obmiennoit 3agaqn Kommn (5) B mpocrpan-
cTBe yrbTpapacipesenennii D) ,, (H) mveet mecto ciiestyroniee paBeHCTBO:
b L

(6. X) = 713;“(;)@@)5@)4 i (5 )¢ / S(—5)BIW (s)ds, € Dy,
0 0 0

B zaksouenne 5Toro pasjesa paccMoTpuM 3aa4y (1) B mpocTpaHcTBax abCcTpaKTHBIX
croxacTudeckux pacnpenesennit (S)*(H) u perenne, 0600IeHHOE TIO CIIyYIaiiHOl mepe-
mennoit w. Ilyers (S8, B(S’), 1) — BepogTHOCTHOE HNPOCTPAHCTBO HAJ HPOCTPAHCTBOM
S’ pacnpenenennit [Isapia merennoro pocra. Ilo amamornu ¢ Tpoiikoit lenbdanma
S C Ly(R) C 8%, nyst rusbbeprosa npocrpanctsa (Lo)(H) := Lo(S', u; H) (em., manp.,
[7], [5]) crpoutcs nenouka npocrpancts (S)(H) C ... C (Sp)(H) C ... C (L2)(H) C ... C
(S_p)(H) C ... C (S)*(H), rme saements! npocrpancts (Sp)(H) u (S—,)(H) oupene-
JIIOTCS. B COOTBETCTBHUU C IOBejenneM (yOblBaHMEM WM BO3PACTAHUEM, COOTBETCTBEH-
10) ko3ddunnentor Pypbe B PA3IOKEHUH 0 CTOXACTHYECKUM IMOJUHOMAM DPMUTA

h,(w) = 'ﬁlhai(@i,w»,w € S,aeT,rme &) = W_%((i - 1)!)_%6_%}17;_1(\/556) —

N

2 .
.oz 3 _ =z
dyukuu dpmura, hi(x) = (—1)'e 2 diie 2 — MOJIMHOMBI DPMUTHL, U ] — MHOXKECTBO

BCEBO3MO2KHbIX KOHEYHbIX MYJIbTUMHIECKCOB.

H-suaunsiii Q-puneposckuii nponecc {W(t),t > 0}, oupenensiemsrit B H psgom
W (t) = pey 0kBr(t)er , B IpocTpanCTBAX CTOXACTUYECKHUX PACHPEIE/ICHUI NMeeT BUL:

ijeN

t 00 t
W)=Y o / &i(s)ds(he,,  ej) = > 0jm) / §itn) (s) dsejm) | B,
n=1 0
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u npuna ekt (Lg)(H). Kpome Toro, B 9Tux mpocrpancrBax onpejeneH QQ-6esblii mrym:

W(t)= ) ai&i(t)(he, ) = D ojm) » € (5)"(H), (9)

,jeN neN
e We, () := &in) (t)ejny 1 n(i(n),5(n)) = n, u, 6osee Toro, CHHTYIAPHbIi GeTbII ITyM:
= D &M(he,,e) = D We (e, € (8)"(H). (10)
i,jeN neN

O606m1IeHHOE (110 W) pernenne 3aaun Komm (1) ¢ W(t) € (S)*(H) crpourcst ciegyonm
o6paszom [5].

Teopema 2. I[Tycmv A — zenepamop noayepynno kaacca Co {S(t), t > 0} 6 2uavbep-
mosom npocmpancmee H; nyemo B € L(H, H) u W — beanti wym (Q-6eavits wym (9)
uau cureyaaproil 6esvit wym (10)). Tozda das 06020 ( = (aha € (domA)

6%

:Z&mmaww»tN, (11)
20e
S0, + JES(E— 5)BW,, (s)ds, a=e,
Xa(t){ ()Cou 0 Oé?éﬁn

asasemes eduncmeennvim pewenuem dadauu Kowu (1) 6 (S)*(H).

CBsI3b MEXKJY CJIABBIMU U OBOBIIEHHBIMU 110 ¢ PEHIEHUAMU

B ycnoBusax cymecrBoBamusi KarkKJI0Tr0 U3 PEIIEHUN JOKAXKEM COBIAJCHUE PEIeHuit
o6o6mmenHoit 3aaun Kommu (5) co caabbimu pemenusvu 3a1auu Komm (2).

Teopema 3. IIyemwv onepamop A — ezenepamop noayepynnw {S(t), t > 0} xaacca
Cy. Toeda caaboe pewenue asasemcs peweruem obobuennot zadavu Kowu (5), 2de
Q-6eaviti wym W asasemcea 0606wennot npoussodnoti Q-euneposckozo npouyecca W.
Obpammo, obobwenroe pewerue, onpedeasemoe pasencmeom (6), asaaemes crabowm pe-
wenuem 3adawy Kowu (2).

Zoxasameavcmeo. HpOBepI/IM qro ciaboe pemrenne 3aaadn Ko B cMbicie HTo, ompe-
nesisiemoe nporieccom { X () = S(¢)¢+ fo (t—s)BdW (s),t > 0} u npojioJzKeHHOE HyJIeM
upu t < 0, ygosiersopsier ypasaenuto (5) st joboit H-3HauHoil Fo-u3MepumMoii ciy-
qaitnoit Benmaunbl (. g storo nomuoxkum X #Ha GyHKIUIO (0 € D u npoumHTErpupyeM
1o t ot HyJsist 10 6eckoHeUHOCTH. V3 paBeHCTBA MHTErPAJIOB

N -
[worwa= [eware (12)
0 0

(koTopoe ciegyer u3 0606menust popmysibl VITo Ha GeCKOHETHOMEPHBIN CIydaii) moJy-

‘{aeM, 9TO AJId CHa6OFO peIHCHI/IH (,Z[JIH II.B. CL)) numMeeT MecTo paBeHCTBOZ
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(. X) = (,5¢) — (&, / S(t — 5)B W (s)ds). (13)
0

Pasencrso (13) MoxkeT GBITH 3aUCAHO CIIELYIONIM 06pa30M
(@, X) = (#,80) = (¢/,8« BW) = (¢, 8() + (#,8 x BW), (14)

rae (peryssiproe) pacupesesenne S € Dy(L(H, [dom A])) nosydeHo HpoosKeHIEM Hy-
gem npu t < 0 oneparopos nosayrpynnst S(t),t > 0. PaBencrso (14) osnauaer, 4rto
upogosKenHblil Hystem 1ipu ¢ < 0 uponece {X(t) = S(¢)¢ + Wa(t), nawoumii ciaboe
permenne 3aja4u Komu B cmbicsie VTo (2), coBnajiaer ¢ 0600IEHHBIM DEIlleHHEeM 38,11
(5), onpezensieMbiM pasercTBoM (6) npu G = S:

oo o] t
(0, X) = / S(H)S(1)C di — / Sy dt [ S(t—$)BW(s)ds, €D
0 0 0

O6parHo, ecsin uarn cHu3y BBepx u3 paeHcTB (14)—(13) caemyer, uro 0606mIIEHHOE
perenne SC+SxB W 3anaun (5) B cirydae reneparopa mosryrpyiis! Kiaacca Cy coBagaer
co ciabeim perrerneM X (t) = S(¢)¢ + Wa(t),t > 0, 3azaqau (2). O

AHanmsupyst KOHCTPYKIMIO IOCTPOESHHBIX PENICHI U IIPOBEAEHHOE UCCIEI0BAHNIE CBSI-
31 MEXKy OOOOIIEHHBIM U CJIaOBIM PEIEHUsIMU, MBI BUJMM, 9TO B CJIydae T€HEpaTopa
nostyrpymisl oneparopos {S(t),t > 0} kmacca Cpy, o6pasyomux olepaTopbl pelieHust
COOTBETCTBYIOIIEll OJTHOPOIHOI 3a1a4uu, cymma JIBYX ciaaraeMbix S(t)¢ + Wy(t),t > 0,
SIBJISIETCSI CJIAOBIM pelrenuneM s Jiroboit H-3nadHoit Fo-u3MepuMoil CIydaifHOW BeJIH-
9uHBI ( 38 CYET TOrO, 9TO He Tpebyercs nmpuMeHsTh oneparop A un k S(¢)¢, au k Wx(t),
— BMeCTO 3Toro omeparop A* mpumensiercs K sjaemenTaM y € dom A*. OOOOLIEHHBIM
pEIlleHIeM 3Ta YK€ CyMMa siBJIsieTCs 3a cueT paBeHcTBa (12), U3 KOTOPOro cjejyer, u4ro
netictue omeparopa A "cmsrdaercs" geficrBrueM ocHOBHBIX (byHKIHH ¢. Bosee koH-
KDPETHO, B CHJIy CBOIicTB oneparopos nosyrpynmnst {S(t),t > 0} neiicrue oneparopa A
MEPEXOIUT B Omepalnio muddepeHnpoBatus mo ¢, KoTopast Mo cBo#cTBaM 0600IIEeHHO-
ro nuddepeniupoanust nepebpacbiBaeTCs HA OCHOBHYTO (6eckoHeuHO nuddepenimpye-
Myt0) dyHKIMIO . Bojiee Toro, 3a cuer oCHOBHBIX (bYHKIIHI MbI TOJIydaeM 0000IIEHHOE
petenne co 3HadeHusMu B [dom AJ.

Jns ciydgast n pa3 MHTETPUPOBAHHBIX U K -KOHBOJIIOIIMOHHBIX TOJYTPYIII TOKAMKEM,
aT0 0DOOIIEHHOE pEeIleHNe COBITAAeT, COOTBETCTBEHHO, C M-ii MPOU3BOIHON OT M pa3
MHTErPAJILHOIO PEIIEeHNsT U HEKOTOPOi yiabTpaauddepeHImaabHoil mpon3BoaHoit ot K-
KOHBOJIIOIMOHHOTO pellieHust (IIpy Tex ke yciaoBusx Ha ¢ u W),

Teopema 4. [lycmv onepamop A — zenepamop n pad uHME2PUPOSAHHOT NOAY2PYNNDL
S. Tozda n-an o0bobwernan Npouscoonas caabozo n unmezparvhozo pewenus X (t) =
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(t)¢ + fo (t — s)BdW (s) asasemcsa pewenuem obobwennot sadavu Kowu (5). O6-
pammo, pewerue 060buenrol 3adavu (5) asasemes n-ot npouseoonoti crabozo n uHme-
2DAADHOR0 PEUWEHU.

Jlokasamenvemeo. Ilycrs X (t) = S(¢)¢ + fo (t —s)BdW(s),t > 0 — caaboe n uHTe-
IpajibHOE pellleHne, poIoJzKeHHoe HysteM npu ¢ < 0, Toraa

o0 o0

(o, X)) = (—1)"{/90(")(5)5(5)@3 +/ dt/tS t—s)BdW (s )}
0

o] t
[/90 ()¢ dt — / (n+1) ¢ dt/St—sBW( )ds],ngD.
0 0 0

CuieioBarenibio, B cuity pasercrsa (7), pacupejenenue X (") gpjisiercst 060BIIEHEBIM
perienuem 3agaun (5) (1yist 1.B. w). M3 noJIy9eHHBIX DABEHCTB, CBOCTB CBEPTKH U OIPe-
JeseHnst OeJIoro IIyMa, caeyeT u 00paTHOe yTBEPKIEHUE. [l

Teopema 5. IIycmv onepamop A — eenepamop K-x0on60410Uuu0HHOT NOAY2DYNNLL
{S(t), t > 0}. Tozda npouecc Py (%) X(t),t >0, ede X — caaboe K -xonsonroyuonroe
pewenue (8), asasemes pewenuem o0bobuwennot sadavwu Kowu (5). Obpammno, 0606-
wenHoe pewenue 3a0auu (5) ABAAECMCA PE3YALMAMOM JeTUCMEUs ONEPATNOPa YAbMPa-
dugppeperyuposarnus Py (%) na caaboe K-KoHB0MOUUOHHOE pewenue.

Aoxasamenvemeo. Ilycre X (t) = S(t)¢ + fo (t — s)BdW(s),t > 0 — cnaboe K-
KOHBOJIIOIIMOHHOE DEIIIeHNE. HpI/IMeHI/IM K mporeccy X, MPOMO/KEHHOMY HYJIEM IpU
t < 0, oneparop yiabrpaauddepeHImpoBaHust Pult( ) ITosyunm

(o Pur (1) X0 = P () 900 0/l< ) elosica
- ] > (i) S (1) dt j S(t— $)BW (s)ds. (15)
0 0

Takum 06pa3oM,B cuity paBeHCTBa (8), mosrydaeM, 9To Py (%)X SIBJISIETCST OOOOITIEHHBIM
pemenuem 3aga4an (5). 3 pasencrs (15) cieayer u obparHoe yTBEpXK/ICHUE. O

CB43b MEXKJAY CJIABBIMU M OBOBIIEHHBIMU 110 w PEIIEHWAMN

Pacemorpum pemenne (11), momydennoe st cToxacTudaeckoii 3amadn Ko B mpo-
CTPaHCTBaxX cToxXacTudeckux pacnpenenenuii (S)*(H) ¢ omeparopom A — remepaTopom
nosyrpymist kiaacca Cp, ¢ Q-6esbim mrymom W n HagasbHbiM yestoBueM ¢ € (dom A).
Kax 6b110 0TMeUeHO paHee, pelieHne B 3TUX MPOCTPAHCTBAX MOYKET OBITDH MOy IEHO JIIsT
3aJIaYU C CHHTYJISPHBIM OEJIBIM IITYMOM, a He TOJIHKO (J-6esTbIM IIIyMOM, HO, TEM HE MEHee,
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¢ HaYaJIbHBIM YCJTOBHEM TOJIBKO M3 0bTacTu onpeeenus onepatopa A. [Tokazkem, 9To
0000IIIEHHOE TI0 W PEeIIeHne COBIIAIAeT CO CJAa0bIM PeIleHneM IIPU YCJIOBUHU CYIIeCTBOBA~

HNA KazKJI0TI'0 U3 HUX.

Teopema 6. ITycmv A — 2enepamop noayepynno, kaacca Co, ¢ € (dom A), u W — Q-
suneposcrutli npouecc. Toeda 0606wenHoe NO W PEwEHUE U CAGBOE PEWEHUE COBNAAIOM.

Jloxasameavemeo. Pemenue, onpejensiemMoe pasenctsoM (11), Moxker GbITH 3anucano B
caenytomenm sujie: X (t) = S¢C + fg S(t —s)BW(s)ds, t > 0, rie
t

¢
/S (t —s)BW(s)ds := Z 0]/ s)e;j&i(s) dshe, ;. (16)
0 LJEN

Orcroa ciemyer, 9T0 B pacCMaTPUBAEMOM HAME CJIydae JjIsl JOKa3aTeJbCTBA Teope-
MBI JIOCTATOYHO [IOKA3aTh, UTO MHTETPAJI, OlpeiesseMblii papeHcTBoM (16), coBnamaer ¢

narerpasiom UTo:

/tSt—sBdW /St—sBW()d (17)
0

B nepsyio ouepepb nokaxkeM, uyto cymma (16) npunasieskur upocrpancrsy (Lo)(H) =
Lo(S', p; H). DTOT pe3ynbrar caejyeT U3 paBeHCTB:

‘ 2 2

Z 0]2 /S(t—s)BejQ(s) ds Z Z /Q (0;S(t — s)Bej, gi)y ds

1,7EN 0 J,keNEN \

H
= Z Hl[oﬂ(JjS(t—')Beja gk)%g(R)H
j,keEN
t
/\ (t—)BQ2,g) H\QdS—Z/Z — )BQze;, gi)iy ds
/Zus (t—s) BQ263||Hd8—/HS Bl ds.
jeN

Bnech {gr} — opronopmupoBanusiii 6azuc 8 H. JlokazaTesbcTBO PABEHCTBA MHTEIPAJIOB
(17) B mpocrpanctse (Lg2)(H) mpoBeieM jisi 9J1eMeHTapHBIX (DYHKIHI ¢ TTOCIE Y IOMIIM
nepexosoM K npegeny. [Tokaxem (17) na snementapubix dyuknusx U, (s), npubimxa-
forux S(t — s)B:

/\I'n(s)W(s) ds = Z Jj/\IJn(s)ejfi(s) dshe,,
0 0

i,jEN
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Z%Z/ Wnki(s) ds ejhe, Z‘I’nkZ%/& s)dsejhe,

ijEN  k=0;" ijeN 4

t
Yok [W(t tk 1 /\I’n
0

[Tepexosist K mpesiety npu n — oo, noiayunm (17). Orcroga ciesyer, 9ro 0600IIEHHOE 110

N—

—

k=0

w u cyiaboe pereHust COBIAIAIOT MIPYU YCIOBUU UX CYIIECTBOBAHUS. ([

Paboma evinoarena npu durancosott noddeporcke Poccutickozo ¢ponda dyrdamen-
marvuux uccaedosanudi, eparm N 13-01-00090.
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Csabki Ta y3arajbHeHi po3B’sa3Ku abCTpaKTHOI croxacTtudHol 3aga4di Korrri
Y pabomi poszeasdaromuves mpu eudu pos3e’askie (caabkul, ysazasvrenul 3a
BMIHHON0 HaACY Ma Y3a2arbHenull 36 BUNGIKOBOI0 3MINNO010) HECKINYENOBUMID-
Hoi crmoxacmusnol sadaw Kowi X'(t) = AX(t) + BW(t),t > 0, X(0) = ¢, de
A, Yy 3a2a40HOMY BUNAOKY € 2EHEPATMOPOM DERYAADIZ06aHOT Nis2pyny Y JesKo-
My 2iavbepmosomy npocmopt H, a W — 6iautd wym y deaxomy 2iabbepmosomy
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npocmopi H, B € L(H, H). /locaidoiceni saacmusocmi 3a3aHa4eHuT po3s a3Kie
ma 36’°A3KU MIHC HUMU.

Korogosi cioBa: Ginmit 1rym, BiHEPOBCHLKHIT MpOIEC, y3arajbHEHWil, cjaabkuii, pery-
JITPi30BaHUil PO3B 30K, PO3MOILI, MIBIPYyIa OIEPaTOPiB.

Weak and generalized solutions of the abstract cauchy problem We
consider three types of solutions (weak, generalized with respect to t and with
respect to a random wvariable) for the infinite dimensional stochastic Cauchy
problem X'(t) = AX(t) + BW(t),t > 0,X(0) = ¢, with A being the generator
of a reqularized semigroup in a Hilbert space H and a white noise W in another
Hilbert space H, B € L(H, H). It is proved coincidence of the solutions under
the conditions they exist.

Keywords: white noise, Wiener process, generalized, weak, regularized solution,
distribution, semigroup of operators.
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E. B. CEMKUHA

CIIEKTPAJIbBHAZA ITPOBJIEMA,
ACCOIMNPOBAHHAZA C 3AJAYEIL O MAJIBIX
ABV2KEHNAX JTINCCUITATVIBHON CCTEMDBI

Hsyuerwvr cayuau manot, 604vwotl U cpeOHets UHMEHCUBHOCTU JUCCUNAUUL
IHEP2UYU CUCTNEMDL U NPOMENHCYMOUHBLE MENHCOY HUMU BaAPUAHMYL OAA CNEK-
mpanvHotl 3adavu, accouuuposarmnoli ¢ 3adavets Kowu das dugdepernyuanrvro-
20 YPABHEHUA 8MOP020 NOPAJKG 6 2uavbepmosom npocmpancmee. B xascdom
U3 CAYHAEE NOAYUEHDBL CBOTCMBA CNEKMPA, HATJEHDL ACUMNMOMUKU, G MAKHCE
uccaedosarv, c8OUCMBA COOCEEHHLT BEKMOPOE.

Kirouessie cioBa: 6a3uc Pucca, nngedunntHas METPUKA, CAMOCOIPSAKEHHBIN Ollepa-
TOD.

1. BBEAEHUE

PaccmarpuBaercst criekTpasibHast IpobJieMa, accollmnupoBaHHast ¢ 3a1adeit Korrn

2
A%—{—F%—i—Bu:f(t), u(0) = u®, u'(0) = u!, (1)
Jutst iuppepeHITIAaIBHOTO YPABHEHHUSI B TUJILOEPTOBOM MPOCTpaHCTBe H. DTO ypaBHEHUE
OIIUChIBaET MaJible JIBHUXKCHUA ,ZLI/ICCI/IH&TI/IBHOI';'I ILI/IHaMI/ILIeCKOfI CUCTEMbI B OKPECTHOCTU
COCTOsIHMSI paBHOBecHsl. 31ech QyHKIWs u = u(t) — 9TO mepeMenieHus JIMHAMAIECKOT
cucremsl, 0 < A € L(H) — oneparop KUHETHYECKON SHeprun cucreMbl, B = B* > 0 —
omepaTop MoTeHInaabHON suepruu, F' = F* > 0 — oneparop muccunaruu. /IBrxenns

CHCTEMBI SIBJIAIOTCS CBOOOIHBIMHE, ecin moste BHemHux cui f(t) = 0.

3ameuanne 5. Bymem cumrarh, uTo omeparop A jeficrByer He B H, a B IIKaje Mpo-
crpancTs %, mocTpoenHoii 1o oneparopy A~! ¢ nepsonauanbHOil 061ACTBIO OIpEIeIe-

mus D(A!) = R(A) C H. Torna
H=£% DA =g, DA =€

IIPUYEM A7Y2 . go/2 5 gla-1)/2 OI'PaHUYEHHBII OlIepaTop.
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C yuéTroMm 9TOrO 3aMedaHusi JaJnM OIIpeJiesIeHne CHJIBHOTO pertennst 3agaqn (1) co
sHadenmsMm B pocTpamctse £ /2 = D(A™Y/?),

Onpenenenne 1. Hasosem cmibibiM pemenneM 3ajadn (1) ma orpeske [0,7] Takyio
dymximo u(t) co smadennsyu B £/2 = D(A™Y2), s KOTOPOIi BHIIOIHEHBI ClIe/LyIONTIe
CBoOICTBA:!

1°. u(t) € C([0,T); D(A~'/2B));

2°. /() € C([0,T); D(BY?) nC([0,T); D(A~Y2F));

3°. Au(t) € C([0,T); D(A~1/?));

4°. Bce caraeMble B ypaBHeHNU (1) HEIPEPBIBHBI O ¢ W IPUHAJIEYKAT IPOCTPAHCTBY
C([0,T); D(A™/2));

5°. npu Jsirobom t € [0, T BbimosaeHo ypasuenue (1);

6°. BbiTONHEHbI Hauabbie yeaosus u(0) = v, u/(0) = ul. O

Heob6xouMbIMK yCIIOBUSIMU CYIIIECTBOBAHUSI CUIIBHOTO PelleHus 3a1a4u (1) sBistiorcs,

OYEeBUJIHO, YCJIOBUS
= 'D(A*l/QB)’ ul e ’D(Bl/Z) N 'D(Ail/QF), f(t) c C([O,T];'D(Ailﬂ)).

OcytmecTBuM 1Iepexol OT 9Toi 3amaun K 3amade Komum 11t cucreMbl ABYX audde-
PEHIMAIbHBIX ypaBHEHUI mepBoro nopska. Vmenno, BBozas B (1) 3ameny A2y = v w
[IPUMEHsIsI CJIEBa, OIIePaTOP A~1/2 (9TO MOXKHO CJIeJIaTh JIJIsi CUIBHOTO PEIeHNs ), IPUXO-

JOUM K 3aj1ade:

d*v dv
A2 2
dt? + dt

v(0) = AY2u0, '(0) = AVl

3rech Bee coaraeMble B ypaBHeHun siiistiorcst ssementamu u3 C([0,T); H).

—|—A_1/2BA_1/2U:A_1/2f(t),

BBeném mastee HOBYI0 MCKOMYIO (DYHKIIHIO:

—iBY2 A7 2y(t) = ‘%, w(0) = 0.
B cuity cpoiictsa 2° u3 onpesenenus 1 nomyuaem, aro dw/dt? € C([0,T); H) u motomy
d? d
WZD + iBl/2A*1/2£ =0, w(0)=—iBY2A"2y(0) = —iBY20.

Orcrozia mpUxoIUM K BBIBOJLY, 9TO 3aja4a (1) paBHocmibHa 3anade Komn st qud-

depeHnnaIbHOTO YPAaBHEHUS IEPBOTO MOPSIIKA

d ~

4 Fz= folt), (2)
2(0) = 0= (A1/2u1; —iBl/zuo)T,

2(t) = (W ()0 () e H:=HOH,

fo(t) == (A7 f(8);0)7,
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A2 A-1/2  jA-1/2B1/2
P= 0 ipizanre 0 ’
D(F) = (D(A—1/2FA—1/2) N D(Bl/2A—1/2)) @ D(A™V/2B1/?2),

2. ITIOCTAHOBKA CIIEKTPAJIbBHON IIPOBJIEMbI

PaccMoTpuM TOT YaCTHBIHA cJIyvaii, KOrjaa onepaTopbl KHHETHIECKO sHeprun A u nuc-
curanuu F' aBASIOTCS CTEeHHBIMU (DYHKIIMSIMU OT OI€PATOPa MTOTEHIINAILHON SHEPTUN

B
A:=B® F:=2B° a>0, p,f>0. (3)

IIpu aTom canraem, ato 0 < B! € G (H); Toraa cobeTBennbIe 31eMenThl omeparopa B
00pa3yoT OPTOHOPMUPOBAHHBIN H6a3uC B H, a Bce COOCTBEHHbIE 3HAYEHUS TTOJIO2KUTETbHBI
U UMEIOT MPEEbHYI0 TOUKY +00.

DTO MO3BOJISET MOAPOOHO U3YUUTH CJIyUad MaJioil, OOJIBIION U cpeliHell HHTEHCUBHO-
CTHU JIUCCUTIAIINY SHEPTUU CUCTEMBI U TPOMEXKYTOUYHBIE MEKJTy HUMH BAPUAHTHI, & TaAKKE
POCJIE/IUTh, KaK BUIOU3MEHsIETCsI (IIePeCcTpanBaeTcs) CIeKTP ITOl 33/[a4u IPH BO3PAC-
TaHUU ) U PA3IUIHBIX o 1 3.

PaccmorpuM 3a1a1y 0 HOpMAIbHBIX KOJIEOAHUSIX, OTBEYAIOILYIO B 3aja4e (2) ¢cBo6oI-

HbIM JBUZKCEHUAM ,ZLI/IH&MI/I‘{GCKOI’?‘I CUCTEMBI:
f®) =0, zt)=e Mz, zeD(F), reC.
Torpa i aMIUINTYIHBIX 31EMEHTOB 2 BOZHHKAET CHeKTpaJbHAsd 33,244
Fz=MX\z, ze€D(F), IeC, (4)
rjie oneparop F B ycsoBusix (3) umeer BuL

2pBo+8 (B
F = a , )
iB*5 0 (5)

D(F) = (D(B*) N D(B*F)) & D(B*H).

HeobxosmMo oTMeTHTb, YTO aHAJIOTUYHAsI CIIEKTPaJIbHAsT 3ajada Jilsl CJlydast, KOIjia
orepaTop KUHETHIECKOH sHeprum cucteMbl A = [, ObLIa paccMOTpeHa B MOHOrpacun
[1], n nanHOE HCCIE0BAHNE TIPOBONIOCH HA €€ OCHOBE.

OrmeruM npeBapuTesibHo, 9To pu p = 0 (T.e. 11 KOHCEPBATUBHON CHCTEMBI) OIIe-
patop 3aga4au (4)-(5) siBiIsiercst KococamoconpsizkeHHbIM Ha D (B QTH) @ D(B QTH), u 9Ta

3a/lav9a MMeeT pelIeHnA

a+1 1

AF=4iN? (B), % =-—=(Fu(B);w(B)", k=12..., (6)
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rie {A\p(B)}2, — nosoxuTeabHble cOOCTBeHHBIC 3HaYeHns oneparopa B, a {uy(B)}7
— COOTBETCTBYIOIIAst UM CHCTEMa COOCTBEHHBIX JIEMEHTOB, 00Pa3yOIIIX OPTOHOPMUPO-
Banmubli Gasuc B H. IIpu sTom coGerBennble anementsl {2 152, U {Z, }7°, obpasyior
OPTOHOPMEUPOBAHHBIH 6a3HC B TpocTpaHcTBe H2.

2.1. Ilepssrii caayuaii: cjiabo nemndgupoBaHHad JUHAMKXYECKasa cucTeMa. byraem
cHavaJIa CUUTATDb, ITO
l-«

p>0 O<a<l 0<B< 5

(7)

Torna

2pBH (B I —2piBA+5 0 BT
JF= .okl = . yatl s
iB ™2 0 0 I 1B 2 0

atl a+1
D(F)=D(B 2 )&DB ),
a—1
u Tak Kak npu yeaosusx (7) omeparop BPYTT € S (H), To mpobiema cBomurcs K
CHIeKTpaJIbHON 3aj1ade st c1aboBO3MYIIEHHOIO CaMOCONpszKeHHoro oneparopa. Cob-

CTBEHHBIE 3HAUYEHUS ITOMN 3a1a9M TaKOBBI:

X B \fo2 - N B, 02 ATH(B);

a . —a— —a—
X (B)p+ iy A (B) - 2], < ATH(B).
Ecm, B wactoCTH, p? < )\ifafzﬂ (B), T0 BCce cOGCTBEHHbIE 3HAYCHUS )\,f HeBEeIIeCTBEHHbI

1 PaCIOJIOZKeHbl Ha MepecedeHn OKPYKHOCTe(l
ReAg|® + [ImA\g|* =77, r:=X.7% (B), k=12,..., 9)

n KpI/IB]:)IX
a+1 1+a
ImAg|? = (Redy/p)at? — (Red)?, Red > pTa-7s. (10)

B 9TOM CJIy4dae CO6CTB€HHBI€ QJIEMEHTBI UMEIOT BH/]I
1 B 1 —1 B
Z]—: _ . Uk( ) : Zk_ _ = nguk( ) ’ (11)
V2 \ iegur(B) V2 uy(B)

2B8+a—1

amoh L B —i1- @A), Jal=1 k=12 (2)

Onu 06/181a10T CJIEAYIOIMIMMU CBORCTBAMU

(zk:F,Zl:t)HZ = O, (z,j,zl_)»,_[z =1Reg by, ki1=12 ...,

I IIOTOMY ysKe He 06pa3yioT OPTOrOHAJBHYIO CHCTEMY 3j1eMeHTOB B H2. 3amernwm erie,
ITO IO OTHOIIEHUIO K WHICMHUHUTHOMY CKATSIPHOMY MTPOU3BEICHUIO C OMepaTopoM J =
diag(I; —1I) = J* = J ! oneparop F apnsercss J-CHMMETPHYHLIM, a BCce COGCTBEHHBIE

ssteMenThl (4)-(5) sBisiorest J-HeRTpabHBIMIE:

(T2 2500 = [25,2F] =0, k=1,2,....
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OTrMeTuM eme OJHO BayKHOE ODCTOATEHLCTBO: COOCTBEHHBIE 3JIEMEHTDI z,;t BBIpaXKa-
IOTCS Yepe3 COOCTBEHHBIE 3JIEMEHThI %'ff, T.€. Yepe3 jeMeHTHI (6) OpTOHOPMUPOBAHHOTO

6asuca B H2, HOCPEJICTBOM CJIC/YIOMUX (hOPMYI:

i =KaZE, Ky o=diag(l;iK), K- :=diag(iK;I), (13)
K = pB 5 (I — ?2B¥Wre L2 K] = 1. (14)

B camowm zeste, muist u = ug(B) nmeem

28+a—1

iKup(B) = i(pA, *  (B) — iy/1 - 222 (B))uy(B) = ieyur(B).
JlemMma 1. Ecau vinoanero ycaosue
PP <M (B, (15)

mo cobcmeennvie anemenmo, (11) sadawu (4)-(5), (7) obpasyrom 6asuc Pucca 6 npo-
cmpancmee H2.

Hoxazameavcmeo. Yoeaumcst cHadasia, 9YTO 9TU JIEMEHTHI 00Pa3yIOT MOJIHYIO CHCTEMY
B H2. Tlycts 29 = (201; 202)7 € H? oproronanen Beem sementam cuctems (4)-(5),(7).

Tora BBIIOJHEHBI yCIOBHS
(71 20)22 =0, (2,20)32 =0, k=1,2,...,

T.€. UMEIOT MEeCTO COOTHOUIIECHUA

(ug(B), z01)w + ek (uk(B), z02)n = 0,

—ieg(uk(B), z01)n + (uk(B), 202) =0, k=1,2,....
Tak kax |eg| =1, To 5,;1 = 1/€j, u BTOpas COBOKYIIHOCTb YPaBHEHHUIl 1aeT
(uk(B), z01)n + Ek(ur(B), z02)u =0, k=12,....

OTcroa U U3 IepBLIX COOTHOMICHUIT I0IyyaeM

Imeg(ugp(B),z02) =0, k=1,2,...,

1 nockosbKy Imeg # 0 npu smobom k (em. (12)), To B cuily opToroHasbHO 6asucHoCTH
cucremer {uy(B)}32, B H, momygaem, aro zpp = 0. Ho rorma (ui(B),z201)% = 0 (npu
moboM k), 9To u Jaet cBoiictBo zg; = 0. Takum obpasoM cucrema 371€MEHTOB

(e ulz i, k=12,..., (16)

IIOJTHA B IPOCTPAHCTBE H2.
Bocmnosnbsyemest Teriepb Tem dakTom, uTo B npejcrasiaenun (14) oneparop K orpa-
HUYEHHO 00paTuM u

2B+a—1

K* — K—l — pB B) +’L(I* p2B25+O¢—1)1/2,
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T.e. K — yHUTapHBII omtepaTop, JeicTByomuil B mpocrpanctse H. OTcioma caeayer, 9To
oneparopbl K1 u3 (13) umeroT orpaHnyeHHbIe 0OPATHBIE OMEPATOPLIL:

(Ky)™' = diag(I; —iK*), (K_)~! = diag(—iK*;I).

Takum 06pa3s0M, SJIEMEHTHI 2 HOJLyIaloTCs IPHEMEHeHHeM OIPaHIIeHHOTO I Or PAHITIeH-
HO obparumoro oreparopa K4 K 3jeMeHTaM OPTOHOPMUPOBAHHOIO Ha3uca Z,j u3 (6), a
9JIEMEHTBI 2z, — HPUMEHEHHEeM OTPaHImYeHHOrO U OPAaHMYeHHO OOPATHMOrO OoIepaTopa
K_ x snementam 7, . OTciona ciejyer, 4T0 COBOKYIHOCTL COOCTBEHHBIX 3j1eMeHTOB (16)
sagaun (4)-(5) npn Bemosmenun ycsosus (15) obpasyer 6asuc Pucca B mpocrpancrse

H?. O
3ameuanue 6. Ecin jmrs 3agannoro m € N BBIIOJTHEHBI YCIOBUS
1—a—23 2 1—a—204
A (B) <p” <X\, "(B), (17)
TO 3aJlava UMEET POBHO 1M Iap BEIECTBEHHBIX IOJIOXKUTEIbHBIX COOCTBEHHBIX 3HAUe-
HUi )\jc ¢ HOMepaMmu j = 1,m, a oTBedalole TUM 3HAYeHUsIM COOCTBEHHBIE 3JIEMEHTHI
00pasyoT paBHOMEPHO Je(UHUTHBIE HHBAPUAHTHBIE IOIIIPOCTPAHCTEA
+ . +1m - —\m .
Ly = Sp{yj Ve, Ly = Sp{yj Y d=1,m.
Jlokasamenvcmeo. CoberBeHHble 3HAYEHUs 33/a9u 1P ycsoBusx (17) HaxousTest 1o
dopmymam

+ _ yatB 2 _ \1—a—-28 .
M= X (B) (ot /02 - AP (B), j=Tm. (18)
Drum HOMepaMm j = 1,m orBedaloT J-1M0J0KUTEIbHBIE (151 /\j) U COOTBETCTBEHHO -
orpunareabubie (Jist )\;) CcOOCTBEHHBIE 3JIEMEHTBI
y = (uj(B);igjui(B)7, y; = (—i&ui(B);ui(B))", j=1,m,
2B+a—1
2

€= pA;

<

(B) — \/p2>\§5+a‘1(3) —1>0.
JleiicTBUTEHHO,
iy = Ty v e =l B)IIP — g lw(B)II? =1 |e;* =

28+a—1

- 2\/p2A§5+a*1(B) -1 (ij 2 (B) —\/pagﬁ“‘*l(m - 1) = (19)

= 25] \/)\?B+O‘_1(B)p2 —-1= C2 > 07 j =1,m,

- - _ a2 . T
iyl =y y e =gl —1<0, j=1m.
TaK KaK IIOJIIPOCTPpaHCTBa, HATAHYTBbIE Ha CO6CTB€HHI)I€ JIEMEHTbI y;_, ABJIAOTCA j—
OPTOTOHAJLHBIMHA JIJII HECOBIAIAIONINX MEXKTy COOOH COOCTBEHHBIX 3HATEHUIA )\;r, TO,
pazjaras Jio00# 9/IeMEHT 3 Lf 0 J-OpTOroHAJBLHOMY Oa3ucy {y;r}gnzl U HUCIIOJIL3YS
HepaBeHCTBa (19), IPUXOIUM K BBIBOJLY, YTO

[2,2]202|]z||3_‘2, >0, VzecLlf,
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TO €CTb Ef — PaBHOMEPHO TOJIOKHUTEIHHOE TTOITPOCTPAHCTBO. AHAJIOTHIHO MOXKHO JIO-
Ka3aTb, 9T0 L] — PaBHOMEPHO OTPHIATEIBHOE IOIIPOCTPAHCTBO, II03TOMY Lf — paB-
HOMEPHO JeDUHUTHBI. U

Jlemma 2. IIpu yeaosuu (17) npocmparcmeo H? donyckaem pasiosicenue
H2=LT+ L,
2de
ct=cf+cf, £&=splyl: Imr\} >0, k=m+1,...},
— HEOMPUYUAMENDHOE NOONPOCTNPANCMEO,
L =Ly +Ly, Ly:=sply, : ImA\; >0, k=m+1,...},
— COOMEEMCMBYIOULEE HENOAOACUMENLHOE NOONPOCTPAHCINGO.

Jlokazamenvcmeo. Byaem cnadasa caurarh, 9To BbInosHeHo yciosue (15). Torma, Tak
kKaK B H mmeercs oproHopmupoBanubii 6asuc {uy(B)}2,, To moboii smeMeHT z =

(z1522)7 € H? MOYKHO IIPEJICTABUTH B BUJIE

T

o0 o0
2= anur(B); > aguk(B) |
k=1 k=1

arg = (21, uk(B))n, ao(z2, ugp(B))x.

Tora coorromenne z = 2zt + 2, 2+ € LF npuBoaur K paBeHCTBY

§ a1puk(B)

2 ZOO + [ ur(B) ZOO — [ —ierur(B) F=1
z9 Ck iékuk(B) + ck uk(B) ( )
k=1 k=1 > aspu(B)
k=1

OTKYyda IIOJIydaeM, 9TO JJOJIZKHbI BBIIIOJIHATLCA YCJIOBUA
+ = o+ - _
Cp —UEKC, = A1k, 1€KC, T ¢ = Q2k.

Orciona nmeem

a 1ELQ Qo — 1€LQ
c;zilk—i_ Z%, 0;27% Zlk, k=1,2,....
1—¢f 1—e¢f
Tak Kak 3J1echb
26+a—1 2
1—e2=1- <p)\k 7 (B) - i\/l - p2Ai5+a1(B)> ~

28+a—1

~ 24 2iph, ? (B)\/l — 2Nl (BY — 22 \2P TN (BY 5 9 (k= o0),
TO psagbl B cpeaneit actu (20) cxomsresi, u yrBepxkaenue npu (15) mokazano. Ecim
BMECTO 9TOrO YCJIOBUSI BBINOJIHEHO yciaoBue (17), TO Bce Te yKe pacCyKIeHUs MOXKHO
nposectH B nojnpocrpanctse L4 + Ly npocrpancrsa H? ¢ KOpasMepHOCTBIO 2m, a B
KoHeTHOMepHOM (2m-MepHom) gonommenun £ + £ yTBepz/ienne oueBu Ho. O
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IMosBeeM UTOrM PACCMOTPEHHs CIEKTpaIbHol 3aaatn (4)-(5) B ycaoBusx (7). Dra 3a-
Jlava IMeeT JIUCKPETHBII crieKTp (8) ¢ mpeieIbHO TOYKON A = 00, BCe COOCTBEHHbIE 3HA-
JeHus (3a UCKIIIOYEHUEM, ObITh MOYKET, KOHETHOTO YHCIa TOJIOKUTETHHBIX COOCTBEHHBIX
3HAYCHUIT) HEBEIeCTBEHHBI U PACIIOJIOXKEHbI Ha IepecedeHnn oKpyzkHocreil (9) u Kpu-
Bbix (10). CobcTBeHHbIe IeMeHTHI 3aj1a49u 00pa3ytoT 6asuc Pucca u J-oproroHasbHbI
6asuc B H2. OTMeTHM, HAKOHEI, YTO HPH BO3PACTAHHU ) KOJIMYECTBO BEIIECTBEHHBIX
(IIOJIOXKUTENIbHBIX) COOCTBEHHBIX 3HAYEHUIT yBeJIMINBACTCL.

2.2. Bropoii ciy4daii: mOrpaHuYIHbIi BapuaHT. DyjieM Tenepb CUUTaTh, UTO

]_ —
8= 2047 O<a<l, p>0.
Baech oneparopHasi Marpuna u3 (5) umeer bakTOPU3AIUIO
s_ (2087 B\ _ (1 ~2pil 0 BT
-\ BT 0 “\o 1 iB 0 ’

D(F) =D(B** ) @ D(B*T),
U yKe He SBJISIeTCS CJIa0BIM BO3MYIIEHUEM OIIEPATOPA
a+1

. . 0 B2
iB:=1i ) 0

HOSTOMY CBOICTBO JIOKaJIN3all CIIEKTPpa B OKPECTHOCTHU MHIMOM OCH, KOTOpO€ HNMeJIO
MeCTO B H.2.1, 31€Chb HE€ BBIIIOJIHEHO. CobcrBennble 3HaYeHUd orepaTopa 3aa91 TaKOBBI

a-+1
2 2 _ >1:
A2 (B)pEiy/1—p%, 0<p<l

(jOOTBeTCTBeHHO7 CcOOCTBEHHBIE QJIEMEHTDBI, OTBEYaloe HEBECIIECTBECHHBIM COOCTBEHHBIM
SHa4Y€eHUAM, UMCIOT BHUJI

2 = (up(B)sieur(B))",  z; = (—ieug(B);un(B))", e:=p—iV1—p?

a COOCTBEHHBIC 9JIEMEHTDBI, OTBCYAION[NE BCIIECCTBCHHBIM COOCTBEHHBIM SHAYCHUAM, TaKO-
BDbI:

2 = (up(B)yicun(B))T,  z; = (—icup(B);up(B))", &:=p—+/p>—1>0.

OrmeTuM, 9TO CIEKTD 3aJa49U JUCKPETHBIN C IPeJIeJIbHON TOYKONW 00, €CJIU BBIIIOJIHEHO
yciaoue 0 < p < 1. B sTom ciydae Bce cOOCTBEHHBIE 3HAUYEHUS HEBEIIECTBEHHBI, U
PAaCIIONIOXKEHBI Ha, [lepecedeHnn OKpY KHOCTeil (9) u mpsiMbIx

V1= p?
Im\ = iTRe/\, ReX > 0.
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[Ipu BeiosHeHNN yeaosus 0 < p < 1 cobcrBeHHbIE 7IeMEHTHI 00pa3ytoT baszuc Pucca B

npocrpancrse H2, mpu srom
z = diag(l;iel)z,, 2, = diag(iel; 1)z,

rie 27‘:, k=1,2,... — opronopmupoBanHublii 6asuc u3 (6).
Ecnu Bbinosieno yciaosue p > 1, To cOGCTBEHHBIE 3HAYEHUST BEIIECTBEHHBI, TTOJIOXKHU-
TeJIbHBI 1 00pa3yioT jiBe BeTBH (cM. mepByio dopmysty (21)), mpudem Kaxkiasi U3 BeTBeil
+00
MMeeT IpeJeIbHyI0 TouKy +00. IIpu sToM cobcreennble sinemenTsl {2 }72,, oreyalo-

e COOCTBEHHBIM 3HATCHUSIM {)\;|r }3";1, ABJISIIOTCA J -TI0JIO2KUTEIbHBIMU:

(2], 21 =1-&=28/p>—1>0.

o0

CooTBeTCTBEHHO, COOCTBEHHBIE 3JIEMEHTBI {zj_ } =1, OTBEYAIOIIIe COOCTBEHHBIM 3HAYUEHMN-

AM {)\; };";1, ABJIAIOTCA J-OTPHUIATEIbHBIMU:

2575 2] =& -1<0.

YuurbiBasg TOT PaKT, YTO COOCTBEHHBbIE 3HAUEHUS J -CAMOCOIIPSKEHHOT'O OllepaTopa, OT-
Bedalolye HeCOBIIaJdaXOIIuM CO6CTB€HHBIM SHAYCHUAM, ABJIAIOTCHA j—OpTOFOHaJ’[beIMH,

TO €CThb
[z5,2F]=0, i,j=1,2,...,

a Tak»Ke TO, YTO {zj}]o‘;l U{z; }52, obpasyior (kak u B 11.2.1, cM. Jlemmy 1) mosmyio
cucreMy B H2, IPUXOMM K BBIBOJLY, ITO COOCTBEHHBIE 3JIEMEHTDI 33J1a4m 06pasyoT J -

opToroHaNbHbII Gazuc B npocrpancrse H2. Ilpu srom

M= LP[+L7, L£F=sp{z )32,

2.3. Tperwuii ciayyaii: cpegHe gemrndupoBaHHasi JUHaAMu4Yeckas cucrema. Pac-
CMOTPHUM Tellepb BapUaHT, Korda p > 0, a mapamMeTpbl « U [ YIOBJIETBOPSIOT OJHOMY U3

YCJIOBUI
11—«
O<a<l, O<T<6<1, (22)
WIn
azl, 0<p<. (23)

Torma umeer mecTo haxkTOpU3AIUI

20B*F iB*5 I 0\(20B** 0 I itB5*F
p

—\ it o | iflkaTafﬁ I 0 =B )\ o I ’

a+1
2

D(F)=D(B**) & D(B =),
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—
rie B3P KOMUAKTHDBIH HOMOAKHTE BHDI oneparop, a B8 u B1=8 — neorpanu-
YEHHbIC IMOJIOKUTEIBHO OIPEIeCHHBIC OMEPATOPHI ¢ KOMIIAKTHBIMU ITOJIOXKUTE/IHLHBIMU

obparubiMu. CoOCTBEHHBIE 3HAYEHUS STON 3a/a4i UMEIOT BUI,

)\Oé-‘rﬁ p:l: \/p 1 oa— 2ﬂ B)]7 pQ 2 Allg_a_Qﬁ(B);

Ao =
X (B)[p+ iy /A 25(3) 2l g2 < ATH(B),

k=1,2... (24)

l—a—2 o
Tax Kax A p (B) — 0 upu k — +00, TO HEBEIECTBEHHBIX COOCTBEHHBIX 3HAYCHUI
MOZKET 6I)ITI) HE 6OJIGG KOHEYHOI'O 4YucJia. OCTaJH)HbIe CO6CTB€HHI)I€ SHa4YeHUuA pa36I/IBa—
I0OTCd Ha IB€ BETBH:

A=A (B)p+ W A TTHB) =200 (B) L+ 0(1)] (k- +00),  (25)

iA};ﬁ (B)[140(1)] (k— +00). (26)

5 =Bl -] =

Orciofa momydaeM, ITO
)\% — +o0o (k= +00)

COOTBeTCTByIOLU,I/Ie COOCTBEHHBIE QJIEMEHTDBI, OTB€YaIOINe BEIICCTBECHHBIM COOCTBEHHBIM

SHAYCHUAM, TaKOBDBI:

zf = (uj(B);igjui(B))7,  z; = (—igjuj(B);u;(B))7,

28+a—1 1 2B+a—1

=X 7 (B)p— \/p2 -\ 7H(B) = 25 2 (B)[1+0(1)] =0 (j— +o0).
(27)

Herpymao Buaers Takxke, 9TO
= K177, Ky =diag(l;iK), K_:=diag(iK;I),

1

Bta—1 o —a—28 . B
2 (pl — (021 — B2 = B3 (pl + (p*1 — B2/

K== BYE7 (ol + (01 = B 7)) = B (ol — (071 — B 7072127

CobcTBeHHbIEe 9IeMEHTEI {z OTBEYAIONIIE COOCTBEHHBIM 3HAYCHUSIM {/\j};’il, J-

J 1
ITOJIOZKUTEJIbHBI:

2/ (B) -1
7 2B8+a—1

pA; T (B)+NTT(B) — 1

> 0,

npidaem B caiy (27) [z7 — 1 (j = +00). CooTBETCTBEHHO COOCTBEHHBIE HJIEMEHTEI

RN %]
{z; };’il, OTBEYAIOININEe COOCTBEHHBIM 3HAUEHUAM {)\; };";1, J-OTpHUIIATETbHBL:

[z .25 ] = é? —1<0, [z,%]—=-1, (j— +)
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. 1—a—2
OTMeTHM eIl§, ITO IIPU YCJIOBHU p° > AL A (B) BCce cOOCTBEHHbBIE 3HAUEHUST 3a/1a1

BeIIeCTBCHHDI. B IIPOTUBHOM CJIydae COOCTBEHHBIE 9JIEMEHTDBI, OTB€YAIOI[11e HEBEIICCTBEH-

HBIM COOCTBEHHBIM SHaAYCHUAM, UMEIOT BU/

zt = (up(B);icrur(B))7, 2, = (—iepur(B); ur(B))7,

2B+a—1

=N ¢ (B)p—iy AT (B) - p?), k=T
Onupasichb Ha BBIIEU3/I0KEHHOE U IIPOBO/IS PACCYIKJICHNs!, AHAJIOIMIHbIE IIPUBE/ICH-
HBIM B 11.2.1, copMypyeM pe3y/IbTaTbl pacCMOTPEHNs CrieKTpasbhoil 3amadu (4)-(5)
upu ycaoBusix (22) nam (23). DTa 3a1ada UMeeT IUCKPETHBI crieKTp (24), Bce cOOCTBEH-
Hble 3HAYeHHs (32 MCKJIOYeHHEM ObITh MOXKET KOHEYHOI'O YHCJIAa HEBEIECTBEHHBIX CO0-
CTBEHHBIX 3HAYEHMII) HOJIOKUTEJIbHBI, OHU pasbuBatoTcst Ha JBe cepun (cM.(25)-(26)),
KasK/lasl U3 KOTOPBIX HMEET CBOeil mpenesibHON Toukoil A = +oo. CobcrBenuble djie-

MEHTHI 3312491 obpasytor 6asuc Pucca u J-oproroHanbHblil 6asuc (Ipu yCcjaoBUH, UTO
1—a—2
P2 > AN *?(B)) B H2.

2.4. HeTBEpTHIil ciydaii: BTOpPOil NMOrpaHUYHbII BapuaHT. PaccMoTpum Tenepb
BTOPO IIPOMEKYTOYHBINA Ciydail, KOrjaa

=1, a>0, p>0. (28)
31ech nMeeT MeCTO (PaKTOPUBAIST
([ 2p0B°tL B\ I 0\ [ 2B 0 I itB™5"
~\ B 0 S \igBTE I 0 LI 0 I ’

HOKA3bIBAIOIIAs, YTO IIPEJIEIbHBIME TOYKAMH CIIEKTPA MOTYT OBITH TOYKH A = 400 H
A = (2p)~L. HdeitcTBuTenbHO, cOGCTBEHHbIE 3HAMEHNS ITOH 33,191 TAKOBBI

E MBI p /02 =X TUB), P22 A T(B); 1o
£ . " —1,2...
AIB)p i/ A TNB) = p?l, P < ATHB).

Tax kak )\,;170‘(3) — 0, To 3a7a4a MOXKeT MMeTb He OoJjiee KOHEYHOI'O YHCJIa HeBe-
I1eCTBEHHBIX CO6CTB€HHI)IX 3Ha‘IeHI/II7I, a BeIleCTBEHHLBIC CO6CTB€HHI;I€ 3Ha4YCHUA 3aJda9I1
ITOJIOZKUTEJIBHBI 1 O6pa3y10T JIB€ BE€TBU:
1
AP =20 (B)[1+0(1)], A = Z—p[l +0o(1)] (j — +o0). (29)
CO6CTB€HHbIe QJIEMEHTDBI, OTBEYaloniue BeIeCTBEHHbBIM CO6CTB€HHI)IM SHaYCHUAM, TaKO-
BDbI:
7 = (ui(B);igju;(B))7,  zj = (—iéju;(B);u(B))7,
1t+a 1 =1
g =XN2 (B)p—/p?—A;7%(B)) = %Aj > (B)14o01)] =0 (k— 4o0). (30)
Herpynuo Bumers, aTo

Z=KiZ, Kyo=diag(liK), K- :=diag(iK;1I),
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K = B35 (pl — (p*I — B~ = B=5" (pl + (p*1 — B~ 7)1/%)7L,
K=':= B (pI + (p*I — B~ )Y2) = B2 (pI — (p2I — B~1-*)1/2)~1,
CobcTBeHHbIEe 31eMEHTDI {zj' ;";1, OTBEYAIOIIE BEIeCTBEHHLIM COOCTBEHHBIM 3HAYCHU-

SIM {A;‘}?":l, J -110JI0XKUTETHHBIL:

B 2,/P?A T (B) — 1
5= (T2 2 e =18 = m( ) e (B)
pA; 7 (B) +/pAT(B) - 1
+ 4+

npuiem B cuiy (36) [z, 2] — 1 (j — +400). Coorsercrsento cobcTBeHHbIe 3Jle-

—\ 00 — 100
MEHTBI {zj } 521, OTBevalolUe OTPUIATEIbHBIM COOCTBEHHBIM 3HAMEHHSIM {)\j } 21 J-

> 0,

oTpunaTe/J IbHbI:

[zj_,zj_] = 53- —-1<0, [zj_,z-_] — =1 (j = +0).

OTMeTHM eIé, 9To IPH yCJIOBHI p° > )\l_l_a(B) BCe COOCTBEHHLIC 3HAYCHUS 3a,Ia91 Be-
IIeCTBEHHBI. B IPOTUBHOM CJlydae COOCTBEHHBIE 3JIEMEHTHI, OTBEUAIOIINEe HEBEIeCTBEH-

HBIM COOCTBEHHBIM SHaAYCHUAM, UMEIOT BU/

z,j = (up(B)icrur(B))", 2z, = (—iegur(B);ur(B))7,

1+a
=N (B)p— i AL B) - ), k=Tm.

13 cdopMyIHpoBaHHBIX CBOCTB MOJIydIaeM Ciedyiomue BBoAbI. CleKTpasbHast 3a-
nmada (4)-(5) npu ycinoBusx (28) mMeeT JUCKpPETHBIN crieKTp (24), Bce cOOCTBEHHBIE 3HA-
YeHus (3a UCKJIIOUeHIeM, ObITh MOXKET, KOHETHOTO YNC/Ia HEBEIIECTBEHHBIX COOCTBEHHBIX
3HAYEHMUIT) TOJIOKUTEIbHBI, OHH pa3buBaioTcs Ha jiBe cepur (cM.(29)), o1Ha U3 KOTOPBIX
UMeeT CBoefl pejIesTbHOM TOYKOf A = 00, a BTopas MOJoKHuTeIbHoe Tucio A = (2p) L.
CobcrBeHHble 371eMEeHTHI 33/1a4u 06pa3yior 6asuc Pucca u J-oproroHasnbHelil 6asuc (pu
yenosuu, uto p? > A\ %(B)) B H2.

2.5. Ilarerii ciay4aii: cuiibHO aemiipupoBaHHAsd AUHAMHYecKasi cuctema. Pac-
CMOTPHUM, HaKOHEII, BAPUAHT

g>1, a>0, p>0. (31)
35ech onepaTop JF JomycKaeT (haKTOPU3AIIIO
2pBet8 (B I 0\[2pB>t 0 [ itB 3P
=" an =| .1 pize g 1p1-8 g )
1B 2 0 zzpB 2 I 0 2pB 0 I
(32)

D(F) = D(B**P) & D(B*F),

1—a
rie Bz A, BYF — koMmaxkTHDbIE [OJIOKUTEIbHBIE omeparoper, a B*# — meorpa-
HUYEHHBIH [OJIOKUTEIBHO ONPEJIeTIeHHBIH omepaTop ¢ JUCKPETHBIM criekTpoM. U3 (32)
BusHO, uTO F — ciaboe Bosmymenue oneparopa diag(2pB18 (2p) "1 BP), u noromy
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cJieJlyeT 02KHJIaTh, YTO B 9TOM BapuaHTe 3a/lada Ha CODCTBEHHBbIE 3HAYEHUS JJIsI Ollepa-
Topa JF JIO/KHA UMETh JUCKPETHBIN CIHEKTD € JBYMs HPEIEIbHBIMA TOUYKAMH A = +00
u A = 0+. [leiicTBuresibHO, COOCTBEHHBIE 3HAYCHUS TOH 3a/1a9U1 TAKOBBI:

X B)p+ /02 - AP (B, 22 NP (B);
A;:“f( Jlp £ iy/Ale 2ﬂ<B>—p2], P2 < A% (B),

Orcrona mosygaem, 9To

k=1,2... (33)

A =

A =202 (B)[1 4+ 0(1)] = +00  (j = +00), (34)
A = 21p)\j1._ﬂ(B)[1 +o(1)] =0+ (j = +o00). (35)

OTBeanOH_H/Ie ATUM CO6CTB€HHbIM SHaAYECHUAM CO6CTBeHHbIe QJIEMEHTBI UMEIOT BU/]I
zf = (uj(B);igjui(B))T, 2 = (—igjuj(B);u;i(B)),
1—a—28
2401 A, 2 (B)
~ 1—a—2
= (B o=/ A TB) = e 20 (ks +00).
p+ \/ P>+ A (B)

(36)
Orcroma cireryer, 9To

=Kiz5, Ky:=diag(l;iK), K_:=diag(iK;I),

Bta-1 1-—a-283
+2 (pI _ (pQI _ Bl—a—?ﬁ)l/?) — B S (pf + (pQI _ Bl—a—26)1/2)—1

CobcTBeHHbIe 31eMEHTDI Z;_

ABJIAIOTCA j—HOJIO}KI/ITeJIbeIMI/I, a COOCTBEHHBIE 3JIEMEHTHI

Z; ABJIAIOTCA j—OTpI/IHaTQJH)HI)IMI/IZ

2/P N (B) ~ 1

[zj,z;'] = (jz;',z;')ﬂz =1-¢&j = —5 >0,
pA; T (B) N (B) -1
27,21 =& —1<0.
ITpu sTom
[z, 2F] — 1, [2;.2;] = =1 (k— +o0).

J ) ]

l—a—2
OTMeTHM emié, uTo 1IpH ycuoBuu p’ > Al p (B) BCe cOBCTBEHHbIE 3HAYECHUS 3a/1a4K
BeIIIE€CTBECHHDBI. B IIPOTUBHOM CJiy4dae CO6CTB€HHbIe 9JIEMEHTDBI, OTB€YaIOI11e HEBEIICCTBEH-

HBIM COOCTBEHHBIM SHaAYCHUAM, UMEIOT BU/

z,j = (up(B)jicrur(B))", 2z, = (—iepup(B);ur(B))7,

2B+a—1 1
1— 2 .
eni= N, ° —Z\//\ 2By~ p?), k=1, m.
CdopmynupoBaHHbIe BBIIIE CBOWCTBA MO3BOJILIOT CIEJATh cjeayionue BuBojbl. Criek-

Tpasbiast 3a1a4a (4)-(5) npn ycaoBusix (31) umeer nuckperHsiii criektp (33), Bce cob-
CTBEHHBIE 3HAYECHUS (38 UCKIIIOYEHNEM, OBITh MOYKET, KOHETHOI'O YUC/Ia HEBEIIECTBEHHBIX
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COOCTBEHHBIX 3HAYEHNIT) TOJIOKNTEIBHBI, OHE pa3buBatorcs Ha jiBe cepun (cM.(34)-(35)),
OJIHa W3 KOTOPBIX UMEET CBOEH IpeaebHOll TOUKoit A = 400, a Bropasg A = 0+. Cob-
CTBEHHBIE 3JIEMEHTHI 3ajadn o0pa3yior 6asuc Pucca u J-oproronasbublii 6asuc (mpu
ycsosum, 9To p? > )&70‘72’5(3)) B H2.

[MopBomst uroru paccMoTpeHust CreKTpajbHOil 3ajga4au (4)-(5), oTMeTuM cJieyronye
BasKHbIE 0OCTOSITEIHLCTBA.

[Tpu yuere auccunaruu sHepruum B Buje (3), CIEKTD 3aJa4i CyIIECTBEHHO 3aBH-
CUT OT COOTHOIIeHUsi mapameTpoB o u B: mpu 0 < a < 1, 0 < 8 < 1_Ta nMeer
MEeCTO Majiasi JUCCHUIIAINsT U JIOKAJU3AIlUsl CIEKTPa B OKPECTHOCTH MHUMOM OCH; HpHU
O<a<l 0£p8< 1_70‘ — CpeJHdgs JIUCCUTIAINAS U JIOKAJIM3AIUA CIIEKTPa B OKPECT-
HOCTH IIOJIOZKATEJIbHOHN II0JIyOCH, & TaKzKe HaJIM4ue JIMIIb OJHOU IIpeAesIbHON TOYKHU Ha
6eckoneunocTy; npu « > 0, p > 0 — OoJIbIIast JUCCUTIAINS U HAJIMIUE JIBYX IPEIE/Ib-
HBIX TOYEK Ha MOJIOXKUTEJILHOI IIOJIYOCH.

JlerajbHasi CTPYKTypa CIEKTPa 3aBUCUT OT KodddunnenTa auccurnanun p. B gact-
HOCTH, IIpu [ = 1_7“, 0 < o < 1 cmeKTp CYIIECTBEHHO 3aBUCUT OT THapameTpa p: IpHu
0 < p < 1 cekTp HEBENIECTBEHHBIN, & TPA p = 1 — BEMIECTBEHHBIN W MOJOKUTETHHBIH.

Bo BceM nnamaszone u3MeHEHHsI IapaMeTPOB «, [3, & COOCTBEHHBIE 3JIEMEHTHI 00Pa3yIoT
6azuc Pucca.

CIUCOK JINTEPATYPHI

[1] Asuszos T. 4., Konauesckuit H. II. Ipusoorcenus undedurummnots mempuxu. // Cumdepo-
noste: JJMATITIN, 2014. — 276 c.

CoekrpasibHa mpobJieMma, acoriifioBaHa 3 3aga4dero Kol mpo majii pyxwu
JUICUIIAaTUBHO] JUHAMIYHOI cUCTEMU

Busueno sunadxu manoi, eeauroi ma cepedHvboi iHMeHCusHoCms Jucunayii
EHEP2TL CUCTNEMU | MPOMIHCHT MINHC HUMU BAPIGHMYU OAA CTEKMPAALHOT 300a-
i, acoyitiosanol 3 3adavero Kowwu das dudepenyianvrozo pisHaHMA 0py2020
nopAdKY 6 2iAb0EPMOBOMY NPOCMOPL. Y KONHCHOMY 3 GUNAOKIE OMPUMAHO GG~
CMUBOCVE CNEKMPA, 3HATUIEHO ACUMNMOMUKU, & MAKOHC JOCATOHCEHO BAACTNU-
80CMI BAGCHUT BEKMOPIE.

Korouosi ciiosa: 6asuc Picca, inpediniTHa MeTpruka, caMOCIpsiKEHUHN orrepaTop.

Spectral problem associated with a Cauchy problem on small motions of a
dissipative dynamical system
In Hilbert space H, a spectral problem associated with Cauchy problem for

differential second-order equation of the form

d*u du
A— +F— + Bu = =u°, /' (0) = u' 1
oz T E HBu=f(t), u(0)=u’, w(0)=u, (1)
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is studied. The unknown function u = u(t) with values in H describes the field
of system displacements relative to the equilibrium state. The physical meanings
of the operator coefficients in (1) are the following. A is a kinetic energy
operator and therefore A = A* > 0. Next, B is a potential energy operator;
if the equilibrium state of the system is statically stable, then B = B* > 0.
The operator F = F* > 0 takes into account energy dissipation. The system
movements are free if field of external forces f(t) = 0.

In this article we investigate a special case of problem (1) when a kinetic
energy operator A and energy dissipation operator F are powers of potential
energy operator B:

A:=B" F:=2pB° «a>0,p08>0. (2)

Here we assume that 0 < B™' € & (H), then its eigenelements formed
orthonormal basis in H, and all of eigenvalues are positive and tend to infinity.
Investigation of problem in this case is based on methods stated in [1].
The form of problem and properties of the operator coefficients (2) allow to
pass from the differential equation in the Hilbert space H to a spectral problem
in the orthogonal sum of 2 copies of the space H, namely,

Fz=Xz, z€DF), IeC,

2pB B
F::< P atl )

where

1B 2 0
D(F) = (D(B*) N D(B*F)) & D(B*H).
Finally associated spectral problem are studied. Properties of eigenvalues and

ergenvectors of spectral problems are obtained by using theory of linear operators
that are self adjoint in a Hilbert space with an indefinite metric.

Keywords: Riesz basis, indefinite metric, self-adjoint operator.
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H. I'. COJIIATOBA

O PEIIIEHNN TPEXKPUTEPMAJIbHON 3AJAYN
TP HEOIIPEJAEJIEHHOCTU

B pabome $opmasu3o8ano 2apanmuposaHHoe peterue mperkpumepuaibrhot
3a0a4u NPU HEONPEIEAEHHOCTIU HA OCHOBE NPOUEIYDbL NPUHANMUA PEWEHUA 6
uepapruveckoli 0eyrypoenesot uzpe. Tloayuenst Ycaosus CyuLecmsosaHus, daH-
Hoz0 pewenus. Ipusedern npumep.

E-mail: solnata@pochta.ru

1. IIOCTAHOBKA 3AJIAYU

Paccmorpum TpexkpuTepra bHYIO 3a7a9y MPU HEOIPEIeTIeHHOCTH
(X, Y, F(z,y)), (1)

rie MmuoxkecTBO X C R"™ empamezud x y JITIP (nuia, npuHrMAaroIiero pemenne), MHOXKe-
crBo Y C R™ wucmoww neonpedesennocmet y, ckausipable dyuknuu F;(z,y) (1 =1,2,3)
SBJISIOTCS KOMIIOHEHTAMYI BEKTOPHOI'O KPUTEPUs

F(‘T7y) = (Fl(CE,y),Fg(I‘,y),Fg(:E,y)).

Ha «couep:xarenbaom yposaey, 1esb JITIP cocrouT B BhibOpe Takoit crparernu x € X,
[IPU KOTOPOI BCe KOMIIOHEHTBI BEKTOPHOIO KpuTepusi F'(x, y) NIPUHUMAIOT OJIHOBPEMEHHO
BOBMOXKHO boavuwue 3Hadenus, npu 3roM JIIIP opuenTupyercs Ha BOZMOXKHOCTD PeaJIH-
3aIUu 000N YUCTON HEOIpeIeIeHHOCTH i € Y.

OIHOBPEMEHHO € YMCTHIMA HEOTIPEIETEHHOCTAMY i € Y 3/1eCh OyIeM TPUMEHSITD «UH-
bopMEpPOBaHHBIE HEONPEIEeHHOCTH> — m-BekTop-dbyukmn y(x) : X — Y, y(-) € Y X,
Ilocennme ncnonb3oBanbr akagemukom H.H. KpacoBckum npm m3yvdenun eTepMuHM-
POBAHHOTO BapuaHTa aHTANOHUCTHIECKOH urpsl |5, ¢. 353 - 354|, rue BbLIeasteTCst CoTy-
Jail pasaumaHoil mHGOpMUpOBaHHOCTH UIPOKOB. B (1) GyaeM cumTarh, 9TO OIUH WI-
pok (JIIIP) orpanmuen TosibKo 4ducThbiMu cTparerusMu ¢ € X, a Bropoit (dopmupyio-
muii B (1) HeopeIeIeHHOCTD ) MOZKET UCHOIb30BaTh «JTI00YI0 MBICIUMYIO HH(DOPMAIIUIO»



O pelueHUn TpexkpuTepUanbLHON 3afa4n Npy HEONMPEAENEHHOCTH 91

[5, c. 354]. B wacrHOCTH, OH MOKET 3HATH cTpareruio, peajmsyemyio JIITP, To ectb nmeer
MEeCTO TakK Ha3bIBaeMas uh@opmayuonnas duckpumunauyus JITIP. Torma meonpesenen-
nocth B 3aade (1) dpopmupyerca B Buie m-sexrop-bynkmmn y(z) : X — Y, y(-) € YX,
re YX — mmoxkecTBo m-BekTop-bynkmmit y(z), onpeneaenubx Ha X €O 3HAYCHUSAME
B Y. Takue dbynxmun y(-) € YX naspisaior B Teopuu urp xowmpempamezusmu. a-
JTee OPAHIYMMCS HOMHOYKECTBOM Y X | IMEHHO HEIPEPhIBHBIME 1M-BEeKTOP-(hyHKIITAME
y(z) (sror dakr oboznavaem y(-) € C(X,Y)). 3amaua Buga (1), B KoTopoil B KauecTse
HEOIIPE/IEJIEHHOCTEH UCIIO/Ib3YIOTCsI KOHTPCTpaTeruu (MHMOPMUPOBAHHbBIE HEOIPEIE/IeH-
Hoctu y(x)) HasBaHa B [5, ¢. 353| munumarcrod.

2. UEPAPXUYECKAS MHTEPIIPETAIIUA MAKCUMUHA

CravaJia pacCMOTPHUM OJTHOKPUTEPUATIBHYIO 33J[a1y IIPU HEOIIPEJIEJIEHHOCTH

(XY, f(z,y)). (2)

B (2) muoxkecrBo X C R"™ crpareruii 2, MuoxkectBo Y C R 4ucTBIX HEONPEIEJI€HHOCTEH
Yy, ckaJisipHblil Kpurepuil f(x,y) oupemnesnen Ha npoussejerun X X Y.

Onpedeaenue 1. Tapa (29, f9) € X X R sBisieTcss MAKCUMUHHBIM DEIIEHUEM 331491
(2), ecam

. — 9 ) = f9. 3
Igflezg)((gélir}f(x,y) Zrél}f/lf(if»y) f (3)

DakTUIECKU B IIEMOYKe PABEHCTB (3) MCIOJIb3YIOTCs JIBE OLEPAIUU: 6HYMPEHHE20 MU-
HUMYMG T BHEWHE20 MAKCUMYMa. B 1epBoil 3 HUX I Kaxkaoro x € X HaXOomuTCs
m-sekrop-pyuknus y(z) : X — Y rakasi, 9ro

min f(z,y) = f(z,y(@)) = fl2] Ve X, (4)
BO BTOPO#1 OIIEPAINN — BHEUHE20 MAKCUMYME — KAK pa3 U OIPEEISIOTCS KAK CTPATErust
29, Tak u yucyao fY rakue, 9410

max f(z,y(z)) = f(z9,y(2?)) = 7. ()

zeX

C TouKM 3peHHsl TEOpUM HepapXUYecKuX Wrp nporecc nocrpoerus (29, f9) MoxKHO
IIPEJICTaBUTh B BUJE NEPAPXUYICCKOI ABYXYPOBHEBOU TPEXXOI0BOM UI'PBI, B KOTOPOI IIpa-
BO IIEPBOI'0 XOZA IPUHAJJIEXKUT UTPOKY BepxHero yposusi uepapxuu (JIIIP). Ou coob-
I[aeT UTPOKY HUYKHETO YPOBHSI «CBOW» BO3MOXKHBIE cTparerun & € X.

Bropoit xoa 3a urpokom HUXKHEro ypoBHs: OH (popMuUpyeT «HH(MOPMUPOBAHHYIO»
neomnpesenennocts y(x) : X — Y, y(-) € YX, koropas onpesnenena B (4) m oTchiaer
Hafinennyio y(x) Ha BepxHHUIl ypoBeHb mepapxuu. B 9ToM cirydae moapa3yMeBaeTcst Uh-
popmayuonnas Juckpumunayus JIIIP — urpoka Bepxuero yposust nepapxuu. Hakonerr,
tpetuii xox cuosa 3a JII[TPom. On, ucxons uz (5), dopmupyer napy (9, f9), koropas
KaK pa3 U sBJIsSeTCsl MaKCUMUHHBIM perenneM 3anaan (X, Y, f(x,y)) (puc. 1).

JIIIP mpeagaraer mo/ib30BaTes o NIpUMeHsTh crpareruto xf € X 1o JByM HPUYUHAM:
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11 xox

liﬁ}(x j( -\‘,‘l.'( ,\')) = I)“(‘\.f—,’ ) J_.(‘\_g)) _ fg X

h J

Y

11 xom | y(x) [xom| x

' Y

p(x)=argmin f(x,y) « 4
el

Puc. 1. Tlponeaypa nocrpoenns MakCuMuHHOTO perternst (29, f9)

a) KaxkJoif crparernn x € X (B pe3ysbTraTe OIEPAIUH 6HYMPEHHEZO MUHUMYMAQ)
CTaBUTCS B COOTBETCTBHE rapantus f[x], nbo

flal < flwy)  VyeY

(r.k. mcxox flz] «obecneansaer cebe» JIIIP npu mobbix y € Y 3a CYeT HCHOIB30BAHUS
cTpaTeruu T);

b) u3 rakux rapanTuit f[z] urpox Bepxuero ypoeusi (JIIIP) Boibupaer nanGosbliryio
(MakcHMaJsbHYTO), 10O

F= > fle] vaex.

3. CDOPMAIII/K%ALLI/IH CHNJIbHO T'APAHTHUPOBAHHOI'O PEIIEHUA
TPEXKPUTEPUAJIbHON SAJAYN

[TpusesieM 0JIHO M3 BO3MOYKHBIX IOHSITHI FapAHTUPOBAHHOIO perienus 3ajaqu (1).

Onpedenenue 2. Tapy (z°, F¥ = F[2°]) € X xR? HazoBeMm CHIbHO rapaHTHPOBAHHBIM
perierneM 3azaqu (1), ecin

1°.  CymecTBYIOT ~ TPH  HENPEPBIBHBIE  CIUHCTBCHHBIE  1M-BEKTOP-DYHKIMN
y@(z) : X — Y, onpesensieMble TOXKIECTBAMIL

2°. mjist TPEXKPUTEPUAILHON «3a1ad1 TapaHTUil»

(X, Fla] = (Fi[2], Fola], F3[x])) (7)
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crparerns ° MakcnMaabHa 1o CrIeiTepy, TO eCTh IpH BeeX & € X HECOBMECTHA CHCTEMA,

CTPOTUX HEPABEHCTB
Filz] > Fi[z°]  (i=1,2,3).
Bamenanue 1. Tapa (z°, F¥) BpiGpana B KauecTBe rapaHTHPOBAHHOTO PEIICHUS 32,13
qu (1) 1o caeyomuM IByM IIPUIUHAM:
a) TpeboBamme (6) CTaBUT B COOTBETCTBHE KazkJ0il crparernun r € X BEKTOPHYIO
rapauruto F[z] = (Fi[x], Falz], F3[z]), u6o upu Yy € Y Gyner

Fy(z,y) 2 Filz]  (i=1,2,3);

b) u3 Bcex Takux rapaHTHil HanboJIbIIasl (B «BEKTOPHOM CMbIC/Ie» ) Gyer F [ws ]
CaM mpoliece IIOCTPOEeHHsT CUIBHO TapPaAHTHPOBAHHOIO PEIeHMST (3:5 , FS ) IpeacTaBuM
(anasrormaHo puc. 1) cireyromneil TpeXIaroBoil NepapXuvecKoil ABYXypPOBHEBON UTPOit

JByX Jiui (puc. 2).

I xon
— F* = F[x%]= MAXXS F[x] t,
Il xom | F[x] Ixom| x

A

Flx]=F(x,»"(x)) = miyn F(x,y)  (i=1L23) |
ye

Puc. 2. Crocob mocTpoenust CUIBLHO TapaHTUPOBaHHOTro perntenus (17, ')

ITo cxeme u3 puc. 2 MepBbI X0/, 3a UIPOKOM BepxHero yposHs uepapxuu (JIIIP): on
OTCBLIACT HA HIDKHUN yPOBEHbL CBOM BO3MOXKHLIE cTparerun T € X.

Bropoii xo/ 3a urpokoM, «BeTaIuMy» (hOPMUPOBAHIEM HEOIIPEIeIeHHOCTH; 3/1eCh,
AHAJIOTOM Ollepalliil BHYTPEHHEro MUHUMYyMa (B OIpeJle/IeHMN MaKCUMHHA) SIBJISETCS

dopmupoBanue st Kaxka0ro Kpurepust F;(x,y) «ero» HeonpeeJeHHOCTH

y 9 () = arg min Fi(z, y) (1=1,2,3)
yeyY

¢ moceyiomum Haxoxaennem Fj[x] = Fy(z,y®(z)) (i = 1,2,3) u nepenascii BekTop-
Horo Kpurepus F[r] Ha BepXHUl yPOBEHb HEPADXUH.

Tpetnii X0/ (aHATIOr BHEIIHET0 MAKCHMyMa B onpejieieHnn Makcumuna) 3a JIITP. On

S

ompeessier MakcuManpHyto 1o Cieiitepy crparermo z° i makcumyM 1o Coeiirepy F°
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B TpexKpuTepHaIbHoil 3a1ade (7) (obosmagenne F° = F[z°] = M AXX SF[x] na puc. 2,
Te

S gpmsterTcst MakcnMastbHOM 110 Crreifrepy cTpare-

B3sTOE U3 [4], KaK pas u ozHavAeT, UTO T
rueil B Tpexkpurepuaibnoi sagade (7)). 3arem JIIIP coobimaer o pesymbrarax (a7, F%)
noJb30BaTe 0. IlocieHnii 2Ke, OCHOBBIBASCH Ha 3aMEYaHUK 1, MOXKET UCIIOJIb30BATh 3TY

napy (z°, F¥) Kak «pyKOBOJICTBO K JCHCTBHIO.

4. CYUIECTBOBAHUE

Teopema 1. ITycms 6 (1)

1°. mmoorcecmsa X, Y — womnaxmo, u'Y 8unyx.ao;

2°. kaorcowl us kpumepues Fi(x,y) nenpepween na X XY u cmpozo swnykavid no y
onaNr € X.

Tozda 6 mpexxpumepuarvbHotl 3a0aye CYWECMBYEM CUALHO 2aPAHMUPOSAHHOE Deie-
Hue.

BameruM, aro dbyukimn F;(x,y) cTporo BBILYKIIB 110 Y IIPU KaXKI0M & € X, ecyin 1pu
06b1x mocTosiaEbIX A € (0,1) 1 Bestkux yU) € Y (j = 1,2) umeer mecto

oxazameavcmeo meopemov, 1. B cuily KOMIIAKTHOCTH U BBIMTYKJIOCTA MHOXKECTBA
Y C R™, crporoit Beiykioctu Fi(x,y) no y u [3, c. 80-83| cymecTByoT ejInHCTBEH-
HbI€ HEIPEPBIBHLIE M-BEKTOP-(PYHKIUU y(i) () : X — Y rakue, 4T0 MMEIOT MeCTO
roxectBa (6). Ho rorma menpepbiBEbiMu Ha X X Y OyAyT u CKajsipHble (QYHKIUNA
Fi[z] = Fy(z,y"(z)) xax cyneprosumun menpepsiBuex Fj(z,y) u y(z). Hakomer, u3
koMmnakTHocTu X, HenpepbiBHocTH Fjlx] u [6, c. 6671, 137] cieayer cymecrBoBanue
Maxcnmasbaoit o Creiirepy (B 3amaue (7)) crparermn 2°. 3aTem ¢ TOMOITLIO CTpaTe-
riun 2° € X omnpemensiem Fy[x°] = F — i-toie (i = 1,2,3) KOMIOHEHTBI BEKTODHOIT
rapantun F¥ = F[2].

Samevanue 2. OTMETHM, UTO IPUBEIEHHOE JIOKA3ATEIbCTBO CIPABEJINBO JJIsl 3a,/1aH
(1) ¢ KaKUM YrOJIHO KOHEYHBIM YHCJIOM KPUTEPHEB.

5. JIMHENHO-KBAIPATUYHASA 3AJAYA BE3 OTPAHUYEHUN
Byaem cuurars, uro B (2) 6yger X = R™ Y = R™, u kpurepuii
f(z,y) = 2’ Az + 22/ By + y/Cy + 2d'x + 2y + d, (8)

rae marpunbl A, B u C MOCTOSITHHBI 1 COOTBETCTBYIOIINX pasMepHOCTEl, KpoMe Toro A
u C — CUMMETPUYHBI, TaKyKe BEKTOPa @ U ¢ COOTBETCTBYIOIINX PA3MEPHOCTEN U ITOCTO-
SIHHBI, HAKOHEI[ d — IOCTOSIHHOE YMCJIO; IITPUX CBEPXY O3HAYAET OIIEPAIMIO TPAHCIOHH-
poBanus. Ecmu kBagparuuanas dbopma 2’ Az (y'Cy) onpenesento orpunaresbia (cooT-
BETCTBEHHO, MOJIOXKUTEJbHA), TO 910T (hakT oboznadaercs A < 0 (C > 0), ucnosnb3yem
Takke Hyib k-extop 05, € RF.
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Hamee B (1) orpaHwmdmmcst JIMIIb CIENUATBHBIM TPEXKOMIIOHEHTHBIM KDPUTEPUEM
Fla] = (Fil2], Falrl, Fy[l), vae Fi[z] = min f(z,y), Folz] = min [-@(z,y)], Fslx] =

= —Ry|[z], 3nech kpurepnii f(x,y) onpenesen B (8), dynryus coocanrenun (no Coeu-

oorcy)
®(z,y) = max f(z,y) — f(z,y) (9)
rER™?
u Tak HasblBaeMblil 1| empamezuveckud puck no Baavdy
Ry (z) = max Jnin, f(z,y) — Join, f(z,y). (10)

Sameuvarue 3.1 TpuBeIeHHON TPEXKPUTEPUAILHON 3a1a91 HEJIb3s IIPUMEHUTD TE€O-
pemy 1, u60 3mech muokecTBa X = R" nY = R™ (#e kommaxTsl). OHAKO ClICIUATHHbII
Byl Kpurepust f(x,y) MO3BOJISIET HANTH SIBHBII BUJ| CHJIBHO FapAHTUPOBAHHOTO PEIICHHUS.

IlocTpoeHne cuabHO TapaHTUPOBAHHOI'O PENICHUs JJIsi TPEXKPUTEPHATHLHOW 3aJadu

IIpu HEOIIpEeJECJICHHOCTH
<X :R”,Y:Rm,{f(x,y),—q)(x,y),—RV[:L‘]}> (11)

CBOJIUTCSI, COIVIACHO OIIPEJIEJICHHUIO 2, K TPEM MOCJIEJ0BATEILHBIM OIEePAIIIIM:
I sram: maxoxaenuio sisaoro Bujaa dynkuuit ®(z,y) u Ry|z] cormacuo (9) u (10)

COOTBETCTBEHHO;
IT sran: mocrpoennio aAsyx dyukimit Fi[z] = mﬂign f(z,y), Falz] = m&n [—®(z,y)] u,
yeR™ yER™
BeJslesicTBHE 3asucumocmu Ry [x] Tonbko ot x, F3[z] = — Ry [z];

111 stan: onpegenennio curyamuy ° € R makcnmasbhoi o CiiefiTepy B TpeXKpH-

TEpUAJIbHON «3ajaue rapaHTUl»
(X, Fla] = (Fi[z], Fola], Fs[x])); (12)

JIUIsl 9TOTO JIOCTATOYHO (COIJIACHO TEOPUHM MHOTIOKPHUTepHAJbHBIX 3a1a4 [6, c. 69]), Ha-
npuMep, HaiiTn £° € X, HCXOIs U3 PABEHCTBA

max () = ¢(z°),

zeR?

3 3
rae Y(z) = > o Fi[z], npn kakux-mbo nocrosHubX o > 0 m Y a; > 0; Hakowery ¢
i=1 i=1

nomonipio 2° nocrpouts Bektop Flzd] = F9.

Torma mapa (z°, F) € R™ x R3 kax pa3 u 06pasyer CHIbHO TapaHTHPOBAHHOE DelIe-
Hue 3aza4n (11), (8).
Nrak, mamee ciemyem stanam I — I11L

Oran [.
Vreepxkaenune 1. Ecim A < 0, To dynkims coxanenus O(x,y) uz (9) umeer Buj

®(z,y) = —(’A' +y'B' +d)A™ (Ax + By + a). (13)

Dr1u dopmyssl moaydensl ZKykosekum B B |2, ¢. 105 - 106].
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YrBepxkaenue 2. Eciu A < 0u C > 0, To crparermdeckuii puck 1o Basbmy u3 (10)
[PUMET BUJL
Ry(z) = —(2'K — C7'B' + d) K~ (Kz — BC™'c +a), (14)
rne K =A—-B'C™'B<0.

Jlokazamenvcmeo ymeeporcdenusn 2. Cnenys (10), naiinem

min f(z,y) = f(z,yM (x) = F[z] Vo € R™.
yeR™

C yuerom (8) mocraTounbivu yeaoBusMu cymectopanus takoro y(M(z) GymyT

oFy (x,
13(yy) Sy~ ITadeFL(@,y) 0 = 2090 (@) + 28w + 2¢ = O,
O*Fy(z,y)
———==2C>0
8y2 )
rie Fy(z,y) = y/Cy + 22’ By + 2cy.
W3 nepBoro paBeHCTBa HOJIyYaeM
y V(@)= -C7 Bz +¢) (15)

U, KpOMe TOro,
[y (@) Cy D (@) + 22 By (@) + 2¢y D () = —[y D (2)] Oy ().
C yuerom mocsiesHero Toxectsa u (15)
Juin f(z,y) = fla,yD(2) = Fila] =
=2'Az+2r'a+d— (d +2’B)CY(B'x+¢) = (16)
=2'(A—B'C7'B)r+22'(a — BC7l¢c) +d—C7le =
=2'Kz +22'(a — BC7lc) +d - JC7 !¢,

rme K =A— B'C7'B.

SareM mocTpouM MakcuMuHHYIO crpareruio 9 € R™ coracHo

max Fi[z] = Fy[27)].
TER™

IIOCHeﬂHee PaBEHCTBO UMeeT MeCTO, eCJIn

8fﬂ[$]

= g — -1y =
S lao 2K29 +2(a — BC™ "¢) = O, (17)
82PH($)
=2K .
92 <0

Haisee, so-nepewvir, ycranoBuM, 4ro K < 0. Dror dakr Oymer cieaoBaTh U3 JIBYX

IIeIIo4YeK I/IMIIJII/IKaLLI/Iﬁ
(C>0)=(C!'>0)=(BC'B' >0)= (-BC'B'<0),
(A<OA-BC™'B'<0)= (K=A-B'C'B<0),;
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3/1eCh I cuMMeTpudHoit m X m-marpunsl M < 0 (= 0) osmauaer, uro y' My < 0
(coorsercrrenno > 0) mpu Vy € R™. Cornacro (17) u K < 0 = detK # 0= 3K ' u
TOor/Ia

19 = K Y(a— BC™e). (18)

Bo-emopuix, nctionbys (16) — (18), moxywaem

SRS (29) = g el =

= F[29] = (29) K29 4+ 2(29) (a — BC~le) +d — C~te =
=—(a —dC'BYK (a— BC7le)+d—C7lc=
=d—-dCle—dKtta+2d/C !B K la—C'BK-'BC e
Haxomer, ¢ yaerom nocie/aero pasencrsa, (16) u (10), mveem
Ry(r) = —2'Kx — 22'(a — BC7'¢) —d' K la+2/C'B'K~ta—
—~JC'B'K 'BC l¢c= (/K — /C7'B' +d) K }(Kx — BC ¢ +a).

Oran 11
YrBepxkaenue 3. Eciu C >0u A <0, To

mén f(z,y) =2'Kz +22'(a — BC™le) +d — C7 e,
yeRr™

rme K =A—-B'C'B <0.
Hokazano B (16).
YrBepxkaenne 4. Eciu A < 0 u detB # 0, T0

min [~®(x,y)] = min (z’A" +y'B + d)A™ (Az + By +a) = 0.
yeR™ yeR™

Loxazamensvcmeo ymeepotcdenus 4. JlocTaTodHBIM yCIOBHEM CYIIECTBOBAHUS y(2) (x) :
R"™ — R™ Takoro, 4To

min [-®(z,y)] = —0(z, y@ (2)) Vo € R",

yeR™
OyzeT
(=2 (z,y)) _onlg-1 (2) _
B Pl DA 2B'A7 (Ax + By'¥(x) + a) = O, (19)
2(_
M =92B'A7 1B < 0.

02
Coornomenne B'’A~!'B < 0 umeer :z/IeCTO, u6o
(A< O0AdetB #0)= (B'C7'B<0).
U3 (19) u detB # 0 cpasy ciemyer
yP(z) = =B Y (Az + a)
u Torja

min [~®(z,y)] = —®(z,y? (2)) =0 Vz € R".
yeR™
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Samevarue 4. Bemmonnenne tpeboBanus det B % 0 aBTOMATHYECKN MPUBOJIUT K YCJIO-
Buto m = n. [Tosromy nasee cumraem, He oroBapusasi 0co6o, 4to B (8) Bce MaTpuibl A,
B u C kBajipaTHble 1 PA3MEPHOCTH 7 X 1.

Samevwanue 5. Vtak, Oyem cautaTh B TPEXKpUTEepHabHON 3a1ade (12)

Filz] = 2'Kz + 22 (a — BCle) +d — dC7 e,
Fyla] =0,
Fyz] = —Ry(z) = (/K — dC7'B' + d)K ' (Kz — BC™'¢ +a),
ec ToaBKO B (8) crpasemusel A < 0, C' > 0, m =n u detB # 0.

Orau 11
SBHDI BUJ CHJIBHO TAPAHTUPOBAHHOTO M0 MCXOJY U pUCKaMm pernennst 3ajgadn (11)
npu X =Y = R" kpurepuu f(z,y), 3a1a0H0M B (8), IPUBOAUTCS B CJIELYIONIEM yTBED-
JKJICHHN.
YrBepxkaeuue 5. Eciu B (8) marpunst A < 0, C' > 0, m = n u detB # 0, To cuiibHO
rapauTuposannoe pemtenne (z°, F¥) zamaqn (11) Gymer
% =(A—BCT'B)"YBC lc—a), F¥ = (F,0,0),
e FY = —(a/ — C7'B')(A— BC™'B)"Ya— BC™lc)+d—dC e
Hoxaszameavemeo ymeseporcdenus 5. CoctaBuM (DyHKITHIO
Y(x) = Fi[z] + F3z] = 2’ Kz + 22'(a — BC~'¢) +d — C et
+2'Kx 4 22" (a — BC7le) +d' K~ ta —2dC !B’ K~ ta+
+dC'B'K~'BC~lc = 20/ Kz + 42/ (a — BC~c) + d—
0 Y(C-BK'B)C lce-2/C'B'K~ta+d K la,
rie K=A— B'C'B.

Haiizem Teneps crparernio #° € R™ corsacho

max () = (2.

z€R™

,ZLOCTaTO‘{HbIG YCJIOBHUA B 9TOM CJlydae

@) | e ¢ 4(a — BC™'c) = 0y,
or |z
0% ()
oz = A <0,

W3 nepsoro coornorenns nu K < 0 moaydaem
2% = K Ya—BC™ )
u Torma kommnonenthl Fi[2°] (i = 1,2, 3) Bexroproii rapantun F¥ GymryT

F = F[z% = mi}r/l f(z,y) = —(d —C'BYKY(a— BC™l¢)+d - C7 e,
ye

Fy =Fy =0.
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6. BBIBOBI

B ,ILaHHOfI pa6OTe Ha OCHOBE CHUHTE3a IOHATHII MaKCHUMHWHA U pemenusd 110 Irakes-

Gepry (U3 TeOpHM MEPAPXUUECKUX UI'D) OMPEIENSeTCsl CUIBHO MrapaHTUPOBAHHOE Delle-

HHue MHOFOKpI/ITepI/IaﬂbHOﬁ 3alav9u IIpU HEOIIPEeIeJIEHHOCTH. Haf/’I,HﬁH SABHBII B TaKOI'o

penieHnud Ipun JIHHGfIHO—KBa,HpaTH‘lHOM BUie KpUuTepusd.

ApToOp 6/1arOApUT CBOErO HAYIHOrO pyKoBouuTess mnpodeccopa 2Kykosckoro B.U.

3a 00Cy»KJIeHne pabOThl U 3aMEUaHMUSI.

[1]

2]
3]

4]
15]

[6]

CIUCOK JINTEPATYPHI

Bapauu A.E., Conmnarosa H.I. Odnokpumepuasvrasn 3adaua npu neonpedeaernocmu ¢ yue-
mom puckos u coxcansenuti // CooprUK HayuHBIX TpynoB VII MexryHapomHO! IIKOIBI-
cumnosuyma «Ananus, Mojenuposanue, Yupasienue, Pazsurue sSKOHOMAIECKAX CHCTEM .
Cumdepomnoss: THY, 2013. - c. 37-39.

2Kyxosekuit B.U. Konugauxmor v pucku. M.: Poc3UTJIII, 2007. 456 c.

Kyxosckuit B.., Kynpseres K.H., Cvmupnosa JI.B. Tapanmuposanmvie pewenusn xoH-
Paurmos u ux npusroscenus. M.: KPACAH/I, 2013. 368 c.

2Kyxkosckuit B.J1., Mosocrsos B.C. Muozoxpumepuaaivroe npunamue peuenuts 8 Ycao8uaT
neonpedesenrocmu. M.: Mexnynapoausrit HU npobsiem yrpasienusi, 1988. 131 c.
Kpacosckuit H.H., Cy66orun A.W. [losuyuonnwie dupdepenyuarvrvie uepu. M.: Hayka,
1974. 456 c.

Ilomuuosckuit B.B., Horun B.J1. Ilapemo-onmumarvtoie peuserus MHO20KPUMEPUAALHBLT
3adau. M.: Hayka, 1982. 254 c.

On the solution of three-criteria problem under uncertainty
In this paper the definition of guaranteed solution for three-criteria problem
under uncertainty is introduced. New solution is based on the method of
decision-making in hierarchical two-level game. The conditions of existence are
formulated. The example is given.
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CEKBEHIIVAJIbHAYA BEPCUYA TEOPEMDBI YVJIA O
BBIIIVKJIOCT 1 KOMITAKTHOCTU OBPA3A
BEKTOPHbBIX MEP

B pabome passusaiomcs uccaedo8aHUA MEOPUU  AHMUKOMNAKIMHLL MHO-
orcecms  (anmuromnaxmos), esedénnoir namu paree. Onucan kaacc 6anazro-
6bLT NPOCMPAHCNG, 6 KOMOPLIL CYWECTNEYIOM AHMUKOMNAKMbL. B maxux npo-
CMPAHCMEAT 66E0EH HOBDIT CEKGEHUUANLHBIL TIUN 3AMBIKAHUL MHOICECTNEA —
To-samvikarue. Toayuen ananoz meopemvt Yaa o 6binyxiocmu U KOMNAKMHO-
cmu 00pasa GEXKMOPHBIT MeED, KOMOPLTl YmeEepiHcdaem 6unyKAOCb U OMHO-
cumenavny1o caabyro xomnaxmmocms Ty-samvikanus obpasa bezamommnoti oepa-
HUMEHHOT 6eXKTOPHOT MEPDL 6 MPOCTPAHCTEE, UMENOWEM anmukomnaxm. Llo-
KA3AHO, MO OASL CHEMHO-TOPONCOEHHBIT O -an2e0p JONOAHUMEALHLE MPebO6a-
HUA HA KAGCC NPOCPAHCNG MONCHO OMBPOCUMD, ECAU GEKMOPHAL MED UMEEM,

02PANUNEHNYIO BaPUALUI0. *

KnioueBnie ciioBa: aHTUKOMIIAKT, TOTAJIbLHOE MHOYKECTBO JIMHEHHLIX HEMPEePBIBHBIX
byHKIMOHAJIOB, Oe3aTOMHAsT BEKTOPHASI Mepa, TeopeMa YJia, CeKBEHITUAJBHOE 3aMbIKa-
nue, Tp-3aMbIKaHNe, OTHOCUTEIbHAs C1abas KOMIAKTHOCTD.

BCTYIIJIEHUE

B koHeuHOMEpHBIX TTPOCTPAHCTBAX XOPOITo m3BecTHa TeopeMa A. A. JlsamyHoBa 0 BBI-
IIYKJIOCTH 0Opa3a 6e3aTOMHOM BEKTOPHON MepbI ﬁ : Y — R", zaganHoii Ha o-ajarebpe
HOJIMHOZKECTB Y. HEKOTOPOro npocrpancTsa {2 [1]. DTor pesyiabrar mveer MHOMOYHCICH-
HbIE TPUJIOXKEHUS B OINTHMAJLHOM YIIPABJIECHUU, MATEMATUIECKON SKOHOMUKE, MATEMa-
TUYECKOl craructuke, reopun urp (2| — |7]. Beuay sToro ussecTHo MHOXKECTBO MO u-
Kaluit 1 0DOOIIEHU STOTO Pe3y/IbTaTa B KOHETHOMEPHBIX ITPOCTPAHCTBAX, B TOM YHCJIE
U OTHOCHUTEIBHO coBpeMeHHbIX [7] — [10].

IPaBora Boimmosnmena npu dbunancosoil momuepxke rpanra AP KpbIM 1isi MOIOABIX YUGHBIX
Kpwiva 2014 roma
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Ojmako, KaK MOKa3bIBAET MHOXKECTBO MpuMepos, TeopeMa A.A. JlamyHoBa mHeBepHa
JIUIS BEKTOPHBIX Mep CO 3HAYEHUSAME B OECKOHEYHOMEPHBIX TpocTpancTBax |1, 5, 6]. Ilpn
9TOM CyIIECTBYeT MHOXKECTBO AHAJIOTOB yKA3aHHON TeopeMmbl JIsilyHOBa Jiisi DECKOHEY-
HOMEPHBIX O0AHAXOBBIX MPOCTPAHCTB, KOTOPBIE UCIOIB3YIOTCS, B YaCTHOCTU, B paboTax
[6, 7]. HauboJsiee n3BecTHBII MO/X0/1 3aKIIOYACTCS B BBIIEJECHUN KJIAcca OaHAXOBBIX IIPO-
crpaHCcTB F ¢ Tak Ha3bIBaeMbIM c60ticmeom Jlanyrosa. B Kaxk1oM TaKOM MPOCTPAHCTBE
E nna moboit cu€THO-a1IUTUBHON 6e3aTOMHOI MepPHI 7 : Y — F samblkanue [f ()
MHOXKECTBA, ﬁ(Z) BoiykJI0 [5, 6]. CeoiicrBom JlstmynoBa 06s1a/1210T, HAIPUMED, IIPO-
crpancTsa ¢, ¢, (p € [1;2)J(2; +00)) [6]. Ho ykasanmbim cBoiicTBOM He 06/1a1aeT MHO-
JKECTBO BarKHEHINX MPOCTPAHCTB, B T.9. U cernapabebHOe IJIBOEPTOBO TPOCTPAHCTBO
ly. Takoke m3BeCTHA TeopeMa ¥YJia O BBIMYKJIOCTH MHOYKECTBA il (3) B catyuae mep orpa-
HUYEHHOW Bapualluy CO 3HAYEHUSIMUA B IIPOCTPAHCTBAX co cBoiicTBoM Pajnona-Hukommma
[5]. Ho, kak cBoiicrso JIsnyHosa, Tak u csoiicrso Pagona-Hukomuma cyiecTBeHHO orpa-
HUYMBAIOT KJIACC PACCMATPUBAEMBIX IIPOCTPAHCTB (HU TOMY, HU JPYIOMY CBOWCTBY He
VZIOBJIETBODSIIOT, HanpuMmep, npocrpanctsa Lia;b] u Cla;b]). OrmernM Tak:ke u3BecT-
HBII PE3YJILTAT O BBIITYKJOCTH U CJIa00I KOMIAKTHOCTH CJIaD0I0 3aMbIKAHUS MHOXKECTBA,
ﬁ(E) Jyist 11000 BEKTOPHO( Mepbl B JII0O00M GaHAXOBOM IpocTpaHcTse [5].

B mamux paborax [11, 12] Mbl mocTaBmIn 3a/a9y MOIYyYIATh AHAIOIH TeopeMbl ALA.
JIsmynoBa B OECKOHEYHOMEDHOM ciiyuae 0e3 CTOJIb CYIIECTBEHHBIX CYXKEHUN Ha KJIAcC
IPOCTPAHCTB, a TaKyKe 6€3 UCIOJIb30BaHusl CJIad0T0 3aMbIKaHUst (KOTOPOe, BOODIIE TOBO-
psi, HE MO3BOJISET TOBOPUTH O IMPEJCTABJIECHUN TOYEK 3aMbIKAHUS MHOYXKECTBA KaK IIpe-
JIGJIBHBIX TOYEK IOCJIeJ0BATEIbHOCTEN 9j1eMeHTOB MHOXKecTBa [6]). B ymomsinyTsix pa-
borax 1ys cenapabesibHbIX TpocTpaHcTB Ppelre MoIyIeHbl TEOPEMBI O BBITYKJIOCTH U
KOMITAKTHOCTU 3aMbIKAHUSI MHOXKECTBA, 3HAUEHUN (e3aTOMHON BEKTOPHON MepBI B IPO-
CTPaHCTBaX, MOPOXKJIEHHBIX AHTUKOMITAKTAMH.

B nHacrosimeit pabore MbI TIpeiaraeM o0paTUThCS K Pe3yJIbTATy O BBITYKJIOCTH U CJla-
00t KOMITAKTHOCTH CJ1aDOT0 3aMBbIKaHUsI MHOXKECTBa, 3HAUEHU T BEKTOPHOI Mepbl. Ho mipu
9TOM MBbI 3aM€EHAEM C.Ha60e 3aMbIKaHIe Ha HOBBII CeKBeHIlI/IaJIbeIfI THUII 3aMbIKaHUA, I9TO
OPUBOIUT K CY?KEHHIO KJjIaCCa IMOAXOAAIINX BEKTOPHBIX MEP. MI)I TaKKe UCIOJIb3yeM CHU-
CTeMy aHTHUKOMIIAKTHBIX MHOXKECTB, BBEJIEHHYIO HAMU B IIpeIbLayInux paborax [11, 12].
TosbKO Temepb MBI y2Ke He 3aMbIKaeMcsl Ha KJiacce cernapabesibHbIX TPOCTPAHCTB, & J0-
Ka3bIBaeM, YTO aHTUKOMIIAKTBI CYIIECTBYIOT TOIJIa M TOJHKO TOTJIA, KOTJ[a 6aHAXOBO IIPO-
CTPAHCTBO JIMHERHO MHHEKTUBHO U HEIIPEPBIBHO BJIOXKEHO B cenapabesbHoe I'uIb0epToBO
IPOCTPAHCTBO (Teopema 1) MiIn, 9TO TO ¥)Ke camoe, KOorja 6aHaXOBO MPOCTPAHCTBO MMEET
CYETHOE TOTAJIBHOE MOJMHOYKECTBO JIMHEHHBIX HENPEPhIBHBIX GyHKIMoHAM0B T (ce/-
creue 1). Takue mpocTpaHcTBa MOIYT U He OBITH cenapabesbHbIMU (HApuMeD, o). s
TaKUX [IPOCTPAHCTB BBEJEH HOBBII THUII CXOAUMOCTH — 1 (-CXOIMMOCTh U COOTBETCTBYIO-
Uil eMy CEeKBEHITMAJIBHBIN TUI 3aMbIKAHIS MHOYXKeCcTBa — 1p-3aMmbikanue. Jis 6e3aTom-
HBIX OI'PAHUYEHHBIX BEKTOPHBIX MEDP IOJIYUEH CEKBEHIMAJIbHBIN AHAJIOT TEOPEMbl YJia O
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BBIIYKJIOCTH U KOMIIAKTHOCTH 06pa3a BEKTOPHOI Mepbl, 3aMEHSIOIIIH B XOPOIIO U3BECT-
HOM pesynbrare [5]| ciaboe 3ambikanue Ha Tp-3ambikamnue (Teopema 2). OTMedIeHO, 9TO B
npoctpancTBax ¢o 1 £ (1 < p < 400) 9TOT HOBBI THII 3aMbIKAHUS MOYKHO 3aMEHUTD Ha
obbraHOe citaboe CeKBEeHIMaIbHOe 3aMblkanne (teopema 4). st cI8THO-IOPOK IEHHBIX
o-ayrebp MOKa3aHo, YTO JOMOJHATEILHOE YCJIOBUE Ha KJIACC IPOCTPAHCTB MOXKHO 0TOPO-

CHTB, el Mepa [[ HMeeT (cHJIbHO) OTpaHMYEHHYIO Bapualyo (Teopema b5).

1. IIOHATUE AHTUKOMITAKTHOT'O MHOYKECTBA. KJIACC BAHAXOBBIX
ITPOCTPAHCTB, B KOTOPLIX CYIIECTBYIOT AHTUKOMIIAKTBI

HanomuuMm moHsiTue aHTHKOMIAKTA, mpejioxkenHoe Hamu B [11]. O6o3naunm gepes
Que(F) HabOp BCEX 3aMKHYTBHIX abCOIOTHO BBIMYKJIBIX IMOJMHOYXKECTB OaHAXOBA MPO-
crpancTsa E.

Omnpenenenne 1. Hazosem muoxkectBo C' € 2, anmukxomnarmuom B B, ecn:

(i) pela) =0 <= a=08E (wm /\ﬂo)\-éz {0});
>
(ii) Jiroboe OorpaHMYEHHOE MOJIMHOYKECTBO E COZEPKUTCS U IIPEJIKOMIIAKTHO B IPO-

crpancrse Bz = (span C, ps(-)). 3neck nom pa(-) Mbl nonumaeM GyHKIHOHA
MUHKOBCKOTO aGCoMIOTHO BbIMyK10r0 MuOokectBa C' C E u cunraem uro Eg
IIOTIOJIHEHO OTHOCHTENILHO HOPMSBI || - ||7 = pa(-).

IIpumem obosnavenue: C(E) — nabop aHmukomnaxkmmux noOMHONMCECME 6aHATO6A NPO-
cmparemea E.

B upeapiaymux paborax [11, 12| mocTpoen nmpumMep cUCTEMbl aHTUKOMIIAKTHBIX MHO-
2KECTB B cenapabesIbHBIX MJIbOEPTOBBIX U 6aHAXOBBIX MIpocTpaHcTBaxX. OKa3bIBAETCs, 9TO
9TOT C/Iydail B KAKOM-TO CMBICJIE YHUBEPCAJIEH, IIOCKOJIbKY aHTUKOMIIAKTHI CyIIECTBYIOT
TOJIBKO B 6aHaXOBbIX IIPOCTpaHCTBaX, JIMHENTHO NTHBEKTUBHO 1 HEIIPEPbIBHO BJIO2KEHHDBIX B
cenapabesibHOe TJIBOEPTOBO MPOCTPAHCTBO. J[0Ka3aTeIbCTBOM 3TOTO YTBEPXKIEHUST MBI
zafiMéMcst B IIE€PBOI YacTu Halneil paboThI.

U3 onpesieniennst BuiTekaet, ato eciu C € C(E), To cylecTByeT JTMHEHHBIH THbeKTHB-
Hpli KoMIakTHell oneparop A 1 E — Ex (Ar = x Vo € E). Ilokaxem, uTo cymecTso-
BaHUE TAKOI'0 OllepaTopa He TOJbKO HEeOOXOINMOe, HO U JOCTATOTHOE YCJIOBHE.

IIpennoxkenune 1. Ilycmo cywecmeyem suHetHbil UHBEKMUBHBLT KOMNAKMHOLT ONe-
pamop A : E — F 2de E u F — 6anaxosv. npocmparcmea. Toeda 6 npocmpancmee E
CYWecmsyem aHmuKoOMNaKmM.

Hokasarenbcrso. onoxum C = {z € E | ||Az|p < oo}, ||z||g = ||Az||p. Beuxy mn-
HEIHOCTH U HHBEKTUBHOCTH omeparopa A, Mbl uMeeM, 4o ||z||z = 0 Torma u ToabKO
torga, Korjga ¢ = 0. IIpeIKOMIAKTHOCTh BCSKOTO OrPAHUYEHHOrO MHOXKecTBa B C F,
OYEBH/HO, BBITEKAET U3 KOMIAKTHOCTH onieparopa A. Wrak, cupase/nsa
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Jlemma 1. Banaxoso npocmparcmeo E umeem anmuxomnarm mozda u moavko mozda,
K020a cyulecmeyem AUHETHBIT UHBEKMUBHDIT Komnaxmusil onepamop A : E — F, 20e
F — nexomopoe bararoso npocmpancmso.

[Ipenpiaymuit pe3ysibTar MO3BOJSIET HOJYUIUTh Y2Ke OoJiee TTPOBEPsieMbIil KpUTEPHii.

Teopema 1. Banaxoso npocmpancmeo E umeem anwmurxomnarm mozda u moavko mo-
2da, xo2da cyujecmeyem aunetinull HenpepueHslll unsexmustbit onepamop A 1 E — fo.

HoxkaszaresabcTBo. 1). Heobxodumocms. Ilycrs B E cymmecTByeT aHTHKOMITAKTHOE MHO-
»kecTBO. Torma Jiisi HeKoToporo banaxosa mnpocrpancTsa F cylecTByeT JIMHEHHBI HHb-
eKTUBHBI 1 KOMIAKTHBIA omeparop A : E — F. IlostoMy 111 BCIKOE OrpaHHYEHHOE
mHOkecTBO B C E npepkoMunakTHO B mo6oM npocrpancrse Eg, C € C(E) (nmm mHO-
xkectBo A(B) C F upenxommnakrao B F'). Ilostomy obpas A(E) MOXKHO BIOXKHTH B
HEKOTOPOE 3aMKHYyTOe cernapadesbHoe noganpoctpanctBo Fy C F. Urak, E nuHbLEKTUBHO
JINHEHHO M HENPEPBIBHO BJIOXKEHO B cenapabebHoe MPoCcTpaHCTBO Fy. A TOCKOIBKY BCs-
Koe cernapabejibHoe OAHAXOBO IMPOCTPAHCTBO JUHEHHO MHBEKTUBHO W HEIPEPBIBHO BJIO-
keHo B fa (cMm. [6], crp. 556), TO cyiecTByeT JIMHEHHBII NHbEKTUBHBL 1 HEIPEPBIBHBIIT
oneparop A’ : E — /.

2). Hdocmamounocmo. Ecin ke E HHBEKTHBHO JIMHEHHO U HENPEPHIBHO BJIOKEHO B
{2, TO MOYKHO BOCIIOJIB30BaThCsl jIeMMoil 1 u3 [11], KoTopasi yrBepKaer Haau4due B o
AHTUKOMITAKTA, T.¢. fo HHbEKTUBHO JUHEHHO U KOMITAKTHO BIOXKeHO B {2. CiemoBaTesn-
HO,CyIIeCTBYeT JIMHeHHbIIl NHbeKTUBHbII 1 KoMnakTHbIi oneparop A’ 1 E — {5, oTKyna

" BBITEKaET CyHnieCTBOBaHUE aHTUKOMIIaKTa B E no nemme 1.

TToxaxkem IpuMepbI TPAKTUIECKOT'O UCIIOIb30BAHNS IOy IeHHOTO KpuTepus. Tak, Xo-
POIIIO U3BECTHO, UTO BCIKOE celapadebHoe DaHaX0BO IPOCTPAHCTBO JIMHEHHO MHHEKTHB-
HO ¥ HEIIPEPBIBHO BJIOKEHO B 9. [TokazkeM, UTO 3TO BO3MOYKHO U B HEKOTOPBIX HeCela-
pabesIbHBIX TPOCTPAHCTBAX.

IIpumep 1. IIpocTpaHcTBO OrpaHUIEHHBIX YUCIOBBIX [TOCJIEI0BATEILHOCTEN {op JTMHET-
HO MH'bEKTUBHO U HEIIPEPBIBHO BJIOXKEHO B fo. [leficTBUTENIBHO, JOCTATOYHO PACCMOTPETH
oneparop A : loo — £9, 3a0aBaeMBIl CJIEIYIOINM 00pa3oM Ax = (a:l, T8, ) )
JlaguM emé oaHO JOCTATOYHO IIPOCTOE ONUCAaHWEe KJjacca OaHAXOBBIX ITPOCTPAHCTB,
UMeoIuX aHTuKoMIIakThl. Kak ussectHo (cM. 6], crp. 556), 6anaxoBo npocrpancTso E
JIMHETHO MHbEKTUBHO W HEIIPEPBIBHO BJIOXKEHO B cenapadebHoe THIL0EPTOBO IIPOCTPAH-
CTBO TOTJIa W TOJIBKO TOIJIA, KOrJa HaJ E cymecTByeT CYETHOE TOTAJIBHOE MHOXKECTBO
JIMHEHBIX HEIPEPLIBHBIX (DYHKIMOHAIOB (CIETHOE MHOYKECTBO JIMHEIHBIX HEIIPEPBIBHBIX
QYHKIMOHATIOB, PA3/IEISAIONINX TOYKN ). DTO IMPUBOJUT K TAKOM YK€ JIOCTATOTHO XOPOIIIO

IPOBEPAEMOMY KPUTEPHUIO HAJIMINA aHTUKOMIIaAKTa B OaHaXOBBIX IIPOCTPpaHCTBaXx.
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CaencrBue 1. Banaxoso npocmparcmeo E umeem awmukxomnarm mozda U mosb-
K0 moada, kozda nad E cyuwecmeyem cuémmoe momasbroe noOMHONCECNEO AUHETHBLT

HENPEPLIBHBIT PYHKUUOHANOG.

Ha 06aze mocsiesiHero ciencTBus JIETKO IPUBECTH IPUMEP OaHaXoBa IIPOCTPAHCTBA,
KOTOpOE€ HU OAWMH aHTHUKOMITaKT HE NMeEET. HpI/I 9TOM TaKOe€ ITPpOCTPaHCTBO I‘I/IJIb6epTOBO

(HecemmapabesbHO) U O3TOMY PeIIEKCHBHO.

IIpumep 2. Paccmorpum npocrpanctso fo([0; 1]) Takux BemecTBeHHBIX bDyHKIMIL

f:00;1] =R, aro Y |f(t)]? < oo . fcwo, uto Beskas dynxmus f € fo([0;1]) nmeer
te[0;1]
He GoJiee, YeM CYETHOE MHOXKECTBO 3HadeHuil. Hopma B 9TOM mpocTpaHcTBe MMeeT BH/

1/2

Ifllee = D IFBOP ] <o

te[0;1]

a BCsIKuil JmHeitHbIl HenpepbiBHbLT dbyHkmonas ¢ Ha ¢o([0; 1]) npexcraBum B Buje

U =1y =Y 1),
te€[0;1]
rJie g — HEKOTOPHI (pukcupoBanublii sement u3 fo([0;1]).
femno, uTo Kakoe ObI CIETHOE MHOMKECTBO JIMHEHHBIX HEIPEPHIBHLIX (DyHKIMOHAIOB
{€4, }.2_, na £5(]0; 1]) mbr He BBIOGpaM, OHE BCe Gy/IyT IPUHIMATH HyJI€BbIe 3HAYCHNS HA
muOkecTBe dyukuumit u3z f € f2([0;1]), KoTopsle o6paraoTes B HyJIb B TOYKaX
t € [0; 1], mst KoTOpBIX g (t) # 0 Vn € N. To ecTb Besikoe CUETHOE MHOKECTBO JIMHEHHBIX
HEIPEPLIBHBIX GyHKInoHanoB Ha f2([0; 1]) mpuHrMaer HyJeBble 3HAUEHNST Ha HEHYJIEBBIX
dbyukIwsax u mosTomy B npocrpancTse f2([0; 1]) HET CUETHOrO TOTATIBHOIO OJIMHOKECTBA

JIMHEWHBIX HENPEPBIBHBIX (DYyHKIIMOHAJIOB.

2. CEKBEHI_[I/IAIIbeII/UI AHAJIOT TEOPEMBI ¥YJIA B BAHAXOBBIX [TPOCTPAHCTBAX U
HEKOTOPLIE CJIEACTBUA

Temnepp mepexoiuM K OCHOBHBIM Pe3yJbTaTaM PabOThl — CEKBEHIIMAJIBLHOMY aHAJIOTY
TeOPEMbI yna 1 HEKOTOPBLIM CJIEJICTBUAM M3 I3TOI'O peE3yJjibTaTa. HaHOlVIHI/IM, 9TO KJlacC-
CHYIeCKasl TeopeMa yﬂa YTBEPKIA€T BBIINTYKJIOCTH U KOMIIAKTHOCTDL 3aMbIKaHWA 06pa3a
BEKTOPHOII Mepbl (CI/IJ‘IBHO) OI'PAHUYCHHON Bapualuy B IIPOCTPAHCTBAX CO CBONMCTBOM
Pamona-Hukoanma. Tak:ke m3BecTHO, 9TO caaboe 3aMbIKaHMe o0pas3a BEKTOPHON Mephl
CO 3HaYEHUEM B JIIOOOM MMPOCTPAHCTBE BBIMYKJIO U cjiabo KoMmmakTHO. Ham B Kitacce Oa-
HAXOBBIX IIPOCTPAHCTB, MMEIONIX AaHTUKOMITAKTDI (TaKue IPOCTPAHCTBA MOI'YT HE UMETh
cpoiictBa Pajiona-Hukonnma), yanoch BBLIEIUTE KIACC BEKTOPHBIX MEP, JJIsi KOTOPBIX
c1aboe 3aMBIKaHIE MOXKHO 3aMEHHUTH Ha HEKOTOPBIN CEKBEHITMAJIBHDBIA THUI 3aMBIKAHUA.
Bseném mongrue Ty-cxoauMocTu mocieaoBarebaocTu, riae 1o C E* — caérHoe ToTasib-
HOE IMOJAMHOXKECTBO JIMHEHHBIX HEIPEPBIBHBIX (DYHKIMOHAIOB B E.
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Onpepesenne 2. Byjaem roBoputs, 9T0 HOCIE0BATENBHOCTD { Ty }02 1 To-crodumes K
x € E, ecn lim l(x,) = {(z) VI € E*.
n—oo

[Ipeapinyiiee onpeesieHne KOPPeKTHO (IIPees eIMHCTBEHEH) B CHJLY TOTO, YTO MHO-
xkectBo T Toranbho B E (paszensier snements! u3 E). B kadecTse HarsiHoro npuvepa
TaKO! CXOAMMOCTH MOXKHO TIPUBECTH IIPUMED ITOKOOPANHATHON CXOTUMOCTHU B IIPOCTPAH-
CTBaX YHCJIOBBIX IIOCJIeg0BaTenbHOCTE ¢o 1 £ (1 < p < 00). Beeném rakske momsitue

Ty-3ambikanust MHOkecTBa A C F.

Onpenenenune 3. Hazosém Tj-samvirarnuem Muooxkectsa A C E Takoe MHOXKECTBO
A C E, aro Vx € A cymectByer Tp-CXOAsIIAsCs K X IIOCJIEI0BATEIbHOCTD {Xy 100 | C A.

OKa3bIBaeTCsI, YTO MOXKHO IOJIYUNTH aHAJOT TEOPEMBI Yia IJIsi OrPAHUYEHHBIX BEK-
TOPHBIX MEP C UCHOJIb30BaHUEM 1 (-3aMbIKAHUMN.

Teopema 2. [Tycmo E umeem cuemmoe momasvHoe nooMHONCECTNBO AUNETHHLT Henpe-
poeHvir Pynryuonanos Ty C E*, ﬁ Y = E — b6esamomuan 02paHUuUMEHHAA MEPa.
Tozda caaboe Ty-3amvixarue ﬁ(E) BHINYKAO U OMHOCUMENBHO CAabO KomnaxmHo 6 F.

ITepes noKa3aTEILCTBOM STOTO pe3ysbTaTa IPUBEAEM HEKOTOPBIE BCIOMOTaTe/bHbIE
nousTus u pesysabrar u3 |13, 14, 15]. Ilycrs ¥ — HekoTopast o-ajarebpa MojMHOXKECTB S
(3T 0bo3HAUEHUs OyeM ucnonb30BaTh gastee). Hamomunwm ([16], ctp. 104), aro noanot
sapuayuets 6ekmoprot mepv, v : 3 — E OTHOCHTEIbHO HEKOTOPOi HENPEPBIBHOI IOJTy-

HOpMEL || - || B E HasbiBaercs orobpazkenue | v |1 ¥ — [0; +00], KoTopoe ompejessiercs
PaBEHCTBOM

n

V|(A) =sup ) _[[v(Ap)l| VA€, (1)

k=1
rje cyupemyM Gepércsi o BceM KoHedHbIM Habopam {Aj, Ag, ..., A,} C X takum, urto
n
U Ax C A. Jlerko npoBepuTh, 94T0 0TOOparXKeHue | v | — KOHeuHasl CYETHO-a [JIUTUBHAST
k=1

nostoKnTe/IbHas Mepa Ha L (cM. [16], crp. 104). O6osnaunm wepes V (S, E') MHO)KECTBO
BCEX BEKTOPHBIX Mep v : 3 — FE (¥ — o-anrebpa HOIMHOXKECTB S), KOTOPBIE MMEIOT
KOHEYHYIO HOJIHYyI0 Bapuanuio | v | (S) < 00 0THOCHTEIBHO HEKOTOPOIl HEIPEPBIBHOM 110-
aysopMmsl || - || Ha E (cm. (1)). Bynem obosuadars yepes Ec = (span C, || - ||¢) 6anaxoBsr
POCTPAHCTBaA ¢ HOpMaMH || - ||¢, paBabIMEI dyHKIMOHAIAM MEHKOBCKOIO abCOIIOTHO BbI-
nykJbix KoMnakTos C' € C(E). 91u npocrpancTBa ObLIN BBEJIECHBI U JETATIBHO U3y IaJIUCh
I.B. Opnossiv (cM., mHanpumep |13, 14]).

Onpenenenne 4. Byjiem roBopurb, 4ro v uMeer (CusbHyl0) KOMNAKMHYIO 6aPUAUUIO
Ha S, ecm cymecrByer kKomnakT C' € C(FE) takoit, uto v : ¥ — Ec u v € V(S, E¢).
IIpumem obosnavennst: v € Vi (S, E), | v |¢ — mosnas Bapuanusi BEKTOPHOH MepbI v

OTHOCHTEJILHO HOPMHI || - || ¢
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st Toro, 4Tobbr chopMynmupoBaTh HEOOXOAMMBINA pesyabraT u3 [15], Ham moTpe-
Oyercst HoBasi xapakTepucTuKa st Mep v € Vi (S, E), a umenno — (cuavraa) xom-
NAKMHAA AOCONOMHAA HENPEPLIEHOCTND OTHOCUTEILHO KOHEUHON YHUCIOBOII MepPBI [t Ha
Y. O6osnaunm uepes AC(S, E) MHOXKeCTBO BCeX BeKTOpHBIX Mep v € V/(S,E), 06-
JIQJAIONIUX CBOMCTBOM OOBITHON aAOCOAMOMHOT HENPEPLIGHOCTNU BEKMOPHOT MEPbL OM-
HOCUMEAbHO i, TO eCThb TakmX, 4ro Mepa |v| < p (u(A) = 0 = [v|(A) = 0 wm

Ve>030>0: (u(A) <0)=|v|(4) <e).

Ounpenesienne 5. Byjem rooputh, uro BekTOpHasi Mepa v € Vi (S, FE) (cuavno)
KOMNAKMHO abCONOMHO HENPEPLIBHA HA S OMHOCUMENLHO (1, €CJIU CYIIECTBYET TaKOH
komnakt C € C(E), uro v : ¥ — Ec u v € AC(S, Ec). Ilpumem ob6o3naueHue:
v e ACk(S, E). Ilpuseém BazkHbIi BCLiOMOraTeIbHBINA pe3yibrar u3 [15].

Teopema 3. Ecau v € ACk (S, E), mo natidémes maxoe unmezpupyemoe no Boxnepy
omobpascenue f: S — E, wmo VA € 3 sepro

v(4) = (B) / F(t)du(t). 2)
A

Ilepexomum K H0Ka3aTEIbCTBY TEOPEMBI 2.

HokazaresnbcTBo. 1) Bekropuas Mepa p umeer ¢1abo OrpaHUnIeHHY 0 BAPUAIIUIO BBUJLY

eé OrPAHMIEHHOCTH U TOrO, YTO BCSKUH orpammdentsii qucuosoit sapsig £( 1) () (¢ € E*)

uMeeT orpanmuennyo sapuanuio. Obosmadum depes ¢ = V ({,(7))(S) nonubie Bapua-

MU 3aPSII0B Kk(ﬁ), Uy, € Tp. BeibepeM 9nCIOBYIO TIOC/IEI0BATEIBHOCTE N — +00 TaK,
<k

o0
Y9TOOBI TI0CJIEI0BATEILHOCTh {n—k} ObL/Ta, OTPAHUYIEHHON U PACCMOTPUM MHOXKECTBO
k=1

~ U (x
C:{xEE sup k()él},
keN | Mk
a TaK¥Ke IOPOXKIEHHOEe C 6anaxopo npocrpanctso Ex = (spcm 5, pé(-)> (rs(-) —

dynkmmonan MunkoBckoro, mopoxaéunptii C'), Ef = lw.

He ymenbmmasi obmuocT paccyzkaenuii, oymaem mosarars, aro ||Tp|lgp« < 1. Iycrs
B C F — mpoun3BosbHOE OI'paHIMYIEHHOE MHOXKeCTBO. [lokaxkeM, ITO OHO COmEPKUTCI U
IpeJKOMIIAKTHO B E5. B cuny n — oo cymecrsyer L > 0 takoe, 910 n—lk < L w nostomy

Ve € B
()
ng

sup < K- [[gllg - |z,

Te. B C EC" IIpenkovmmnakTHOCTE Ke B B Eé BBITEKAET U3 TOIO, IIOCJIEeI0Ba-

4 4 4
TEJIbHOCTH (l 1(w)|’ | Z(x)l,..., | k(x)‘) PABHOMEDHO 110 & € B orpaHuvYeHbl 3JIEMEHTOM
ni no ng
11 1) ¢ ( 6 ). U
R e T co (91O ObecreunBaEeT MPEIKOMIIAKTHOCTD MHOXKECTBA B {o). VTaK,

C eC(E).
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2) Hamnee, ﬁ MMeeT OrPaHUYeHHYIO Bapualio B npocrpancrse Es. JleficrBurensho,
VAeX

C:

I (A)llz = sup —

© k Nk E [Tk

B cuity BbIGopa {ny}p- ;. BBeném na ¥ Takyio 4ucioByio Mepy

pig(A) = sup wk(ZZKA),

e [6,(70)|(-) — nommas Bapuanus ancaosoro sapsia (7). Scmo, 4To BeKTOpHAS Mepa

abCOIIOTHO HempephIBHA OTHOCHTENBHO fi5. Taxske Mepa |0x(1)| Besaromua BBHLY
6e3aTOMHOCTH ﬁ

Torga 7/ mMeeT KOMIAKTHYIO BADHAIIO B Eg. Bonee Toro, ecimm 0603HaunTh Hepes
17| &(+) moyHyIo BapHaIMIO BEKTOPHOM MephI 7 B mpocTpaHcTBe E, TO HeC/I0XKHO TIo-
HSTH, YTO BEKTOPHAS Mepa [ aGCONOTHO HEIPEePbIBHA OTHOCHTEIHHO YHCIOBOH MepbI
|7|5() CuenoBarenbuo, I € ACk (%, E5) u mostomy 7 upejcTaBUMA B BHJAC B BiI-
Jie Heolpe/eJéHHOro uurerpaia Boxmepa mo Teopeme 3. JlokasbiBaeMoe yTBEPK/ICHHE
Terephb BHITEKAET M3 BBIILYKJIOCTH 00pa3a BEKTOPHOIT MepBI, IPECTABIMOIl B BH/IC NHTE-
rpaia Boxuepa (cum. [5], crp. 266, nokasaresnbcrBo Teopembr 10).

3) Ocraéres pacemorpers Muoxkectso M( 1) = cofd (8) N 7 (Z) B (coA — BblmykIIast

obomouxa muozkecTsa A, 11 (3) . — SAMBIKAITHE MIOKECTBA I (2) B npocrpancrse E &)
DTO MHOXKECTBO BBIIIYKJIO KaK [EPECEYCHIE BBITYKJIBIX MHOXKECTB U IIPU 9TOM COJEPIKUT
Bee Tp-TIpenelinl IoCaeI0BATEe/ILHOCTEH U3 7(2)

Ornocurenpuas cabas KoMIakTHOCTh Th-3ambikanus M (1) muoxecrsa i (X) Bbi-
TeKaeT U3 M3BECTHOIO PE3y/IbTaTa OTHOCHUTEIHHON CJ1aboil KOMIIAKTHOCTU CAMOIO MHO-
xecrsa [ () [5]. Teopema sokasana.

WNurepecnoe ciieicTBUE MOYXKHO OTMETHTD, €CJIU PACCMOTPETH IIPOCTPAHCTBA YUCIOBBIX
nocretoBaTenbHocTedl ¢ 1 £y, (1 < p < 00). Kak usBecrno [6], B Takux mpocTpancTBax
cJabasi CXO/IMMOCTD TIOCIE0OBATEIHLHOCTH PABHOCUIBHA €€ OIPAHUYIEHHOCTH U TIOKOOD M-
HaTHO# cxojaumocTu. [losToMy B 3TOM KJtacce mpocTpaHcTB Tp-3aMbIKaHUE B TeopeMe 2
MO2KHO 3aMEHUTh Ha CTAHIAPTHOE CEKBEHIHAJIbHOE ciaboe 3aMbIKAHUE.

Teopema 4. I[Iycmv E = ¢y uau E = £, (1 < p < 00) u 6esamomnan mepa n:L > E
oepanunena. Tozda caaboe cexsenyuarvnoe samvikarnue [ (X) 6bNYKAO U OMHOCUMENLHO
crabo xKomnaxmmo 6 F.

Bosuukaer BOmpoc 0 TOM, MOXKHO JI B MPEIBIIYIIAX PE3YIbTATaX 3aMEHUTL Or'pa-
HIUYEHUsT Ha KJIACC TMPOCTPAHCTB E KAKMMEU-TO yCIOBUSIME Ha caMu Mepbl! Ecmm 3 —
CYETHO-TIOPOXKIEHHAsT o-ajrebpa (HampuMep, Takoil Oyaer o-ajarebpa 6GOPeIeBCKUX MO/
MHOYKECTB BEIIECTBEHHOIO OTPE3KA), TO HA TAKOW BOIPOC MOXKHO HPEJJIOKHUTH OTBET B

BuU/ie cjaeayromero pesyjabTrara.
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Teopema 5. Fcau X — cuémmo-nopootcdénnas o-ar2edbpa u 06e3amomnas 6eKmMopHasL,
Mepa ﬁ : Y — E umeem (Cuavmo) 02panuMenHyI0 6aPUALUI0 6 HEKOMOPOM BaHATOE0M
npocmpancmee E. Toeda mmoorcecmeo ﬁ(E) noepyoicaemcs 6 nodnpocmpamncmeo Ey C
E, umerowee cuémmnoe momansvbHoe MHOACECTNEO AUHETHBLL HENDEPBIEHBLL PYHKUUOHALO08
Ty € Ej u Ty-samvixanue ﬁ(E) BUINYKAO U OMHOCUMEALHO CAGDO KomnaxmHo 6 Ey.

okazareabcTtBo. O6Go3HAYNM Yepe3 |ﬁ|() LIOJIHYIO BAPHAIMIO BEKTOPHOIl Mepbl [ .
Acno, [To |ﬁ\ — YucjioBasg Mepa Ha Y. BBUIY CUETHO-IIOPOKIEHHOCTU Y. CYIIECTBY-
er cuérHas cucreMa MHOkecTB ® C 3 rmakasi, 4uro jyisa joboro A € Y cyrecTBy-
eT 1ocJe0BaTeIbHOCTE MHOXKeCTB {Ap}>°, C @ rakas, yto A C A, Vn € N u
17Z|(A) = lim_ |7 |(A). CnenoBarensuo,

17 (An) = (A = [T (AN < [H(A\A) = [7](An) = [H](A) = 0 upu n — oo,

T.e. 7 (®) — cuérnoe miornoe B 7 () MHOXKeCTBO i 1105TOMY L (X) COIEPKUTCS B HEKO-
TOpPOM cernapabesibHOM moarpocTpancTse Fy C E. A B npoctpancTBe Ey yKe CyIIeCTBY-
€T CYETHOE TOTAIBLHOE MHOXKECTBO JIMHEHHBIX HEIPEPLIBHbIX (yHKInonasos. Ocraéres

JIUTITH TPUMEHUTH TEOpeMY 2.

OrmeTnM, 9TO ecyin g-ajrebpa Y He sSIBJISIeTCS CYETHO-IIOPOXKIEHHOM, TO BOIPOC CY-
MIECTBEHHOCTH OTPAHUYECHHSI Ha KJIACC MPOCTPaHCcTB B 1moka ocTaércst OTKPBITHIM.

SAKJIIOUEHUE

B macrosimeit pabore Mbl ¢ HCIIOJB30BAHUEM CHCTEMbI aHTHKOMIIAKTOB, BBEIEHHON
panee B |[11] gokazaiam aHasor u3BeCTHOrO pesysbraTa [5| 0 BBITYKJIOCTH U CJ1ab0i KOM-
MAKTHOCTH CJIaDOTO 3aMbIKAHUST MHOXKECTBA, 3HAUEHU I BEKTOPHON MEPBI, 3aMEHUB CJ1aboe
3aMbIKAHIE MHOYKECTBa 3HAUYEHUN MEPbl Ha HOBBIII CEKBEHIIMAJIbHBIN THI 3aMbIKAHAST —
Ty-3aMbIKaHMe 3TOro MHOXKecTBa. Kak 0Ka3a/ochb, 3TO BO3MOXKHO IPU YCJOBUU CyKe-
HUsI PACCMATPUBAEMOrO KJiacca 6aHAXOBBIX IPOCTPAHCTB (IIPOCTPAHCTBO JIOJXKHO UMETh
CUETHOE TOTATBLHOE MHOYKECTBO JIMHEHHBIX HEIPEPBIBHBIX (DYHKINOHAJIOB). B HEKOTOPBIX
ciaydasx Tp-3aMbIKaHUEe MOXKHO 3aMEHUTDL Ha, OOBIMHOE CEKBEHIIMAIbHOE CJIa00e 3aMbIKa-
uue. s cITHO-TIOPOXKIEHHBIX 0-ajaredp MOKa3aHO, UYTO JIOIOJHUTEILHOE YCJIOBHE HA
KJ1acC GAHAXOBBIX IIPOCTPAHCTB MOXKHO OTOPOCUTH JIJIst MeP (CHJIbHO) OrpaHUYIeHHON Ba-
pUaIum.
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CekBeHIliaJibHA BepCisd TeopeMu VYJia IIPO OMYKJICTh Ta KOMITaKT-
HiCcTb 00pa3y BEeKTOPHUX Mip. VY pobomi po3susaromuvcsa 0ocaidocens meo-
DI ANMUKOMNAKIMHUL MHOACUN, (GHIMUKOMNAKMIE), AKi 66€0eH0 HAMU DAMi-
we. Onucano xaac bAHATOBUT NPOCMOPIG, Y AKUL ICHYIOMb AHMUKOMNAKIIU.
Zlaa maxux npocmopie 66edeno Hosuli CexBEHUIANLHUT MUn 3amKHents — To-
3amrHerHs mroscunu. Odeporcano ananroe meopemu Yia npo onyksicms obpady
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BEKMOPHUL MID, KOMPUT CMEEPINCYE ONYKAICMD MG BIOHOCHY CAGOKY KOM-
naxkmuicmy Ty-3amrnenns obpady obmescernor 6e3amommoi 6eKmMopHol MIpU
Yy nmpocmopi, axull mae awmuxomnaxm. Iloxasano, wo y eunadky 3aiuerno-
nopoodscenot o-anzebp ¥ d0damro6i 6UMO2YU HA KAAC POCTNOPIE MONCHG HE Ha-
KAadamu, AKUWO GEKMOPHA MIPE MAE CUALBHO OOMENCENRY BAPIAULIO.

Koio4uoBi cioBa: aHTHKOMIIAKT, TOTaJIbHA MHOXKHWHA JIHIHHUX HeIepBHUX (YyHKIIO-
HaJIiB, 6€3aTOMHA BEKTOPHA Mipa, TeopeMa Yiia, Tp-3aMKHEHHsI, CEKBEHITiaTbHEe 3aMKHEH-

Hel, BiHOCHA Cj1a0Ka KOMIIAKTHICTD.

Sequential version of Uhl Theorem on convexity and compactness
for vector measure range. There is the well-known Lyapunov Theorem about
convezity for the range of a non-atomic vector measure [ : ¥ —s R"™, where
Y is a o-algebra of subsets of some space Q0 [1|. But Lyapunov Theorem, in
general, are not valid for vector measures taking values in infinite-dimensional
Banach spaces |1, 5, 6. There are different analogs of Lyapunov Theorem
for infinite-dimensional Banach spaces. We mention that for each non-atomic
vector measure fi : ¥ — E (E — Banach space) a weak closure of the set 1 (3) is
a convex and weakly compact set [5]. In our paper we prove that a sequentially
weak closure of the set ﬁ(E) 1s convex and relatively weakly compact for all
non-atomic measures fi : X — E of bounded (strong) variation in special class
of Banach spaces E. We use the system of anti-compact sets introduced by us
in [11]. We start with the anti-compact set definition. Denote by Qqc(E) the
collection of all closed absolutely convex sets in Banach space E.

Definition 1. C € Q. is anticompact set in E if:

(i) pa(a) =0 <= a=0inE (or, N A-C = {0});
A>0
(ii) each bounded set A C E includes in some space Ex = (span C, pg(+)) and

A is a precompact set in this space. Here ps(-) is a Minkovskiy functional of
absolutely convex set C C E. Also we suppose that E# is complemented by the

norm | - |z = pg(-)-

Denote by C(E) the collection of anti-compact subsets of Banach space FE.
We describe the class of Banach space E with anti-compact sets.

Theorem 1. A Banach space E has an anti-compact set iff there is a linear injective
and continuous operator A : E — (.

Corollary 1. A Banach space E has an anti-compact set iff E has a countable set of
total linear continuous functionals.



CekBeHuMansHas Bepcust Teopemsl Vna 111

Anti-compact sets exist in each separable Banach space, spaces ls,, Loola;b).

But there is no anti-compact set in the space l2([0;1]) of real functions with the

1/2
norm || flle, = < > @) .

te[0;1]
And we pass to sequential analogs of Uhl’s Theorem on converity and
compactness for vector measure range. We start with auxiliary definitions. Let

To = {lr}32, C E* be a total set of linear continuous functionals on E.

Definition 2. Say, that a sequence {z,}°2, Ty-converges to x € E if Y/ € Ty
lim ¢(z,) = £(x).
n—o0

Definition 3. If Vz € A there is a sequence {zp}22, C A C E: lim {(x,) = {(x)

n—o0

V¢ € Ty then we say that Aiss To-closure of a set A C E.

Theorem 2. Let E be a Banach space with countable total set of linear continuous
functionals Ty C E* and non-atomic bounded measure 7 : 2% — E. Then a Ty-closure
of 7(2) 1s a convex and relatively weakly compact set in F.

Theorem 3. For £ =cy or E=1{,, (1 <p < o0) and non-atomic bounded measure
ﬁ : Y — FE a sequentially weak closure of ﬁ(E) 15 a convex and relatively weak compact
set in E.

Theorem 4. If ¥ is a countably-generated o-algebra and non-atomic measure

W Y — E possesses (strong) bounded variation in Banach space E. Then a set ﬁ(E)
includes in a subspace Ey C E with a countable total set Ty € E and a weak Ty-closure
of ﬁ(Z) s a convex and relatively weakly compact set in Ej.

Keywords: anti-compact set, total set of linear continuous functionals, vector
non-atomic measure, Uhl Theorem, Ty-closure, sequentially closure, relative weak
compactness.
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AHAJIOT TEOPEMBI JIAIIYHOBA O BBIIIYKJIOCTU
TIJISI e-KBA3BUMEP U ET'O IIPMJIOKEHU S K
3AJIAYE O PA3JIEJIE PECYPCOB

B dannoti pabome npodoarncaromea HAUGMbE HAMU paree UCCACIOBUHUA 3a-
dayu 0 paddene Pecypcos nPu Ycao8ul NPeHedpescerus doCmamotHo MasblMi
BENUNUHAMU. B6eJEH HOBVIT AHAN02 TOHAMUL MEPBL MHOHCECTNEL — MOHAMUE
e-k8a3umepnl. Jas e-xeasumep doxadan anasoz meopemor A.A. Jlanynosa o
BHLINYKAOCTNU 00pa3a 8eKMOPHOU E-K8a3umepsl 6 hopme Ksasusvinykiocmu. Ha
6a3€ NOAYUEHHO20 PEZYALIMANG NOKAZAHA PA3PEWUMOCTVG 34044 O CNPABEDNU-

80M pazdene Pecypcos, NPUUEM He 00A3AMENLHO 6 PAEHBIT OTVHOUEHUAT.

KiroueBnie ciioBa: e-kBasuMepa, 3aja49a 0 pasjiese COKPOBUII, MOHOTOHHOCTD, ITPOMe-
KYTOUYHAS HEIPEPLIBHOCTDL, HEIPEPLIBHOCTL CBEPXY, KBA3UBLIIYKJIOCThL, TeopeMma A.A.
JIsiryHOBA.

BCTVIIIEHUE

MBI 94aCTO CTAJIKUBAEMCsI C BOIIPOCAMU PACIIPEIeIeHIs] KAaKUX-JIU00 IPEIMETOB, PECY -
COB; 9TH BOIIPOCHI HEPEJIKO BBI3BIBAIOT CIIOPHI. 3a/1a1a O CIIPABEIJINBOM pa3Jlesie PecypcoB
(cokpoBuIl) m3ydaercst MareMarukamu, HadanHasi ¢ 1940-x rogos. WmeitHoit 6a30it s
9TUX UCCJIEJIOBAHNIN, KaK IPAaBUIIO, ciy:kut pabora A. A. Jlsmuynosa [1], B KoTopoii joka-
3aHa TEOPEMa O BBIIIYKJIOCTH 00pa3a BEKTOPHON MEPHI B KOHETHOMEPHBIX ITPOCTPAHCTBAX.
[Toszke nosisuines padorsl Heiimana [2] u [ reiinraysa 3], B KOTOPBIX paccMOTPEHBI IPU-
JIOYKEHUsI OCHOBHOTO pe3ysbrara JIdamyHoBa K 3ajade 0 paszeie COKPOBHIIN (PeCypcoB).
Basiady o pasjiesie pecypcoB MOXKHO ¢(hOPMYJIMPOBATH CJIELYOImuM obpazom [2].

3ama4va. Banga uz n XKaIHBIX, HO YeCTHBIX PA30OMHUKOB KeIaeT Pa3ae/nThb J00bITy
noposuy. [Ipn 3ToM Karkiplii n3 pa3bOMHUKOB MOIXOIUT K OIEHKE COKPOBHIIL CO CBOE

IHepBbIﬁ aBTOp nojyiep:kan rpaaToM AP KpeiM myis mostonbix yuénbix Kpeiva 2014 roga
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MEpPKOif, TO eCTb, IOJMHOYKECTBA COKPOBWUIIN, KayKJIbIil 13 pa3b0MHUKOB OIEHUBAET I10-
csoemy. O1eHKY JacTeil cunraeM HeOTpHUIATEIbHOM. [Ipn Kakux yc/IoOBUSAX Ha JOObIYY U
GYHKIUU MHOXKECTB, UCIIOJIb3yeMble pa30oifHUKaMu, TaKoil pasjesn Oyaer BO3MOKHbBIM?

B usBecrHOM pesyibrare [2, 3| 0 paspenmMocTi Takoii 3a1a9u IPeInoJIarajiochk, YTo
JIUIsE OIIEHKU COKPOBHIIL MCIOJIb3YIOTCSI MepbI, a J00bIua GeCKOHEUHO JesnMa (KazKIblit
pasboOfHUK MOYKET pase/]uTh MHOXKECTBO Ha IIPOU3BOJLHOE UHCJIO YacTell, PaBHBIX C
ero Touku 3penust). [Ipobjeme clpaBeyInBOro pasjesa pecypcoB MOCBSIIEHO MHOMKe-
crBO pabor pabor (cM., manpumep [4] — [13]). Kak mpasuio, B 3ajadax Takoro poja
CUYMTAIOT, YTO YYACTHUKY CIIOPA UCIOJIL3YIOT MOHOTOHHBIE, aJ/INTUBHDIE, BEPOATHOCTHLIE
MepBI JIJIsI OLEHUBAHUs JacTeil JemMbix 00beKToB. OHAKO MOXKHO BCTPETUTL PabOTHI,
B KOTOPBIX /IS MOZEJUPOBAHUS COOTBETCTBYIOIINX 3a/a9 PACCMATPUBAIOTCS TAKKe 1
Hea ITUBHBbIE QYHKIMKM MHOXKecTBa (Hampumep [13, 13]).

Vcnosib30Banne Mep TakzKe HEBO3MOXKHO B CJIYYasaX NPEHEOPEXKEHUs JOCTATOTHO Ma-
JILIMA MU GOJIBITIME MHOXKECTBaM, IIOCKOJIbLKY BOZHHKAIOIINE TP 3TOM (DYHKIUH MHO-
JKECTB TepsIIOT aIATHBHOCTD. Takas IOCTAaHOBKA 3a/a4i O pasjelie PecypCcoB PacCMaT-
puBaJjach B HejaBHel pabore [15| ¢ ucnosb30BaHMEM OHSATUS KBA3UMEPHI MHOXKECTBA.
Onnako npeioxkeHHblil B [15] moxo K mpobsieme He TO3BOJINI TOJIYIUTh AHAJIOD TEO-
pembl A. A. JIsnyHOBa O BBITYKJIOCTH JIIsl KBA3UMED U BBUJLY 9TOIO HE YIaJI0Ch JJOKA3aTh
BO3MOYKHOCTH pa3jiesia 00beKTOB B JII0OOM OTHOIIEHWH, & TOJBKO JIUIIb Ha PABHBIE Ya-
cTu. YerpaHeHue JJAHHOIO HEeJIOCTATKa HallpaB/ieHa HacTosmas pabora — ojHa U3 1ejei
JAHHOI PabOTHI.

B paszuene 1 paborTbl HAIIOMHUHAETCS MOAXOJ, K IIOCTPOEHUIO aHAJOra HMOHATHS Me-
pbl (kBasumepbl) u3 paborer [15]. B pasmene 2 BBomurcst Gojiee CUIbHOE TOHSITHE —
£-KBas3uMepa MHOXKECTBA U JIOKa3bIBaeTCst anaior reopembl A.A. JIAyHOBa O BBIYKJIO-
ctu obpasa Jjisi BEKTOPHBIX £-KBasumep B ¢dhopMme KpasubbliykiocTu (teopema 4). Ha
6aze MOJIYYEHHOTO Pe3yJibTraTa B pasjiesie 3 yCTAHOBJIEHA Pa3pEeIIMMOCTD 3aJa49d O pas-
JleJie PECypCoB TIPH YCJIOBUU HMCIIOJIB30BAHUS KAXKIIM JIUIOM &-KBa3UMep JIJIs OIEHKN
qacreil JeimMbIx 06beKTOB (Teopema 6).

1. TIOHATUE KBA3BVMEPLI MHOYKECTBA. [IPUMEPHI KBA3VMEP

Hanomuum nonsitue kBasumepst u3 [15]. liist sToro cHavasa npuBeéM BCIOMOTaTe b
Hble TTOHSITHSI.

Onpepenenne 1. Oynknusa muoxkecrtsa (P 3 A — p(A) € R) p Ha3bIBaeTCS MOHO-
ToHHOM, eciiu VA, B € ®: AD B p(A) > p(B).

Taxeke MBI ucHosib3yeM aHaJjior cpoiictBa JlapOy, KOTOpoe HA3BAHO HAME IIPOMEKY-
TOYHOI HENIPEPBIBHOCTHIO.
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Onpepenenne 2. Ilycrs p — dbyukuusa muoxkecrtsa (P 5 A — p(A) € R). Byuem
Ha3bIBaTh €€ IIPOME2KYTOYHO HeIlpepbIBHOIM, eciu 1yt VA, B € & : A C B,
p(A)=a(a>0), p(B)=b (b>a) Vee (a;b)3C € ®:p(C)=¢c, ACCCB.

B pabore Tak:ke OymeT HCIIOIB30BAHO U KJIACCUIECKOE CBOWCTBO ITOJIyHEIIPEPBIBHOCTH

CBEPXY.

Onpepenenne 3. Oyuxrus muokectsa p (P 3 A — p(A) € R) HasbIBaeTcst MOJIY-
HeIIpepbIBHOI cBepxy, eciau st VA1, ..., Ay, - € P: A1 DA D--- DA, D ...

[ee]
p (ﬂ An) = Jim_p(An).
n=1
[Tpuseénm Tenepb HOHsITHE KBa3UMeEPbI U3 paborsl |15].

Onpenenenne 4. Ilycrb B HEKOTOPOM IpOCTpaHCTBE (IIPOM3BOJBLHOM MHOXKeCTBE) R
3asiaHa cucrema MHOkecTB @ n Ha O 3amana dyskius p (P> A — p(A) € R).

Byzem roeopurb, 4To p — KBasumepa, eciin:

1.VAe ®: p(A) > 0; p(@)=0;

2. p MOHOTOHHA TIO ONIPEJIEIEHNIO 1;

3. p IPOMEKYTOUHO HENPEPHIBHA O ONPEJIETCHUIO 2;

4. p MoJIyHENIpEePBhIBHA CBEPXY IO ONPEIETEHAIO 3.

Paccmorpum HekoTOpbIe IpUMephl KBa3uMep HAJ CHUCTEMON MHOXKECTB, KayKJ0e U3

KOTOPBIX fABJIAETCA 06'b€ILI/IHeHI/IeM OTPE3KOB Ha HpHIVIOIU/I.

® = { U [amaﬁm) ‘ amaﬁm € R, [O‘k;ﬁk) m[amaﬁm) =9 (k 7& m)} , Tne R = [05 1)-

m=1

DTa cucreMa ABJISIETCSI MOHOTOHHBIM KJIACCOM MHOYKECTB.

IIpumep 1.
n n
n S Bm — aml|, ecom > B —aum| =€
P:* U [am§/8m) =¢m=l mn:l )
m=1 0, ecin Y, |Bm —am| <&
m=1
€ — PUKCUPOBAHHOE YNCJIO, € > 0.
IIpumep 2.
n 2 n
: (£ 1 -anl) o e 35 18— anl>¢
2 [m; Bm) | = m=1 m=1
p2 | U looms Bm = :
m=1 0, ecn Y |Bm —am| <eé
m=1

€ — dukcupoBaHHOEe YHCIO, £ > (.
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0 ¢ Il

Puc. 1: nwmocrparusa K npumepy 1

IIpumep 3.
n
1 n ’/Bm_am7 €cJin Z ’/Bm_am‘ 25
p2 | U lamiBm) | = ! m=l ,
m=1 0, ecin Y, |Bm —am| <€
m=1

€ — dukcupoBaHHOE YHUCIIO, £ > (.

OTHU PUMEPBI MOJEIUPYIOT BBIMIEYIIOMSAHYThIE CATYAIIUN IPEHEOPEKEHUS «MAJIBIMU»
MHO2KecTBaMu. [Ipu 9TOM Bce BhIllIeyKa3aHHbIE KBA3UMEPBI He Oy/IyT MepaMi, TaK KaK He
YJIOBJIETBOPSIIOT CBOMCTBY aJJIMTUBHOCTH. DTO MOXKHO JIETKO OOHAPYKUTb, €CJIU B3HATh
JIBA MHOYXKECTBA, KarXKJ0€ U3 KOTOPBIX UMEET HYJIEBYIO OIEHKY, HO OObeUHEHIE KOTOPBIX

nMeeT HEHYJIEBYIO OIICHKY.

2. ONPEAEJIEHUE e-KBA3VMEPHI U AHAJIOT TEOPEMBI A.A. JIAIIYHOBA

Ha 6a3e nonsiTust KBasumepsbl B pabore [15] yaanoch jjoka3arh paspernmmocThb 3a/1a4m
0 paszesie PecypcoB B PABHOM OTHOIIeHuu. B HacTosmeit paboTe cTaBuTCs 3a/1a9a Tak
BBECTH aHAJIOT TIOHSITUSI MEPBI JIJIsT OTEHKH YacTell JTeTMMBIX PECYPCOB, ITOOBI yIaI0Ch
MOJTYIUTh BO3MOXKHOCTH CIIPABEIJINBOTO pa3/iesia He TOTHKO B PABHBIX OTHOIIEHUSX, HO
U B pa3auIHbIX. [[/1sT 5TOT0 HEOOXONMO TOMYYNTh (PYHIAMEHTATBHBIN pe3yabTaT —
anayior TeopeMbl A.A. JlsmyHoBa 0 BBIMYKJIOCTH 06pa3a Mephl B KakKoi-To ¢dopme. A
JUIs TaKOH 3a/ia4qu yKe MOHsTHE KBasuMepbl u3 15| He moaxomut. B Hacrosimem pas-
Jiesie paboThl MBI TIPEJITIOYKUM AHAJIOT MOHSITUST KBA3UMEPDI, KOTOPBIH TO3BOJISIET YYECTh
npeHeObpeskeHne «MaJbIMI» MHOYKECTBAMU U TIPU STOM COXPAHUTH B HEKOTOPOM CMBIC/IE
CBOICTBO auTUBHOCTH. HauHuéM ¢ ompeie/ieHust MOHITHsI £-KBA3UMEPhI MHOKECTBA.

Onpenesnenne 5. Ilycrs B HEKOTOPOM MpocTpaHCcTBe (IPOU3BOJIBHOM MHOXKECTBE) R
3ajiana cucreMa MHoxkectB ¢ u Ha O 3amana dyukmusa p (¢ 5 A — p(A) € R).
Bynem roBoputs, UTo p — e-KBasumepa, eciu:
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1.LYAe ®:p(A) =0; p(@)=0;
2. p MOHOTOHHA TIO OIPEJIEIEHHIO 1;
3. p IPOMEKYTOUYHO HENpPEPbIBHA IO ONPEJIEICHUIO 2;

4. p moIyHenpePBIBHA CBEPXY IO OMPEIeIeHUIO 3;

5.VA,B: p(A) 2 e,p(B) 2 ¢,ANB=2: p(AUB) = p(A) + p(B).

CBoiicTBO 5 MBI HA30BEM € -K6a3uaddumustocmsvlo. Kak MOXKHO 3aMETUTh, CPEIA PAC-
CMOTPEHHLIX BBIIIE IIPUMEPOB 1 — 3 TOJBLKO oToOparkeHne u3 mpuMepa 1 OyIeT yaoBJie-
TBOPATDH OIIPEIACJICHUIO E-KBa3UMEPbI.

OcHoBHas 3aa4a JTaHHOTO pasjesa paboThl — IOJYyYUThH aHajor teopema A.A. Jls-
IIYHOBA O BBIMYKJIOCTH 00pa3a BEKTOPHON e-KBasuMmepbl. Haumém co BcroMorarebHOro

pesyabraTa. Beiogy Mbl mostaraeM, 9To ¢ — MOHOTOHHBIN KJ1acC MHOXKECTB.

Teopema 1 (Teopema o dsyx muoorcecmsax). [ycmo p — e-keasumepa, A € & u p(A) =
C, C > 2e. Toeda dasn npoussosvroti napv. mruoscecms Ay, As € ®: p(A;) # %C, AU
A=A A NA =0

1 1

Hoka3zaresabcrBo. 1. Ecim 3k, 1: p(Ag) > %C, p(4)) < %C, TO TeopeMa JoKa3aHa. B
9TOM cjiydae BelOupaeM Ay 1 A; B KauecTBe UCKOMBIX MHOXKECTB.

2. lnave BO3MOXKHBI J[Ba CJIyYasi:

a) p(A1) > 5C, p(Ag) > 5C;

6) p(Ar) < 1C,p(4s) < Le.

3. Hokazkem, uTo npu chOpMyJIUPOBAHHBIX YCIOBUAX TEOPEMBI CJIydan a) u 0) HEBO3-
MOZKHBI.

a) Ilyers p(A1) > 3C, p(As) > 2C. Honyernwm, aro p(A1) = 5C+01, p(Az) = LC+6s.
Onu 3aBe10M0 Gostblne € BBULY MajiocTn nocyeanero. A = AjUAs: Ay = A\ A;. Orciona
nosyuaen, uro: p(As) = p(A)—p(41) = C—(3C+61) = 3C — & < 1C. Tlporusopeune.

6) ITycrs p(A1) < 2C, p(A2) < 3C. PaccyskiaeM aHaIOTHHHO: JOILyCTHM, 9TO p( A1) =
= 1C — 61, p(A2) = 1C — 6. Tak kak Ay = A\Ay, 10 p(A2) = p(A) — p(A1) = C —
(1C—61) = £C+61 > $C — nporusopeune. B ciyuae, kora, nanpumep, p(A;) =0 < e
umeeM, 4ro p(Ag) > C —e > %C’ BBUJIy ycsioBusi Ha €. CHOBa HOJIyYaeM [IPOTUBOPEYUHE.

Urak, ciiyuan a) u 6) HEBO3MOXKHBI U TeopeMa 2 JOKa3aHa.

ZLHH ,ZLa.HbHefIHlHX paccy}K,ZLeHI/Ifl MBI 6yg1eM HUCIIOJIb30BaTh ITOHATHE IJIOTHOU CUCTEMBI

MHOZKECTB.

Onpenenenne 6. Byjem nasbiBars cucremy nogmuoxects O = {A,}10° | miorHoi B
¢ nst KkBasuMmepsl p, ecan it VA € &g Ve >0 3B € &y (B# A):

p(AUB) —p(B) < e.
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IIpumep 4. Ilycrs R = [0;1)

n

¢ = U [am;ﬁm)‘amaﬁm € R, [O‘k;ﬁk) m[amaﬁm) =0 (k a m)

m=1

Torna cucrema

@y = {[akaﬁk) | o, Br € Q, Br — = ;}

Oyzaer wiotHo# B @ myis dyHKIul MHOXKeCTBA U3 IPUMEPOB 1 — 3, MMOCKOJIBKY MPOM3-
1

BoJIbHOE MHOXKecTBO A = [a, B): B — a = 5 <«IOKpBIBaeTCs» CHCTeMOl MHOXKecTB P.
3aMeTnuM, 9TO IUIOTHYIO CUCTEMY MHOXKECTB 3 HEKOTOPBIME JOIOJHUTEIbHBIM YCIOBU-
sSIMU TO3BOJISET TOJIYYUTD CJIEIYIONAas TeopeMa.

Teopema 2. [Iyemv T € & — MOHOMOHHIT KAGCC MHOIHCECME. P1 — E-KBAZUMEDG,
p1(T) = C > 2e. Toeda mootcro nocmpoumsv naomuyro cucmemy muodcecms 1 maxyro,
Ymo

1 .
P = {AiE(I):pl(Ai):2C}t VBe ®, dAe d;:T = AUB.

HokazareabcTBo. [lokaxkeMm, Kak MOXKHO OCTPOUTL Pj:

1. Bosbmém nHekoTopoe nopmuokectso A C T € &: p(A) = %C’ . OboznaunM
B =T\A. p(B) = 3C B cuny ksasnaguurustocru. Jlobasum o6a Muoxectsa 5 $1.

2. BeimosiaumM ciieytomniue feiicTBust HaJl mapoit A, B:

e B cuity npomexkyTounoil HenpepbiBHOCTH p1, BbiGepem A’ C A: p(A'|JB) =
=10 +6 (6 < ¢), sarem nepeiiém x B': B' C A'\JB: p(B') = 3C (8 cuiy nenpepbis-
Hoctu p1). Hobasum A’ u B’ B ®;.

e Janee us muoxecrs A’ u B’ 6ynem noiyuars A” u B” : p1(A”) = p1(B") = 3C.

Anasorniano moxuo noxyanrs A7, B, AW BW ,A[%],B[% (rme [%] — 1ead
"acTh apobm ). Bee st muoxkectBa jobapigem B @1. [lamee ymenbmmm 0 (BosbMEM
%(5 BMecTO J) U GyJIeM MPOBOJUTH AHAJIOTUIHbIE TIOCTPOEHNUsI, HaunHasi ¢ napel A u B.

Taxum obpazom, s Vi: pl(A(i) = pl(B(i) = %C, TO €CTh, MBI IOJIYYUM IIJIOTHYIO
CUCTEMY MHOXKECTB, KarKJI0€ U3 KOTOPBIX MMEET OIEHKY %C ¢ ToukHM 3penust p1. OTcooa,

(I)l — HMCKOMadd CucreMa MHOXKECTB.

TeHepb nepexoiM K IIOCTPOCHUIO H€O6XO,ZLI/IMOI>'I IJIOTHOM CHUCTE€MbI MHOXKECTB JJIA
IIPOU3BOJIBHOI'O KOHEYHOI'O YHUCJIa £-KBAa3UMED.

Teopema 3. Ilycmv & — mornomonnnli xaacc muooicecms, T' € ®. Ilycmo p1, pa, ...,
pn — e-keasumepv, u p(T) > 2e V1 <1 < n.

Toeda JA,B € ®: 1) AUB =T;

2) pi(A) = pi(B) = 5pu(T) V1 <1 < .
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HoxkazaTeabcTBo. Urtak, HaM HEOOXO/IMMO IOKA3aTh TO, YTO MbI MOXKEM I[TOCTPOUTH
IUIOTHYIO CUCTEMY MHOXKECTB

1 .
n= {Sl e d: ,Oj(SZ') = ipj(T),Vi,j}: VB € (13’1727”.@ JdA e (131727.”771: T = AUB.

B TeopemMe 2 MBI yxKe [J0Ka3aJil BO3MOXKHOCTDL ITOCTPOEHUA IJIOTHOW CUCTEMBI MHO-

Dy 9

yLigenny

xectB P1:

1 .
VA € & p1(A)=§/01(T); VBe ®, dAe ®: T = AUB.

Temepb moKaxkeM BO3MOXKHOCTH HOCTPOECHHSI IIJIOTHOM CHCTEMBI MHOXKECTB
O 9 (P12 C D) miast ABYX KBasUMeEp p1 U po.

Basuc undyxyuu. IIpuBeéM airopuT™ BbIIEICHUS IJIOTHOI cucTeMbl MHOXKECTB P1 o
tst p1, p2. IlycTs mepBbIil pa3boitHIK HEKOTOPBIM obpazom pasmenua 1 Ha Ag u By:
A)UBy = T, p1(Ao) = p1(Bo) = 3p1(T). BEcm pa(Ag) = pa(Bo), 10 yrBepr/enue
nokazano. Ilycrs pa(Ag) # p2(Bo). Byumem cuurars, uro pa(Ag) < p2(Bp) (rorma, B
cuity apumrnsrocti, pa(Ag) < 5p2(T) u p2(Bo) > 3p2(T)).

Hauném obmenmBaTh Mexkiy coboit yactu Ag m By 10 Tex Iop, MOKa He IOJIyJIuM
MHOXKECTBa, PaBHBIE KakK 110 MEpe pi, TaK U II0 Mepe ps.

1. Pacemorpum muOX)KecTBa Ag 1 Ag U By. B cumy mpomeskyTodHOl HEpepBhIBHOCTH
BbIOepeM cucremy muoxkectB Af, ..., A} (k € N,k > 1), takyio aro Ag = A} C --- C
A%:AoUBol/IVlegn

p1(A}) — pr(Aj_) = p1(Ao U Bo) — Pl(Ao)‘

k—1
2. Beibepem cucremy mogaMHOKECTB S1, . . ., Sg. TaAKUM 00pa3oM, 9To0bl p1(S1) = -+« =
=p1(Sk) = %pl(T) u pu 3toM V2 < I < n
NAj_, C S C AL

3. Byzem moouepéaHo maMepaTh S; 10 Mepe po2, IOKa He HACTYIIUT MOMEHT, KOIJIa
p2(S1) > 1p2(T). Dro pmomkno ciyuurses, Tak Kak Sy = B, (AU B)\Sy = A. Hycrb
3HAK MeHsieTCsl Ha mmiare ig + 1.

4. Paccmorpum remepb MHOXKecTBa S;, u S;, U Si41 (3amernm em@é pas, dro
p1(Sig+1\Si,) = £1(AUB )_pl(AO)). Crosa Bribepem cucremy muoxects A} ,..., Ay

k—1 i0,k"
A’~071 C--C Aéo,k Tak, 9robnl S;, = Al A;ka = Siy USig+1, uV2<I<n

) 20,17

Sio US; — S;
p1(A20,z) _Pl(A’io,lq) = P (S (kojll))Q Pl 0).

5. Temepb, aHAJOIMYHO MYHKTY 2 aJrOpUTMa, BBIOEPEM CHCTEMY MHOXKECTB
Sio,1s -+ Si K TaKylo, uTo V2 < [ < n

/ / /
Aio,l\A'Q,l—l - Sio,l - Aio,l

(1
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1
91(510,1) == Pl(Sio,k) = §p1(T).
6. IIpomo/kuM TIporiecc n3MepeHus U BHIOOPA HOBBIX CHCTEM MHOYKECTB:
/ / /
Aio,il,...,lv Sio,il,---,la Aio,il,...,27 Sio,zd,---,?v S 7Az'o,z'1,...,k7 Sioﬂ'lw-»k'

IIpu sToM B ycioBun Ha Mepy B 3Hamenatese svecto (k — 1), (k — 1)? 6yzem nomyuats
(k—1)3, (k —1)* u Tak namnee.
7. B cuiy MOHOTOHHOCTH po BEPHBIM Oy/IE€T CJIEIYIOMUI Psi/i HEPABEHCTB:

1 1 1 1
p2(Siy) < §P2(T); p2(Sig+1) > ipz(T)s p2(Sig,iy) < §P2(T); p2(Sig,iy+1) > §P2(T)S
1 1
P2(Sig,i,in) < 502(T); P2(Sig it ,eemrin+1) > 5/?2(7’)-
B cuity monoTonHOCTH p2:
1
p2(Sio N Sig+1) < p2(Sig,in N Sigin+1) <+ < P2(Sigsir,ecin N Sigyir,eint1) < 5P2(T);

1
5/)2(T) < p2(Sig,ir,in U Sigsin,int1) < 0 < p2(Sig,iy U Sig,iz+1) < p2(Si U Sigr1)-

B cuity npomeskyTouHOIl HelpepLIBHOCTH P2
1
SA € 02 pa(d) = (D),
Sio USio+1 D+ D Sigitsin YSivitsint1 D - DA D - D Sigirsin NV Sigit,int1 O
e D Sio N S@'O+1.
8. Tlokazkem Ternepb, uto pi(A) = %pl(T). Bo Bpemst pacrpejiesiennst BepHO OBLIO
cIeIyoniee:

p1(T)
p1(Al iy inaen) — PU(AL ) = W’W SI<k-1,

a TMOCKOJILKY lim )
n—oo 2(k—1)

. / . /
TLILH;O P1 (Aiozilz"'vin+1) - T}L)IIOlO P (Ai()’ilwu;in)‘

=0, To

B cuny MOHOTOHHOCTH TOCTPOEHHON CHCTEMBI MHOYKECTB W HEIPEPBLIBHOCTH MEPHI p1,
[IOJIy4aeM:

e.)
1
/ /
p1 <ﬂ (Aigiy,int1 U Am,n,...,m)) = ipl(T)v
n=1
1 : 1

TaK Kak pi (Ago,il,min—hl - 5’01(T)’ a nlggo pl(Ago,il,...,in,k) = §p1(T)7 a suaunt, p1(A) =
1

2p1(T).

Hrodyxmusnouii nepexod. Ilycts nocrpoena cucrema MHOXKeCTB Py 4, moTHasg Jjis
KaKJI0it U3 t (t < n) e-KBa3UMep p1,p2,...,pr: VX € @1 4, 1 <i <t pi(X) = %pi(T),
una VB € & JA € € @14 T = AUB. Byzem cuuTaTh jajiee e-KBa3UMephbl
P1sP2;- -, Pt <CKIIEEHHBIMH» U PACCMOTPHM BCe BO3MOXKHBIE MHOXKecTBa u3 P; (A €
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Py, +: T = AUB) u crpouM mwioTHyto cucreMy MHOKeCTB @1 1 11(Py 1441 C Py 1)
10 p1, P2y pr1 (VX € @1 ygy1,1 <i < t+1: pi(X) = $pi(T)uVB € @1 441 A€
Q1. 1+1: T = AUB). [denaem 910 anajoruvHo nocrpoennto ®q o (npu t = 2).

Hpume%aHue K meopeme. SaMeTI/IM, q9TO 6J1aronapﬂ IIOCTPOEHUIO ILIOTHOI CHCTEMBbI
MHO2KECTB MDI II0JIy49aeM HE€ TOJIbKO IIapy MHOXKECTB, PaBHBIX IIO0 BCEM £-KBa3uMepaM, HO
1 OECKOHEYHOE KOJIUIECTBO TAKUX I1ap.

"z npeJabl.aynmero pesdyJjbTaTa BbITEKaeT OJWH N3 OCHOBHBIX PE3YJ/IbTAaTOB pa60T1)1 —
aHaJIoI' TeOpeMbl A A HHHYHOBH, O BBIIIYKJIOCTH MHO2KeCTBa 3HAYEHUIT BeKTOpHOfI e-

KBasuMepnl. g ymobersa BBEIéM 000O3HAYCHHE 7 = (p1,p2,---,pn). Ecom p; — e-
KBa3uMephI Ipu BceX ¢ = 1,...,m, TO OyIeM TOBOPUTH, UTO 7 — eCTb 6EKMOPHAA E-
K6a3UMEPQ.

Teopema 4. Ecau p — sexmophras e-ksazumepa, mo mnoxcecmso p(P) xeazuswvinyk-
A0, MO ecMb

VA,B€ ®: pi(A) >¢e,pi(B)>eVi<i<ndCed: pC)=———

3. PEIIEHUE SAJAYN O PABJEJIE COKPOBHIIL C UCIIOJIbBOBAHUEM e-KBA3BUMEP

Tenepb Ha OCHOBaHUU IIOCTPOEHHON TEOPHUM £-KBa3UMEp IIPEIJIOKUM BapUAHT PeEIle-
HUSI 33Ja91 O pas3iejie COKPOBUII Pa3bOMHUKAMI, €CIN KaXKIbI N3 9THX pa3bOMHUKOB
HCIIOJIB3YeT e-KBAa3UMEpPY IJIsT OIEHKHU JacTeil cokpoBuil. IIpu 9ToM BBUILY MOy I€HHOIO
aHaJjiora TeopeMa A.A. JIamyHoBa MBI PACCMOTPUM HECKOJIBKO YCHJIEHHYIO (POPMYJIAPOB-
Ky 3aJadd.

Bama4da. Banda u3 n ocadnwvir, Ho wecmuovir pasbotinukos scesaem paddesumsd do-
OVIMY 6 HEKOMOPOM 3G0AHHOM OMHOWEHUU N1 : A2 & ... : Ay (A1, A2, e, Ay > 0 u dan
ONPEENEHHOCTNU MONCHO NOAOAHCUMD, 4MO A + Ao + ... + Ay = 1). IIpu smom xasrcdwd
u3 pa3bolinukos nodrodum ¥ oueHke COKposuuy, co ceoell Mepkot, mo ecmv, NodMHO-
JIcecmea cokposuly, Kaxcovill us pazbotinukos ouernusaem no-ceoemy. Bydem nosazams,
Ymo KarHcovll PabomHUK UCTOAL3YEM OAL OUEHKU COKPOSUUL E-KEAZUMEDPDL, 3G0AHHbLE
HG MOHOMOHHOM KAacce muootcecms D. IIpu Kaxux Ycao8UAT HG €-KEA3UMEPDL, UCTLOND-
3yemvie pasbotiHuKamu 0af ouenky wacmetl desumvT coxkposuuy, makxot paddes 6ydem
BO3MOHCHDIM ?

JlokarkeM pas3peluMOoCcThb IIOCTaB/JIeHHON 3aja4un. st Hadasia u3 TeopeMbl 4 MOXKHO
BBIBECTH CYIIIECTBOBAHME IOJIMHOXKECTBA C OJMHAKOBON OIEHKOW C TOUKU 3PEHUsST BCEX
KBa3uUMep.

Teopema 5. ITycmo p — eexmopnas e-keasumepa, a muodcecmeo A € ® makoe, wmo
p(A) = (1,1,...,1). Toeda ¥ (¢ <d < 1) 3D C A: p(D)=(4,6,...,9).
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HokazaTeabctBo. CorjiacHo Teopeme 2, OYIET CYIIECTBOBATH IJIOTHAS CACTEMAa MHO-
JKEeCTB, T0 £-KBas3uMepe paBHBIX 0. Jlamee Gymem meficTBOBATD TIO aJTOPUTMY, AHAJIOTHY-
HOMY JIOKA3aTEeJIbCTBY TEOPEMBI 3, & UMEHHO: COIJIACOBBIBATH MHOYXKECTBO IIO0YEPE/IHO 110
KaXKJIOl U3 £-KBa3UMep.

Crnencreue 1. 3E C A: J(E) = (e,¢, ... ,¢).

OTO 04eBUIHBIM 00pPA30M CJIEJIYET U3 TEOPEMbBI D U IIOJIyHEIIPEPBIBHOCTH E-KBa3UMEDP
CBEPXY.

[IpuBenénmbie TeOPEMBI O3BOJISIOT BBIBECTU HOCIETHUN (DUHAIBHBIN PE3YIbTAT pPa-
60TBl — Pa3pENIuMOCTD 3aJIa91 O PA3Jieie PECYPCOB.

Teopema 6. ITycmv § — eexmophan e-xeasumepa, a muoscecmeo A € ® maxoe, wmo
p(A) = (1,1,...,1). ITycmov A1, Ao, ..., Ay — Habop wucea, npuuém A\, = e ¥i u
MA+X+--+ A, =1. Toeda L1, Lo,..., L, CA:, L, €®

2de LiNLj=@(i#j) u A\(LiULyU---ULy,) = @.

JokazareabcTBo. OTMETHM, YTO HPOLECC IOCTPOECHUS UCKOMOI'O pa30MeHUsl MHOXKe-
crBa A Oyjer aHaJIOTMYeH TaKOBOMY M3 JIOKa3aTebcTBa TeopeMbl 3. Ha mepsoM mare
(st A1) MBI HOJTydaeM MHOXKeCTBO Li: 7(1)1) = (A1, A1y .. ., A1), IpUYEM B cuiLy
£-KBa3UaJINTUBHOCTH 7(A\L1) =(1—=X,1—=A1,...,1—=X\). IIponoszkas orjenenue
or A muoxects L; (i = 1,n), noyuaem B uTOre HCKOMOE pasbueHue MHOKecTBa A.
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Amnanor teopemmu JIgmyHoBa PO OIyKJICTb MJid e-KBa3uMip Ta ioro sa-

cTOoCiBaHHH 0 3aJadYi PO PO3MOAiJI pecypciB

V daniti pobomi npodoeoicerno po3nouami Hamu pariue 00CALONCERHA 3a0a4s
npo po3odia PECYPCi6 8 YMOBAL HETMYBUHHA JOCNAMHDO MAANUMY BEAUHUHAMU.
Bsedero nosuli ananoe nOHAMMA MIPU MHONCUHY — NOHAMMSA €-KEA3UMIPU.
as e-xeas3umip dosedeno ananoe meopemu O.A. Jlanynosa npo onykaicms 06-
pasy mipu Yy dopmi keasuonykasocmi. Ha 6a3i odepotcannozo pe3ysvmamy mo-
Ka3aMm0 Ppo3s’aA3Hicmb 3a0a4i Mpo cnpasediusuli po3din pecypcis, NpuvoMy He
0606’73K060 Y PIGHUT GIOHOWEHHAL.

Korouosi ciioBa: e-kBazumipa, 3ajada Ipo pPo3/isi cKkapbiB, MOHOTOHHICTh, IPOMIiZKHA

HEIIEPEPBHICTH, HEITEPEPBHICTD 3BEPXY, KBA3UONYKJIICTh, Teopema O.A. JIsmyHoBa.

Analog Lyapunov convexity theorm for e-quasimeasures and its application

to fair division problem.

This paper s devoted to new approach for the well-known fair division
problem. The usual method to such problems is to consider that subjects use
additive, nonatomic and probability measures for estimating of divided objects
parts. But this convention isn’t effective for many cases. For example, let’s
suppose that there are small enough sets with zero estimation. However, union
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of some such negligible sets may be nonzero estimation. In this case estimation
function is not additive and nonatomic. To investigate this problem we introduce
a new generalization of measure, concept of e-quasi-measure. Let’s start with
auxiliary definitions.

Definition 1. Set function (® 3 A — p(A4) € R) p is called monotone, if VA, B € & :
ADB p(A) = p(B).

In this paper we introduce the property of intermediate continuity for set
functions.

Definition 2. Let p be a set function (& 3 A — p(A) € R). Let’s call it intermediately
continuous, if VA, Be ®: AC B, p(A)=a(a>0), p(B) =b(b>a)Vc € (a;b) IC €
®:p(C)=¢, ACCCB.

Also we need in classical property upper semicontinuity.

Definition 3. Set function p (® 3 A — p(A) € R) is called upper semicontinuous,
ifVAy,...,A,,..e®: AL, DA D...DA,D..:

(o)
(M) = f ot
n=
Now we define a concept of quasi-measure.

Definition 4. Suppose that in some space (set) R there is a set system and a function
p (P> A— p(A) € R). Say that p is a e-quasi-measure, if:

1.VAe ®:p(A) >0; p(0)=0;

2. p is monotone by definition 1;

3. p is intermediately continuous by definition 2;

4. p is upper continuous by definition 3;

5.VA,B: p(A) > e,p(B) 2, ANB =: p(AUB) = p(A) + p(B).

The following Lyapunov Convexity Theorem’s analogue is obtained for
e-quasi-measures. We say that p = (p1, p2, ..., pn) 1S a vector e-quasi-measure if
pi 1S an e-quasi-measure on a monotone class of sets ®.

Theorem 1. If 0’ is a vector e-quasi-measure then the set p(P) is quasi-convex, i.e.
p(A) + p(B)
5 .

On the base of this result the fair division problem is solved for case of any

VA, B € ®: pi(A) >e,pi(B)>eV1i<i<n3dCed:pC)=

finite number subjects. The final result is given by the following theorem.

Theorem 2. Let ® be a monotone class of sets, A € ® is a set of objects and p1, pa, ..., pn
are such e-quasi-measures that p(A) = pa(A) = ... = pn(A) = 1., A1, Aa, ..., Ay are such
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numbers that \j = € ¥i and A\ + Ao +---+ A\, = 1. Then 3Ly, Lo, ..., L, C A:
pi(Lj) =X Vi, je{l,...,n},
where LiN Lj = @(i # j) and A\(L1 ULy U---UL,) =a.
The previous result gives sufficient conditions for solvability the fair division

problem in the case of n subjects using e-quasi-measures for estimating parts of
divided objects.

Keywords: e-quasi-measure, fair division problem, monotonicity, intermediate
continuity, upper continuity, Lyapunov Convexity Theorem.
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3. 1. XAINUITOBA

QKCTPEMAJIbBHBIE BAPUAIIVMOHHBIE 3AJIAYN C
CYBIVIAIKIM NMHTET'PAHTOM

B pabome paccmompenvt npusodcenus meoput KoMnaxmoir cybougpdepenu-
an08 K 8aPUAUUOHHBIM 3adavam ¢ cybesadrkum urnmezparmom. Iosyvwenv, ana-
A02U Kaaccuneckux yeaosutl Jeocandpa u Jeocandpa — Hrxobu. Paccmomperot

NPUMEPL.

KtogeBsie cioBa: cyOriaakumii HHTErpaHT, KOMIIAKTHBIN cyOauddepennmalt, BKIIOUIe-
nue Ditiepa — Jlarpamka, o6obientbie ycsioBust Jlexxanapa — fxkobu

BBEJIEHUE

Cyb6nd dpepeHrmannl, KaK WHCTPYMEHT HENJIAIKOTO aHAJIN3a, JOCTATOYHO JABHO MO-
JIyUIW/IM IpU3HaHUe B MaTeMaTuke (cM., Hampuwmep, (1], (8], [14], [15]). Haunnas ¢ xrac-
cuveckoro cybmuddepennuaia BoITYKJIOTO (DyHKIIMOHATA, MOSBUIUCH U TPOIOJIZKAIOT
[OSIBJISITBCST HOBBIE OlipejiesieHust cyoaud depeHnmnanos, paccinTaHHble HA [IPUMEHEHUEe
K Pa3JIMIHBIM KJIACCAM SKCTPEMAJIbHBIX U JIPYIHUX HEIVIAIKUX 3389 (CM., HarmpuMep, [6],
113], [16]).

Vcxoas us onpejiesienus: KoMakTHoro cyomuddepentmana (wmm K—cybauddepenim-
asa) Jyis 0TOOpasKeHWH CKaJsipHOrO aprymeHTa B BemectBennoe JIBII, BBejeHnHoro B
paborax . B. Opsnosa u @. C. CroHsgKHHA C IEJbI0 UCCIEJ0BAHUS IPODIEM BEKTOP-
moro wHTerpupoBanus, K—cybmuddepennnan ecTh HEKOTOPOE KOMITAKTHOE BBIIYKJIOE
MHOZKECTBO, U B CJIy4dae, KOr/Jla 9TO MHO2KECTBO CBOAUTCA K TOYKE, CBOAUTCA K O6quHO—
My K obbranomy muddepentmany. K—cybmuddepennuaibl MO3BOININ Oy INTh 3HA~
YuMBble pe3yJbTaThl B Teopun uHTerpana Boxmepa (cm. [3], [7], [12]). Teopus K—cy6-
muddepeHnragoB IepBOro MOPAIKa I OTOOpaKeHU BEKTOPHOTO apryMeHTa ObLia
nocrpoena B paborax (cm. [4], [5], [9], [10], [11]) n B/OUaeT B cebs MPHJIOKEHUS K
9KCTPEMAJILHLIM BAPHAIMOHHBIM 3aa9aM ¢ HEIJIQIKUM HHTErPaHTOM.

Hacrosimas: paboTa mocBsiieHa JeTaJbHOMY PACCMOTPEHIIO IpuiIozkerust K —cyoaud-
depeHImaILHOr0 NCIUCTEHUsT K UCCIETOBAHUIO 9KCTPEMATLHBIX BAPUAIIMOHHBIX 38184 C
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HEIIaJIKUM (& MMEHHO, ¢ CyOIyIaIkuM) MHTerpaHToM. B crarbe comepkarcs cyormaakme
aHaJIord OCHOBHON BapHAIMOHHOI JIeMMbI, ypaBHeHus Jitiepa — Jlarpamxka, npocToro u
ycujeHHOro ycioBuit Jlexxkanpa, a Takxke ycjaosuii Jlexkanapa — dkobu jj1s8 OCHOBHOT'O
BapUAIMOHHOTO (DYHKIMOHAJIA.

Pabora cocrour u3 uernipex paszesos. IlepBriil pasies MOCBAIMEH KPATKOMY 0030-
py Teopun K—cybauddepeHnualoB IepBoro Mopsiaka, a TakKxKe IPUBEIEeHbI OCHOBHBIE
[OHSITUS] TEOPUU HOPMUPOBAHHBIX KOHYCOB.

Bo BTopom pasznene npusejieHn KpaTKuit 0030p MpUMeHEeHUs KOMIAKTHBIX cyomudde-
PEHIAJIOB IEPBOro HOPsIKA K BapHAIlMOHHBIM (yHKImonaaaM ¢ Cl-cybriaakum unre-
rpanToM. PaccMOTpeHbI IpUMEPHI.

Tperuit pazaen comep:KUT TEOPUIO KOMIAKTHBIX CyOmuddepeHimaaoB BTOporo mo-
PsifiKa, IPUBE/IEHBI OCHOBHBIE OIPEJICJICHUSI U TEOPEMBI.

Haxomern, werBepTbIii pa3mes IMOCBdAIleH OpuaoxkeHuo teopun K—cybmudde-
PEHINAJIOB BTOPOTO HOPs/IKA K BapHAIMOHHBIM (yHKImoHaaaM ¢ Cl—cy6ria Ky naTe-
rpanTomM. [loydena omenka Broporo K—cyomuddepenimaia 0CHOBHOIO BAPHAIIMOHHOTO
dyukimonasa. [lomyaennsr anagoru Kiaccuaecknx ycyiosuii Jlexkanapa, a Tak:Ke yCaoBUii

Jlexxannpa — fxkobu. PaccMoTpeHbI mpuMepshi.

1. KOMIIAKTHBIE CYB/IU®OEPEHIMAJIBI [TEPBOI'O MOPSIJIKA (OB30P)
ZLHH Ha4vaJia HAIIOMHUM OCHOBHBIC OIIPpEIC/ICHUA.

Onpenenenne 1. Boinykibiii koHyc X HA30BEM HOPMUPOSAHHbIM, €CJIA JJIsI JTFOOOTO
ero sjeMenTa ¢ € X OlpejesieHa HeoTpHIlaTesbHas BeaudnHa (Konyc—nopma) ||z||, ob-
JIAJIAOIIAst CJIe/LYIOIIUMU CBOTICTBAMMU:
(i) (=]l = 0) <= (z = 0);
(i) [l +yll < llzll + llyl;
(i) [|A-zff = A-flzl] (VA= 0).

Konyc—nopMa MHIYIIUPYET A0KAADHO BUUNYKAYIO KOHYC—MON0A02UI0 B X .

Onpegenenne 2. Ilycrs (X, || - ||) — Hopmuposanubiii konyc. O6o3natdnmM depe3 X g
MHOKECTBO BCEX KOMIIAKTHBIX BBINYKJIbIX mogmMHoxkecTs X . HerpynHo nposepurs, uro
Xk obpasyeT BBILYKJIbIH KOHYC OTHOCHTEIBHO HOJEMEHTHOIO CJIOYKEHUSI MHOXKECTB M
YMHOXKEHHsI Ha HeoTpHIlaTesbHble ckaaspbl. Hynem B X siBisterca muoxectso {0}.

Beenem nopmy B X @ ||C]] = sup ||z
zeC
Teopema 1. Ecau X — 6anazros konyc, mo HOPpMUposarHutl xonyc X — makoice
baraxos.

Omnpenenenne 3. Ilycrs E — BBINYyKJIBIA KOHYC, F' — HOPMHPOBAHHBLIN KoHyC, Fg —

HOpMHpOBaHHbeI yHOpH,Z[O‘{eHHbIﬁ KOHYC BBIIYKJIBIX KOMIIAKTHBIX ITIOAMHO2KECTB F (CM.
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onpegesienne 2). Cybnuueiinsiii onmepatop A : E — Fg HazsoBeMm cybaunetinvim K —one-
pamopom, W, Kopotko, K —onepamopom.

CyO6nuneitnbiit oneparop f : E — Rg mazsoBeM cybaunetinvm K—-pyrnxyuonanom,
win, KopoTko, K—pynryuonasom. B caydae HopMupoBaHHOro KoHyca F, 6aHaxoB Ko-
HyC cyOJMHEHHbIX orpanudeHHbIX K—oneparopoB Lg,(E; Fi) Gynem 6ojee KOPOTKO
obosnauarh Ly (E; F'); 6anaxoB KOHyC CyOJIMHEHHBIX OrpaHuYeHHbIX K -(yHKIMOHAIOB
Low(E;Ri) = L (E;R) 6osee Koporko obosnadnm E.

Beenem nousitne K —xomno3uyui.

Onpenenenune 4. Ilycrs E, F, C' — vopmuposanuble Kouycol, A € L (E; F),
B € Lg(F;G). K-xomnosuyuet [B - A] K-oneparopos A u B Ha30BeM MHOIO3HAYHOE

[B-A]hzco( U Bk>.

keAh

oTOOparkeHue:

meer mecTo cjleayromniasd TeopeMa.

Teopema 2. Ecau A € Lg(E; F), B € Lg(F;G), mo [B-A] € Lg(E;G). IIpu smom
BUNONHEHO HEPABEHCTNGO:

1B - AJ|| < [|A]l - || Bl

Onpenenenune 5. [Tycrs E — nopMmuposanublii kKouyc, { Bs}s~o — yOblBatoIasi 1o Bjo-
skenuto upu § \, +0 cucremMa 3aMKHYTBIX BBITYKJIBIX TOJAMHOKECTB E ¢ HEIYCTBIM KOoM-
naxmuoim nepecedenneM B. Muoxkecrso B Hazosem K —npedenom cucremst { Bs}s~o upn
0 — +0:

B = K—lim B,
0—+0
ecm VU(0) CE3éy >0(0<6<dy)= (Bs CB+U).

Bcerony nanee E, F — 6anaxosbl nipoctpancTsa, U(r) — OKpecTHOCTh TOUKN & € F,
h € E — npousBoJibHOEe HallpaBjieHue B F, €O — 3aMKHyTasl BBIIYKJIas 0D0JI0UKA MHO-

)kecrBa B F.

Onpeaenenne 6. Hazosem K —cybidudpepenyuanom orobparkenus: f B TOYKE T CJIEIY-
IO
K-tupenen (ecoiu oH cymiecTByer):

95 f (w,h)

Oxf(z,h) = K=limco{Y e F|f(x+t-h)=f(z)+t-Y,0<t<d}. (1)
0—+0

B cayuae, xorma F' — HOpMHpOBaHHOE MPOCTPAHCTBO, BhIpakKeHue o, 3HakoM K—1pe-
sesia B (1) MOXKHO BBIPA3uTh B 60ji€e MIPUBBIYHON (hOpME, Yepe3 PaA3HOCTHBIE OTHOIIEHMYSI:

{f<x+th>—f<x> 0<t<5}

0—-+0 t
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Ornpasnssics ot K—cybnuddepeniuasia 1mo pukcupoBaHHOMY HAIIPABJIEHUIO h U Jieil-
CTBysI IO aHAJOTUH C KJIACCHIECKOHM CXeMO#l, MBI Temepb BBOAUM cJyabbrii K—cyoaud-
depennuan kKak cybsuneitnoiii K—oneparop mo h, K—cybauddepenmuan 'aro — kak
orpaHUYeHHBI cybsmHelinbiit K—oneparop, u Hakouer, K—cybauddepennuan Dperre
mo cxeme "l'aro" mroc "paBHOMEpHas 110 HAIIPABJIEHUSM CXOJUMOCTb B K-Tipejesie

Or f(z,h)".

Omnpenenenne 7. Bymem rosopurh, 4ro orobpaxkenwe [ caabo K —cybdug-
pepenyupyemo B Touke x, ecau f K—cybanddepeHupyeMo B 9TOif TOUKe 10 JII0O0MY
nanpassennio h € E, u K—cy6nuddepeniuas o nanpasiennio Ik f (x, h) cybauneen no
h. IIpumem B sTOM cityuaae obosuadenue Ok f(z)h = Ok f(z, h). Snecy Ok f(x) : E — Fik
— cybsmHeltHbIl K —omepaTop.

Omnpenenenne 8. Bynem rosoputh, aro orobpaxkenue [ K—cybdupdeperuupyemo no
I'amo B Touke x, ecnu f cnabo K—cybmuddepeniimpyeMo B 9T0it ToUKe u cabbiit K—cy6-
muddepentman Ok f(x) orpanuden (Wim, 9T0 PaBHOCUILHO, PABHOMEPHO IOJIYHEIpe-
poiBeH cBepxy Ha F). B arom ciaydae cybimHeiHblil orpanndenuslii oneparop Ok f(z)
nazopeM K —cybduggepenyuanrom [amo orobparkenns f B TOUKe T.

Onpenenenne 9. Bynem roopurh, uro orobpazkenue [ K-cybduddepervyupyemo
no @pewe (nmn cusvno K-—-cybouddepenyupyemo) B Touke x, ecom f K—cy6mud-
depermupyemo mo ['ato B 9T0# ToUKe, U cXOAUMOCTDL B K —TIpetene

O f(x)h = K=limeo{Y € F|f(zx +h) = f(z)+t-Y, 0 <t <d} (2)
6—+0

paBHOMepHa 110 BceM HampapieHusam h, 0 < ||h]| < 1. B srom ciayuae K-ome-
parop Ok f(x) nHazsosem K -cybdugpepenyuarom Dpewe (nmu cuavrom K—-cyboud-
dpepenyuanom) orobpazkenust f B TOUKe .

B ciyuae HopMmuposanHoro npocrpancTBa F' paencTBo (2) nupuHuMmaer BRI

{f($+th) — f(z)

6—+0

;0<t<(5}.
t

Hamomuum orpesiesierne mosiyHEeNPEepPbIBHOCTA CBEPXY.

Onpenenenune 10. Ilycts F, F' — HOpMUPOBaHHBIE KOHYCHI, F' UHIyKTUBHO YIIOPSIIO-
gen, A : £ D U(z) — F. Byuem roBoputh, 4To orobpazkenne A noiyHenpepuisho ceepry
(wmu cybrenpepwuieho) B Touke x € E (o6o3nauenue A € Cyyp(x)), ecin

Ve>036>0(|h] <8) = (A +h) < Alz) +y, tre |y| < 2). (3)
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2. K—CYBJIV®®EPEHIIMAJI OCHOBHOI'O BAPUAIIMOHHOTO ®YHKIIMOHAJIA (OB3OP)

Teopema 3. [lycms daa 6apuayuon020 GYHKYUUOHAAG

b
(I)(y) = /f(xaya y/)dx (y € Cl[a;b]v fe Cl(R?))vu = f(:v,y,z)). (4)

unmezpanm f aeasemea Cr—cyberadsum: f € C’Slub(Rg) (cm. onpedenerue 10). Tozda

cuavro K —cybiugpeperyupyem ecrody ¢ Ctla;b], npuuém cnpasedrusa oyenxa:
b b S
of of of of
d(y)h — "Nh+ == "' dx; — "Nh+ == "' ) d
oo e | [ (Liwmam+ Sy )as [ (iemam+ Sy as

(Vh € Ca; b)). (5)

OTmeruM YacTHBIN cirydaii oneHKH (5), KOrjia HHTerpanT 00pa30BaH BHEITHEH KOMIIO-
3unpeil cyoryiaakoil (PyHKINKA C TJIAIKOM.

Teopema 4. IIycmov
b
o) = [ ¢ [f@v)]de (e Cllaitl f e CHRY), ¢ € CLy(®).
Toz0a cnpasedarusa ouenra:
b
0 0
()i < | [ (1) (Gtem i+ St ) do

a

b
7 ) (i G wpn)ae| @nectwn.  ©

a

Emé onun cymecTBeHHBII YacTHBIN cTydail MpeIcTaBasgeT BHYTPEHHsIST KOMITO3UITUS
cybraikoit YHKIMY C TJIAJKONR. 37eCh, JJIsd IPOCTOTHI, Mbl PACCMOTPUM KOMIIO3UIIUIO
TOJIBKO 110 TpeTheil IIepeMeHHOoM’.

Teopema 5. IIycmo

b
B(y) = / f@yo()de (v € Clasb], f € CYR®), g € Chy(R)).

Toz0a cnpasedrusa ouenra:

b
oca(hc [ Zi(ay,w(y’))hdm

a
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b b
of of —
: {/az(%y,@(y/)) 'sO’(y/)h’d:z:;/82(:%1;,@(?/))'sO’(y’)h’dﬂc (h € C'la;b]). (7)
a a
OrmeTnM, B KavecTBe KOHKPETHBIX IIPUMEPOB, CAydad WHTEIPAHTOB, 00Pa30BAHHBIX
KOMITO3UIHEN TJIaIKOH (DYHKIIME U MOTYJIS.

IIpumep 1. Ilyctb

B(y) = / @y y)lde (g€ Clabl, f € CR)). (3)

[Tocste mpeobpaszoBamnmii oneHka (9) IPUBOIUTCS K OICHKE

avwne ([ Gregin [ Gegina)e [ GG

(y'>0) (y'<0) (y'=0)
(9)

B uacrnocru, ecim mes (y' = 0) = 0, To onenka (9) IpUHAMAET BUJL TOYHOIO PABEHCTBA:

b
0 )
Ix®(y)h = @' (y)h = / sign(y') - (ajych + aﬁhl> dz.

a
IIpumep 2. Ilycts

— / @yl dz (g € Clasb), f € CLRY)).

[Tocste mpeobpaszoBanmii oneHka (7) IPUBOJUTCS K OIECHKE:
[ of of
Ix®(y)h C /83/(56,% |y hdz + / sign(y') - 5~ (@, y, [y D de+
a (y'#0)

/ %(m,y,O)h’dw;—i— g(l‘ y,0)hdx | . (10)

0z
(y'=0) (y'=0)
B wacrrnoctu, eciiu mes (y' = 0) = 0, To onenka (10) npuHIMAaeT B/ TOTHOIO DABEHCTBA:

/ / af / !
Ok ®(y)h = @' (y)h = /[ (z,y, [y'|)h + sign(y’) - 0Z(x,y,|yl)h dz. (11)
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IIpumep 3. Ilycrn

b
d(y) = /f(ﬂ?, ly|, v )d.

31ech, 1ocje aHAJIOIMYHBIX IPeobPa30BaHuil, IPUXOIUM K OIEHKE:

b
8f / / - 8f /
Ox®(y)h C a(w,\yl,y)h dzr + signy - @(w,lyl,y)hdﬂ

a (y#0)
+|- / a—f(x 0,y )hdx; + / g(x 0,y )hdx (12)
8y ) ) b) ay b b .
(y=0) (y=0)

B uacrroctn, eciim mes(y = 0) = 0, To onenka (12) npespaiaercst B TO4HOE PABEHCTBO:

b
/ . 8f / 8f / !/

3aMeTnM, 4TO B PACCMOTPEHHBIX IPUMEPaxX, KaK YACTHBIA CJIydail, Mbl HAXOIUM U
OOBIYHYIO BApUAIUIO, KOTOPas HE MOJJIACTCH BBIYUCICHUIO KIACCHICCKUMEI METOIAMMU.
OcHoBHasi BapuallnoOHHAas JIeMMa [IPUHUMAET CJICLYIONTUN BU/I.

Teopema 6. ITycmo p1,p2 € La|a;b]. Ecau

b b
0¢ / o1 (2) () da / oo(2)h(z)dz|  (Vh € Cla:h])

a

mo 0 € [(,01; QOQ} C Lg[a;b].

Wcnonb3ys ocaoBHyIO 1emMy u orteHKy K—cybauddepeniimaria BApHAIMOHHOTO (OyHK-
[IOHAJIA, TTOJIYIaeM aHAJOT ypaBHeHust Jitmepa—/larpamxka.

Teopema 7. Ilycmov

b
O(y) = /f(w,yﬁy’)drv (f € Cop(R%),y € C'a;b],y(a) = ya,y(b) = mp).  (13)

Tozda ycaosue 0 € OxP(y) pasrocuavro evnosnenuro "exmovenus isepa—Slazpar-
Hea H..
of n_d(Of nY. of n_d(Of /
06777_7777 sy 3 LYY ) 5| 52\, 14
e - 4 (Fwon)s Fewn- L (Fewn)]  an
noumu ecrody na [a;b]. B wacmuocmu, ecau ® docmuzaem aokasvrozo sxcmpemyma 6
mouke y, mo examovernue (14) das y evinoaneno noumu 6crody na [a;b).
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Pemenne Brimouennust (14) nazosém cyborerpemasnbio dynkmnmonana (13). Uccaemyem,
B KaveCTBE CyNECTBEHHOIO YaCTHOTO CIydast, Caydail MOy TMPOBAHHOIO MHTEIPAHTA, U3

mpumepa 1.

Teopema 8. Ilycmov

b
P(y) = / [f(z,y,9)lde (f € CHR®),y € CMa;b],y(a) = ya, y(b) = ). (15)

Jlas pynryuonana (15) exaovenue Jiaepa—/lazpanosica npurumaem 6ud arvmepramu-

6bl.!

(w@aam%y)—d<aQ%%VO:4Wmmf@wwﬁ#m§

dy dx \ 0z (16)
aubo f(z,y,y") =0 (6es donoarumeavnviz ycrosut).
B wacmmnocmu, ecau mes(f(x,y,y’) = 0), mol npuzodum % 00buHOMY YPAGHEHUIO

Stnepa—lazpanorca dan f (noumu 6crody).

PaccmorpruM KOHKpeTHBIH nmpuMep "MOLyIupoBaHHOTO" rapMOHUYIECKOT'O OCITUJLISITO-

pa.
IIpumep 4. Ilycts
w/2
o) = [ Iy~ yPldo. (1)
0

Bnecw f(y,2) =22 — 4%, L(f)(y) = —2y —2y". pu srom f(y,y) =92 —1y? =0 =
y = +y,
nosromy ycsosue (16) mpumer Bu:

mmbo Y’ +y=0, upuy # +y
. 18
mbo 1y =4y, npuy’ = +y (18)
Pemmast ypasuenust B (18), npuxogum K ycaoBusM
gambo y = Cypcosx + Cosinz,
n . (19)
oo y=M "

Paccmorpum dyukimmio

y=sinz, npu 0 <z < /4,

yo(x) = V2 .
Yy = 76_7T/4 et upu /4 <ax < 7/2
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Hermocpecrsenno nposepsiercst, ato dyHkKus yo(x) yaoBiaersopsieT nape yciaosuii (19).
Takum 06pazom yp(z) — cybIKCTpeMasib, IPU STOM:

yo(m/4—0) =sinw/4 = \gi = yo(n/4 4+ 0),
2
yo(m/4 —0) = cosm/4 = \2[ = yy(m/4+0),

oTKyzia creyert, ato yo € C1[0;7/2].
IIpu sTOM mpsiMast IpOBEPKa JOCTATOYHBIX ycaoBuii Jlexkamapa — Akobu moka3bIBaerT,

9TO Ha dKCTpeMasn Y1 (z) = sin & BapuanuoHHBIH (DyHKIMOHA
/4
Oy(y) = /(y’2 —y*)dx
0
JocTUuraeT CTpOFOFO JIOKQJIBHOI'O I\JI/IHI/IMyl\Ia.. TOI‘IL& nus3 HepaBeHCTBa
/4
@y (y) = / y? — y?|dz > ©1(y) > ®1(y1)
0

cyrefiyer, 9To BapuarmoHHblil dyHnknnonana ®(y) Tem Gosiee TOCTHraeT HA SKCTPEMAIIH
y1 () cTpororo JOKaJIbHOrO MuHIMyMa. Jlajiee, IOCKOJIbKY BapUAIMOHHBIN (DYyHKIIMOHAJT

w/2
<I>2(y)—/|y’2—y2ldw

w/4

\/§ w/4

HEOTpUIATE/IEH U Ha SKCTpeMasu Yo(xr) = 76_ - e” obpamaerca B Hyab, TO Po

JIOCTUTAeT CTPOTOro JIOKAJILHOIO MUHUMYMa Ha sKcTpeMasn ya(z). HakoHerr, ockobKy

> + (I>2 (y
[057/4]

TO BapuaruoHHblil dyskmonan P(y) gocTuraer CTpororo JIOKaJIbHOIO MUHMMYyMa Ha

®(s) =y

[w/4;7r/21> ’

cyOIKCTpEeMan
yi(z), 0 <z <m/4;
yo(x) =
ya(z), 7/d <ax <m/2.
Takum o6pa3oM, Ha JaHHON cyOaKcTpeMau Yo () JOCTUraeTCst CTPOTrUii JIOKAIbHbII MU-

HUMYM BapuanuoHuoro dbyskimonana (17).

B zaksmouennn paccCMOTPpUM BapHaIlMOHHYIO 3aJa91y C MOIYJIEM 110/ 3HAKOM UHTEI'DaH-

Ta (cM. mpumep 2).
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Teopema 9. Ilycmov

b
B(y) = / f.y Wy Dde (f € CYR®),y € CYasbl,y(a) = yay(b) = ). (20)

s pyrkyuonanra (20) exarouenue Jiaepa—/laepansica npurnumaem 6ud caedyrouets

a/meepHamueu:
[ 8f / d af ! !
afy(ﬂfvyvy ) — dw((%(m,y,y )) =0 (npuy’ > 0);
of d

7 _ / o g _ / _ / .
8y(w,y, y)+dw(az(x,y, y) ) =0 (npuy <0);

_;Kgf(x, Y, 0)) ; +di<g];(m,y,0)>] (npuy’ = 0).

B wacmmocmu, ecau mes(y' = 0) = 0, Mo npuzodum K ypasHeHuo

Jy

0
0¢€ —f(x,y,O) +

of , , . d (Of ,
oy u )~ signy) - o (@) ) =0 (n ) 1)

3. KOMITAKTHBIE CYBAN®O®EPEHIIMAJIBI BTOPOTO TTOPAIKA.

[Tpusenem BHauase onpenenenue K—cybnuddepennmana 2-ro mopsiika, CaeLyst CTaH-
JapTHON uHIyKTUBHOI cxeme. Beiony namee E, F' — nopMmuposanubie Konycol, U(x) —
okpectoctb ¢ € B, f: E D U(x) — F.

Ounpegesienne 11. Ilycrs orobpaxkenue f (cuibao) K—cybnuddepeHimpyemMo Ha MHO-
xkecrse U(x). Ecim orobpazkenue

Oxf:EDU(x)— Lg(E; F)

K—ybauddeperimpyeMo B TOUKe T, TO OyleM TOBOPUTH, 9To f deascdv. K —cybdud-
depenyupyemo B TouKe x, n BBemeM K —cybduddepenyuan emopozo nopadka ot f cran-
JIAPTHBIM UHYKTHBHBIM 00pa30M:

Ot f(x) == Ok (O f)().

B cayuae nHopmupoBanubIXx mnpoctpancts F u F, noeropas K-cybmuddepen-

UPYyEeMOCTh f BJieYeT OOBIYHYIO OJHOKPATHYIO AudHepeHnupyeMocTsb f B TOUKE .

Teopema 10. [Tycmv E, F — nopmuposarhvie npocmparcmea. Ecau omobpasicenue
f: E D U(x) — F dsaocon K-cyboupdeperyupyemo 6 mouke x, mo [ dug-
Peperuupyemo 8 00biuHbIM CMBICAE 68 IMoti mouke. B uacmuocmu, ecau f dsaorcdvt

K —cybougppeperyupyemo 6 oxpecmmocmu U(x), mo

O f(z) = O (f') ().
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Ha K—cybonuddepenruasst 2-ro nopsiaka o0obImaeTcs xaaccuseckas meopema FOnea
0 CUMMEMPUYHOCTIU BTOPOTO CUJIBHOTO auddepertmaa. Bruadamre BBeeM BCIIOMOTa-

TEJbHOE ITOHATHE.

Onpenenenne 12. i dbukcupoBaHHbiX h,k € FE UPEIIONIONKUM, UTO CYIIECTBYET
caenyrommit K—1pegeir :

32

O f(x)(h, k) =

K:nma{z € F‘f(x+th+sk)+f(a:) - f(x+th)+f(x+sk)+(st)z‘0 <ts< 5}, (22)
6—+0

KOTOpPBIIl Ha30BeM Oucummempuveckum emopuim K —cybduddeperyuarom f B TOUKe X

no nape Hanpasienuii (h, k).

Baxkublit pe3ymbTaT 9TOT0 pasnena: B caydae banaxrosux npocmparems B u | Bropoit
K—cybnuddepentuast 8%( f(x), ecaut OH cyIIECTBYET, COBIIAIAET CO BTOPHIM OUCHMMETDH-
geckum K -cy6auddepenimanom 9% f(x) 1, Kak ciieicTBue, IBIAETC CUMMEMPUUECKUM
OUCYOAUMETIHDLM ONEPATTLOPOM.

Teopema 11. IIycmov E u F — 6anazosw, npocmpancmsa, f: E D U(x) — F. Ecau
omobpascenue f deascov, K —cybouddepenyupyemo 6 mouke x, mo f makoce ducum-
mempuvecku K—cybduddepenuyupyemo 6 mouke T, npuiem

O f (@) (h, k) = O3 f () (h, k).
B wacmuocmu,
0% f(x)(h, k) = 0% f(x)(k,h) (Vh,k € E).

[IpumeHeHHBIT HAMU TIOJXO/T TIO3BOJISIET UCIOJIB30BATh UHIIYKIUIO JIJIsl OIIPeJIeJIeHUsT
K——cybmuddepenruana n—ro nopsaxa. Jlagee, kKak u B npeabiayiieM nyukre, £ u F —
HOPMUPOBaHHbIe KOHYCHI, U(x) — okpectHocTh Touku x € B, f: E D U(x) — F.

Onpepenenne 13. ITycrs orobpazkenne f K—cy6muddepennupyemo (n—1) pasz B U(x).
Ecnu orobpazkenne:
O f:EDU(x) — Li(E,...E;F) = LY (E; F)
n—1
K——cy6muddepennupyemo B TOUKE &, TO MBI OyAeM MOBOPUTL, 9T0 f 1 pas K —cybdugdde-
penyupyemo B ToUKe T u BBeneM K —cybdugdepenyuan n—20 nopsadka or f craHgapTHBIM
WHJIyKTUBHBIM 00pa30M:

O f () == Ok (O f)(2).

B cayuae wmopmuposanmvir npocmpancme E  u  F, n—xparnas K-cybaud-
depennupyemocts f B TOUKe x Biieder obObruHyIO (n — 1)—Kparnyio muddepeniupye-
MOCTb f B 9TOit TOUKE.
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Teopema 12. IIycmov E, F — nopmuposartvie npocmparcmsa. Ecau omobpaotcerue
f:E DU(x) - F n pas K-cybdupdeperyupyemo 6 mouke x, mo f dupdepenvyu-
pyemo (n — 1) pasz 6 obvrurom cmovicae 6 amot mowke. B wacmmnocmu, ecau f n pas
K —cy6ougpepernyupyemo 6 U(x), mo

Op f(w) = O (£V) (@), (23)

Teopema 13. IIycmo E, F — Hopmuposartvie K0HYCdl, 0mobpastcenue

f:EDU(x) = F (n—1) pas K—-cybdupgepenuupyemo 6 moure x u n pas K—cybou-

Pbepenyupyemo 6 npokoromot okpecmmocmu U (x). Ecau omobpasicenue O f : E D

D U(z) — L3 (E; F) cybrenpepviso 6 mowxe x (0% f € Cyup(x)), m. €. npu nexomopom
% . € L (E; F) eepo:

Ve>030>0(0<|h] <d)= (Okf(z+h) 2D}, +Y, ede|Y] <e),
mo f K -cybougpepernyupyemo n pas 6 mouxe x, npuwem 0% f(x) < D%,

Ounpepnenenne 14. Byjnem ropopurs, uto f : E D U(z) — F — cybeaadkoe omobpasice-
nue n—20 nopadka (nmu C™ —cybzradxoe omobpasicenue) B Touke x, u mucars f € O, (x),

ecin O f € Cyyp(z). B cayuae n = 0 Ml otoxectsiaseM Kinacesl CO o (z) u Cyyp(z).

ITeperecem Ha ciaydail BBICIINX IOPSAIKOB JOCMAMOUHOE YCA06UE N—KPAMHOT
K —cybdugdpeperyupyemocmu B TepMuHax dacTHBIX K —cyonuddepeHnnaios.

Teopema 14. Ilycmv Eq, ..., By, F — nopmuposanmvie Konyco,
fiEyx..xEypD>U(x) = F. Toeda

(f € Cop(a)) = <<8x“an];xln>K € Csup(x), (V1<ip <. <y < m)> —
— (3 a;gf(:g)).

Paccmorpum dpopmyity Teiopa B dpopme Ileano juris B cirydae orobparkeHuit B Hop-
MUPOBAHHBLE NPOCMPAHCMEAT. B 9TOM cilydae TOILKO TOCIEIHEE CIaraeMoe B MHOTO-
wrene Teiyiopa Oy/1leT MHOTO3HAYHBIM, YTO CYIIECTBEHHO YIIPOIIAET IIPUMEHEHUSI.

Teopema 15. [Iyemv E, F' — nopmuposanmvie npocmparcmsa, f : E D U(x) — F.
Ecau f K fcy60u¢¢epeﬂuupye¢/wo n pa3 6 mowke T, Mo:

1
[m+h Zk,f"“ >}—ma?(f<x>-<h>”=o<||h||">. (24)

Ecau npu amom [ K—-cyboduddepernyupyemo n pas 6 okpecmmocmu T, Mo PaGEHCMEO
(24) npunumaem 6uo:

[ Foth) - z;,f >k]—;ax(f<“1><-><h>”1)<x>h=o<||h||">.
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CaencrBue 1. B ycaosusazx meopemuv, 15 cnpasedausa ouerka:
n—1 1 1
Ft )= X O 0] € [ Lot ol @)
k= 0

Ecau npu asmom [ K —cyboudpeperyupyemo n pas 6 okpecmmocmu x, mo ouenka (25)
npuruMaem 6ud:

Foh) - 3L ) (] € mou (7B @t ol

Ilepeiinem K ycaosusam axcmpemyma 6 mepmurar K —cybdupdepenyuanros. Haanem c
K—ananora memmbl Pepma B TPATATIMOHHON JJTsT BBITYKJIOTO aHaan3a GpopMe.

Teopema 16. [Tycmv E — nopmuposaroe npocmpaHcmao,
f:EDU(x) = R. Ecau ynruyuonan f docmuzaem aokanbHo20 sKCMpemyma 6 mowke
x u K-cybduddepenyupyem 6 asmoti mouxe, mo Vh € E :

0 of
(0 € O3 F(a)h) = (a‘}f(x) <0< e >) (26)

B wacmmuocmu, 6 cayuae f : R™ — R yeaosue (26) npurumaem 6ud Konewnot cucmemoi

{w <0< af()}z | (21)

dBOUNBIT HEPABEHCTNE:

ox; ox; T
Haxoneu, 6 cayqae f: R — R cucmema (27) ceodumes x nepasencmsy:
df daf
<0< —(x).
dx( 7) <0< dq:( z)

Paccmorpum Temeps yeiioBusi 2-To mopsika, IpPeIBapUTETBHO BBEsST HEOOXOIUMBIH

armapar Teopun KBagapaTudnbix K—dopm.

Onpenenenne 15. [lycrs F — Boinykiibiii Konyc. Orobpaxkenue B : E — R HazoBem

rxeadpamuunoti K—gpopmoti, eciu:
B(Ah)=X2-B(h) (VheE, YA>0).
K-dopma B neompuuamervna (B > 0), ecian
max B(h) >0 (YheE).
K—-dopma B noaoscumenvra (B > 0), ecin
min B(h) >0 (Vhe E\{0}).

3necn 9% f(x)h = [min(df (z,h), —0f (x, —h)); max(df (x,h), —df (x, —h))] — Tax HazbBae-

MBI cummempusosarnuili K—cybmuddepernnan dyaknnonana f (eu. [2])
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B ciyuae, korna F — HOpMuUpPOBaHHBIN KOHYC, CKaxkeM, 910 K—dopma B nososcumenvro
onpedesera (B > 0), ecan 11 HEKOTOPOIi TOJIOKUTETHHOM KOHCTAHTHI 72 :

min B(h) > ~+?||h||> (Y h € E).

Venoeusg B < 0, B < 0 uw B < 0 BBOmdATCH, KaK OOBIYHO, C IOMOIIBIO Iepexoia K
K—dopwme (—B).

Teopema 17. IIycmov E — nopmuposanmnoe npocmpancmeo. Ecau pynxyuonan
f:+E D U(x) — R dsascon K—-cybdupdepenyupyem 6 okpecmmuocmu mouku T, mo

Vh € E, ||h|| = 1, swnoaneno pasencmeso:
o a ., [orf . o0*f
@@ = | 7O g O = | G Gt

IIpuBenem HEOOXOMMMOE YCIOBUE BTOPOIO MOPSIKA IJIsT MUHUMYMA.

Teopema 18. [Tycmv E — nopmuposarnoe npocmpancmeo, f: E D U(x) — R. Ecau
Pyrryuonas [ docmuzaem A0KGAYHORO MUHUMYMG 68 MOYKe T U 08Il

K —cybouppeperyupyem 6 oxpecmmnocmu amoti mouxu, mo Vh € E| |h|| = 1, evinoanerno
HEPAGEHCMEO:
2 2 8Tf 2
(@) £@) (1) 2 0) = (S 5@ 2 0). (28)

B wacmnocmu, 6 caywae f : R™ — R nepasencmeo (28) npurumaem 6ud ycaosus
HEOMPUUATMENDHOCTU MAKCUMYMG M —MEPHO20 0MPe3Ka, coedunaoulezo "nuschion” u
"seprmroro” mampuuwn, Tecce dans f:
*f 9 02f
J? h)? = h)%J h)?* = h)* >0. (29
x| 2 £(@) 1 = (5@ )T A0 = (o @] 20, @9)

O6osnauas J2f(x), ..., Jom f(x) — eepusunve mampuunozo ompesxka, ycaosue (29) modic-
HO nepenucamo 6 boaee npocmoti opme:

2 2 m
max | Jif(x)(h)" ] >0 (VheR™). 30
g, (RI@W?) 20 (vheR?) (30
Haxoneu, 6 cayuae f : R — R mampuynoe nepasencmeo (30) npespawaemcs 6 cka-
AAPHOE HEPABEHCINBO!
d?f
Brimmmem TeIepb AOCTATOYTHOI'O yCJIOBHE JIOKAJIBbHOI'O MHMHUMYMa B TE€PMHHAX BTO-
poro K—cy6muddepenipaia. 3aMeTuM, 9T0 BBIBOJ, yCjaoBus (32) B HEM ONMPAETCs Ha
KoHeurnomepnyto dopmy meopemo. Kpetina—Muavmana.
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Teopema 19. Illyemv E — nopmuposanmoe npocmpancmeo, f : E D U(x) — R,
Pynruuonan f dsascov K—cybouddepernyupyem 6 mouke x, npuuem f'(x) = 0. Ecau
BHNOAHEHO YCAOBUE:

O f(x) >0, (31)

mo f docmuzaem cmpoz2020 A0KAAGHO20 MUHUMYMA 8 MOYKE L.
B wacmnocmu, 6 cayuae f : R™ — R nepasencmeo (31) npunumaem 6ud ycao-
BUA NOAOHCUMENDHOT onpedeaennocmu Habopa "kpatinux" movex m-meprozo ompesxa

[J2f(2); T f(x)]
J2f(x) > 0; J2f(z) > 0;..; J2m f(2) > 0. (32)

Haxoney, 6 caywae f : R — R cucmema mampuunvixr nepaserncms (32) ceodumesa

00HOMY CKAAAPHOMY HEPABEHCTNBY:

d*f

Jlokazamenvemso. Ilo K—nemme ®Pepma 0 € Ok’ f(x), npu sTOM eciu cymiecTByeT
9% f(x), To cymectsyer f B OKPECTHOCTH TOUKH T, T.e. IPUX0oJuM K yeiosuio f/(z) = 0.

[To o6o6mennoii hopmyiie Teitsopa Broporo nopsijika st JO60ro JOCTaTOYHO MAJIOro
h nomyuaem: f(z+h)— f(z) — f'(x)h— 302 f(2)(h)?* = o(||h||?), orkysa npu gocrarodno
masibix ||h|| BepHO:

0<flz+h)—fz)e %5’2‘1"(%)%)2 +o(||Alf?). (33)

Boibepem € HACTOMBKO MasbiM, uTo6b1 ipH ||h|| < & Besmamna o(||h||?) B pasenctse (33)

2
yrosnersopsiaa yeaosmio [o(||h]?)]| < %HhHQ Torpa npu ||h|| < e :
P 2 2\ L Ve
(inf 507 F(@)(th)? + o([1th])?) > ]kl > 0. (34)

N3 dpopmynnsr Teitopa, Kak yzKe 0OTMEYIaI0Ch, BHITEKAET BKJIIOYEHUE

flz+h) = f(z) = f(2)h € %%f(ﬂ?)(h)z +o([[n]%).
Orcrona, B cuiy (34), nosydaem
Fx+h) = f(z) = 5[] >0

upu jocrarodso MasoM |kl > 0, me. f jgocruraer CTpOroro JIOKaJIbHOIO MHHHMYMa

B TOYKE . |
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4. Broroil K—CYBAU®DEPEHIIMAJT OCHOBHOT'O BAPUAIIMOHHOT'O
OYHKIIMOHAJIA.

O60061muM Kiraccudaeckyio hopMy BTOPOI BapHalluu Ha ciIydail cyOryiaJkux HHTErpaH-
toB kiacca C2 ;(R3). Ilpu sroM, Kaxk u B ciaydae x P, TOUHOE PABEHCTBO NEPEXOJUT B
orenky 0% ®

Teopema 20. Paccmompum BAPUGUUOHHBLT PYHKUUOHAA

/fwyydx<feqwm%yeﬁMM» (35)

Dynryuonan (35) dsastcow K —cybouddepenyupyem ecrody 6 Cla;b], npuvém cnpaeseo-
AUGA OUEHKA!

b
2 2
0% ®(y)(h)* C [/ (%(%y,y’)hz ayf (z,9,y )hh’> da;

62f / 2 8Tf / /
5 (9,9 +ayaz($7y,y)hh dx |+

b
2 2
+[/ < of (29,9 )hh + gg(m,y,y')hQ) dx;

0? 02
/<&£@w,mw+8&a%wW>m] (36)

31ech, Kak 1 1Ipu oneHke Jx P, Mbl TaKzKe BBIJICIMM CJIydaii HHTEIPaHTa, 00pa30BaH-
HOI'O BHeNTHell Komnosunuei cyoriaakoil hyHKImu (Teneps yKe Kiaacca C’gub) C I'JIaJIKOM.

Teopema 21. IIycmo
b

d(y) = /cp [f(x,y.)] de (p € C24(R), f € C*(R?),y € C'a; b]).

a

Tozda ® deasicov, K —cybougddeperyupyem scrody 6 Cta; b], npuuém enpasedausa ouernra
(6 kKpamkotll 3anucu,):

9% (y)(h)* C /s@’(f)- <h+ gzh’f  fdot

b
+ /30 ((fy)?h* + fyzhh) da:,/ "(f) - ((fy)?h* + fyzhh') dz | +
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b b
+me«mw+mm%m/wm«mw (f2)21") da (37)

a a

Jlokasameavcmeo. HelocpeicTBenHbIe BEMHCIIEHIS JAIOT:
(N =" ()2 ' () - fypi By =" () - (f)? + &' (F) - fes
o(f)z2 = f” (L H D) s B2 =) - (L) + () - fs
O(Plyz= " fy - fo+ &' () fyzi By =" () fy- fo+ () - fyee

IToncranoBka srux Besndnd B (36) mpuBoauT, moc/e npeodbpasosanuii, K onenke (37). O

PacemorpuM, B KauecTBe KOHKPETHOIO [IpUMepa, KJaace uaTerpantos suaa f(x,y,y') -

|f(z,y,9")].

Teopema 22. IIycmo
= /f(rc,y,y/) A fxy,y)lde (f € C*(R?),y € CMas b)),
Toz0a cnpasedrusa ouenka (6 kpamkol sanucu):

b 2
0% (y)(h) /|f| ( h—i—:h) - fdzr + 2 / signf-(fy-h+fz-h’)2.dx+

(f0)

+ -2 / (f,2h® + fy=hH) dz; +2 / (f,2h® + fyzhH) dz| +
(f=0) (f=0)

+ [ =2 / (fyzhh + f2h?) da; +2 / (fyzhH + f.2h"?) dz| . (38)
(/=0) (f=0)

B wacmnocmu, ecau mes(f(xz,y,y’) = 0) = 0, mo ouenxa (38) nepexodum 6 mounoe
pasencmeo:

GEB(y)(h)? = @y /u|( h+h)3f@+

b
+2/signf- (gfh—i—gf > - fdx.

a

B zakurouenne mpuBeném mpocTeimuii mpumep.



142 3. N. Xannnosa

IIpumep 5. Ilycrs
b

D(y) = /y’ |y’ |dz.

a

3aech npumMenenne oneHky (38) HPUBOAUT K TOYHOMY DABEHCTBY:

%0 (y)(h)? = " (y)(h)*> =2 / (sign y')h*dx = 2 / h2dx — 2 / h%dz.
(y'#0) (y'>0) (y'<0)

B uacrrocth, ecim mes(y’ = 0) = 0, nosygaem:

b
02.0(y) (h)? = Brc(y) (h)? = 2 / (sign y') - W2da.

O600muM Kjaaccruaeckoe Heobxomumoe yciaoBue JlexkaHnapa i MUHAMYMa OCHOBHOTO
BapHUALMOHHOrO (DYHKIIMOHAJA Ha KJIACC MHTEIPAHTOB BTOPOrO MOPSAKA CYOIJIaIKOCTH.
Kak u B KaccuueckoM ciiy4dae, 6a30BBIM SIBJISIETCS COOTBETCTBYIOIIEE YCJIOBUE HEOTPH-

OaTeJIbHOCTU KBaJAPaTUIHOI'O (bYHKL[I/IOHaHa,.

Teopema 23. Paccmompum xeadpamusmnviti GyHxuuonan
b
B(h) = / [P()h” + Q(x)h?] dz (h € CVasb], h(a) = h(b) = 0).
a
Ecau xosppuyuenmu P(x) u Q(z) oepanuuenv, P(x) nosynenpepwvisen ceepry 6crody
na [a;b], u Cf)(h) > 0 npu ecex donycmumwvix h, mo

P(x) >0 scrody na [a;b].
Jlokasamenvcmeo. Homycrum nporusnoe: (z9) < 0 B HeKoTopoii Touke xg € [a; b]. Tora,

B CHJLy IOJIyHEIIPEPBIBHOCTU CBEPXY B TOoUKe Xo, P(x) < 0 B HEKOTOPOil d—OKPeCTHOCTH
2. TTomoxkuM, ciremyst KIacCu9IecKoil cxeme:

r—z
\/5<1+ 60> upn g — 0 < x < xp;

(

\/3(1—36_5:60> npu x0§x§x0+5;‘

0 upumocraJbHBIX T € [a;b)].

CrangapTHast BBIKJIQJIKa IPUBOJUT K PABEHCTBY
z0+0 z0+0
B(h) = / Q(x)h2da + / P)h2dz = B (h) + Bp(h). (39)

zro—9 zo—0
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Omnennm oba craraembix B (39).
a) B cuny orpanmaennoctu @,
zo+9
Do (h)| < Mg - / h2dx = 2Mg - 0. (40)
x0—0
6) B custy Teopembl Beiieprurpacca Jiist OJIyHENIPEPBIBHBIX CBepXy (DyHKIHMIA,
P(z) < —mp < 0 upu x € [xg — 0; zp + ¢]. Orcrona

$0+5
~ 9 1 mp
(I)p(h)g—mp- / h dxz—mp-g-2(5:—7. (41)
zo—0
3 (40) — (41) nosmygaem:
~ mp 9
IPU JIOCTATOYHO MaJbIX 0 > 0, YTO IPOTHBOPEYHUT YCJIOBHIO. O

U3 reopembi 23, obmieit onenku 9% (®) (Teopema 20) 1 0611ero HeoGXOMMMOT0O yCIOBHS
MHHIMyMa B TepMuHax Broporo K—cybonnddepenimana (Treopema 18) HeTpyAHO MOTY-
YATH HEOOXOAMMOE YCIOBHE BTOPOrO MOPSIIKA JJIsi MHHIMYMa BapUAIIMOHHOIO (PYHKIIM-
oHasa ¢ uuTerpantom us kiacca C2, (R3).

Teopema 24. Paccmompum 8apuauuonmsiil GyrkyuoHal

/ f@u e (f € C2y(R®),y € Cllasbl, y(a) = yary() = ). (42)

Ecau dynxyuonan (42) docmuzaem aokaivhozo murumyma 6 mowxe y € Cta;b], mo

92f :
@(az,y,y) >0 ecr0dy na [a;b]. (43)

Joxazamenvemeo. pumenum 1o dopmyite (36) onenxu 9% ®(y)(h)? mnrerpuposanue
[0 YaCTAM K CJIaraeMbIM I10J] HHTErpajaMy, COJAepzKalluM MHOXKHUTEIL hh', 1 npeobpa-

3yeM TIOJIYYEHHYIO CYMMY OTPE3KOB KaK BBIMYKJIYIO 000JI0UYKY KpPalHUX TOYEK:

b
0? d { 92
% ®(y)(h)? C [ / <8y";(x,y,y’) - dx((?y(;;(x,y, y')>>h2dx;

a

b _
52 52
/(52»’6 Yy, y') — x<ay5fz(w7y,y')>>h2dw]+
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0*f N i N2
(axyy)h T dr m(%y,y) h= |dx;

wyy )h'* — E(fvyy') h? |da| =
dz\ 9z0y" "

P (P P
+<8y2(x’y’y)_M(@yaz(%y’y)—i_azay(x’y’y) h dI,

b .
O*f 0% f
/lazg(ﬂ?ay, yh* + (W(w,y,y/)—

a

®F o C.
<ayéfz( yy)+@(x,y y)>>h2]d$/[azz(w,y,y)h2+

a

P ) DR s SR U B
+ (W(x’y’y)_M(&y(‘?z(aj’y’y)—'_azay(x’y’y))) h ]dm} —.

=:co{l(h), Iz(h), I3(h), Ls(h)} - (44)

Haustee, 1o HeOGXOAUMOMY YCJIOBUIO BTOPOrO HMOPsiIKa Jijist MUHUMYMa, (TeopeMa 18),

max 0% ®(y)(h)? >0 (Vh € C'a;b), h(a) = h(b) = 0).

U3 onenku (44) 1 HOCTIEHETO YCIOBHSL Oy 9aeM:

max {Il(h)a IZ(h)a 13(h)a I4(h)} > 0. (45)
ObozHauuM Terepb:
02 02 0% f
P(z) = max (a J;(w v,9), azz(%y,y’)> = azjgc(xyy,y’);

_ 0% f , d [ 0*f , 0% f ,
Q(w)—max @(x7yay)_% @(«T7y7y>+@(w,y,y) )

an / d 62f / W /
(8y2(‘r7yay)_m(m(xayay)—f_azay(xay)y) )
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% f . d [ 9f . 0% )
(W(x’y’y)_cl:c<(?g/(‘9z(x’y’y)+(3?z&y(x’y’y) ;

0*f . d [ 9°f . O0if .
(ayz(w,%y)— m(ayaz(m’y’yH azay(w,y,y)))]-

b
Hosozxum I(h) = [(P(z)h/?+ Q(x)h?)dz. Torna us nepasencts I (h) < I(h) k=1,4n

nepasenctsa (45) cienyer I(h) > 0 npu mobom h € Cta;b] h(a) = h(b) = 0. [Ipumenss

rertepsb K [ (h) Teopemy 23, mosyuM:

af,
P@) = 5 5(0,0.4) 20 (a<w<D)

O

HpI/IBe,ZLél\/[ KOHerTHbeI npumMep € emé OJJHUM BapUaHTOM MOAYJIAIINA 'aPMOHUYIECKOI'O

OCIIMJLIIATOPA.
IIpumep 6. IlycTh

w/2

o) = [P (ye sG] u(0) =0, of
0

N

Orpammammics: pacemoTperuem dbynxmait y € C10; T, 11s KOTOPBIX MHOYKECTBO CTAIHO-
HAPHBIX TOUEK nMeeT HyseByto Mepy: mes(y = 0) = 0. s rakux GyHKmit ypasHenne

Ditnepa—Jlarpamka NpUHIMAET BUI;

y' +y=0 pu y' > 0
(mouru Berogy Ha [0;77]) ; (46)
y' —y=0 npu y' < 0.

Haiee,

2f n_J) 2 ¥v=0
a2 @ hY) = {—2, y' <0,
Taxkum 06paszoM, HU OJ[HA HEMOHOTOHHAsI (DYHKIMsI HE YIOBJIETBOPSIET HU ycJioBuio (43),
HU COIIPAKEHHOMY HEPaBEHCTBY /JIJId MaKCUMYyMa:
0% f

@(a:,y,y') < 0 mouru Bciogy Ha |asb].

Cpenn MOHOTOHHBIX (GYHKIMA (IpU JAHHBIX PAHUYHBIX YCJIOBHsIX) ypaBHeHHIO (46)
yaoBJeTBopsioT byHKIuN y = sinx n y = shx/sh .
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O6ob6mumM kiraccudeckue yeiaoBus Jlexxkanjapa—9kobu Ha ciydail KBaJIpaTUYHBIX
hYHKIMOHAIOB ¢ OrPAHUYEHHBIMA ¥ [OJIYHEIIPEPBIBHBIMU CHI3Y Koadhdurmenramu P(z)
u Q(z). 3amMeTnM, YTO MOHSITHE CONPSIYKEHHOW TOYKM MEPEHOCUTCST Ha ITOT Caydail 6e3

U3MeHEeHUN.

Teopema 25. Paccmompum xeadpamushvli GyrnKuuoHas
b
B(h) = / (P()h? + Q@)h?) dx (b€ CVla; b)), (47)
a
roapuyuermu, komopozo P(x) u Q(x) oepanuyensv. u noaynenpepvisrv, cnusy Ha [a; b.
Ecau dna gynryuonana (47) ewnoanenvs yeaosus (i) P(z) >0 npu a < x < b;
(ii) ompesoxk (a;b] ne codeporcum mouer, CONPAHCEHHVT € a; MO OH NOAOHCUMENLHO
onpedenén ¢ Clla;b).

Hoxazamenvemeo. Ciieliyst cTaHIAPTHON CXeMe JIOKA3aTeIbCTBA JIJI TJIAJIKOTO CJIydas,
J06ABUM K BBIPAXKEHUIO, CTOSMIIEMY IMOJ 3HAKOM wuHTerpasia B (47) BeJuuuHy BUja
d(wh?); npu sTOM 3HAYEHME MHTErpaAJIa He H3MeHUTCs. Ecm w(r) yaoBiersopser ypas-
HEHUIO

P(Q+u) =u?, (48)

1o byHKIHOHA (47) IPUBOAUTCS K BUJLY:
b
~ w
d(h) = /P(h’+ Fh)de.

CranmapTHBIM 00pa30M IIPOBEPSIETCS, 9TO &)(h) > 0 npu h # 0, ¢ y9eTroM TOro, ITo
u3 nostyHenpepsisHocTn P cuusy Ha [a;b] caemyer P(x) > +2 > 0 u orpaHmueHHOCTS
(1/P(x)). Orciona B cuity xkBagparuanocti byHKIHOHALA O, CIICAYET ero HoI0KITE b
Hasl ONPEJIeJICHHOCTb.

Ocraercst oka3arb, 4T0 ypasHeHue Pukkaru (48) umeer pemenne. CrasjapTHbIMU
IpeodPa30BAHUSAMU OHO MIPUBOJUTCS K yPABHEHUIO

dP/ 0

T. e. K ypaBHenuto Skobu jyisi dynkuuonasa (47). Ilo yciaosuio, 910 ypaBHeHHE MMeeT
perenue u(x), KoTopoe He obpamiaercs B Hyib npu a < z < b. Torga cymecryer u
pemrenne ypasuenus (48), onpeesnennoe pasencTsoM w = —Pu'u~!. Utak, dynkimmonas

(47) nonoskurensuo onpeesen na Ctla; b].
O

Tenepp nepeiiIeM K IEHTPAIBHOMY PE3YIbTaTy.
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Teopema 26. Paccmompum sapuayuonmnviti Gynryuonas

/ fy e (f € C2y(R®),y € Cllasb], y(a) = yary() = ). (49)

IIpednonootcum, wmo y — cybakempemans gyrkyuonanra (49), m. e. nowmu ecrody ydo-
saemeopaem ypasnenuro Jiaepa—Slaepanoica. [lycmv 6doav cybsxcmpemant y vinosre-

HbL CACOYIOWUE YCAOBUS:

0% f
(i) ﬁ(x,y,y’) >0 npua <z <b ("wuorcnee” ycunrernnoe ycaosue Jleocandpa);
2

(il) dan wasrcdozo us wemwpér ypaswenutl Hxobu, coomeemecmeyOUUT epuUHaM 08Y-
—2
MepHozo mampuunozo ompeska [J2f(x); T f(x)]:

d [9*f 1 [ d/[d*f N, O / O*f /
dz | 022 5 (29,9 - h_ - _—d$<8yaz(x,y,y)+azay(m’,y,y)> +j(»’c,y,y)_ ~h=0;
(50)
d [0%f no] [ d [ O%f N, Of N | Of N
%_@('fﬁ%y)‘h_ - __dx<8yaz(x7y7y)+azay(xayay)> +?(xay7y)_ h—O,
(51)
d _an / /_ [ d an / W / an /_ .
%-@(xﬁ%y)‘h_ - __% 8yaz(x7y7y)+azay(xayay) +j(xay7y)_ h—O,
(52)

d [9*f 1 [ d[o2f O’ f 2% f |
@ |92 5 (@,y,y) | — —dx<8yaz(x,y,y’)+ 3 (x,y,y’)>+y2(:v,y,y') ~h=0;
) - ©(53)
(h(a) =0, W' (a) =1) (54)

BHINOAHEHDL YCA08UA STKOOU OMCYMCMEUA CONPAHCEHHBLT MOYER.
Tozda gynryuonan (49) docmueaem cmpo2o2o AOKAABHOZ0 MUHUMYMA 8 TOYKE Y.

oxazamenvcmeo. Bocnonssyemes onenxoit mia 07 ®(y)(h)?, nomyuennoit B joxaza-

TEJIbCTBE TeopeMbl 24:

b
0* 0? d [/ 0? 0?
ot < cof [ [T+ (G- (Gt gmactens)) )12 as

a

2f ) O f o d /o f
/[8 S, y, Y + (W(x,y,y)—cm<ayaz 990 ——(z,y, y)))hﬂdaz;

a
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b .
f o2f  0%f
/2 -4 / 2 )
/[azxyy )h (ayQ(x,y,y) dx<8y8,z 9y0= (xyy)))h]d:c,

2f d [ 2f  O%f
/2 A ! 2 _.
5@, y,9)h (ayz(w,y,y) dx<ayaz+ ayaz(m,y,y)))h ]dfﬂ} :

= co (k) (), Js(h), Ja(h) }. (55)

[TpoBesieM oOleHKY Kaskjoro u3 uurerpasios Ji(h), k = 1,4, n0ab3ysch pes3y/ibTaToM

TeopeMBI 25.
a) ITosroxkum

0? 0? d [ 0? 0?
P = o) Qulo) = (e = (-t 5 (e )

Torga ypasuenue fkobu jjist KBaJApaTHIHOTO (DYHKIMOHATIA
b
Ji(h) = / [P (z)h? + Q1 (x)h?]dx
a

npumer By (50). Takum o6pasoM, ecium BbIIOIHEHO yesosue fkobu jyist ypasuenus (50)
n ycusaennoe ycjaosne Jlexkanmapa
o0 f
022

TO KBaJIpaTudHblii HpyHKIuoHAI J1(h) MOJ0KUTEBHO OIpEIesIeH:

Ji(h) = 7% - |hl* (Yh € Ctla;b], h(a) = h(b) = 0).

Pi(z) = (2,9, ) >0 (a<x<D),

b) Anasormunbiv o6pazom, obosHauast uepes Py (z) u Qk(x), coorBercrBenHO, K03 bu-
nmentsl npu h'? u h? n1s GyHKIMOHAIOB
b
Ju(h) = /[Pk@;)h’? L Qu@)hde (k= 2,3,4),
a
MBI TIPUXOIUM K yCI0BHIO fAkobu st ypasuenuii (51)—(53) u yCHJICHHBIM yCIOBUSIM
Jlexkanipa Buma:
of
Pa(z) = 55(2,9,9) > 0;
a2f / 8Tf /
2@y y) >0 Paf) = 55(@y,¢) >0 (a<z <)

Orcroia BBITEKAET ITOJIOKUTE/IbHAST ONPEEJIEHHOCTh KBAJIPATUIHBIX (DYyHKITHOHAJIOB

Ji(h), k=2,3,4:
Jo(h) = A3 )% Js(h) = ~3:|IRI% Ja(h) >3-l (Yh € CMa;b], h(a) = h(b) = 0).

Py(z) =
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Takum obpaszom, obosnadas v = min{'y%, 722, 'yg, ﬁ} > 0, IpUXOIUM K CJIEYIONIEMY
UTOTY.
[Tpu BeimoHennn kobu fy1st Kaxk1oro u3 ypasaenuii (50)—(53) u ycuieHHOro yCaoBus
Jlexkangpa B popme
0% f

@(x,y,y’) >0 (a<z<b),

BBIIIOJIHEHbI HEPABEHCTBA
Je(h) =2 - [|R]*.
Ho Torna us onenxu (55) sbitekaer nepasenctso 0%-®(y)(h)? > 42 - ||h||?, re. 9% D (y)

TaKKe MMOJIOKUTEIBHO omnpeeieH. CrenoBaresibHO, B cuity o0Iei TeopeMbr 19, & qocru-
raeT CTPOToro JIOKAJIbHOTO MUHUMYMa B TOYKE Y. [l

3ameuanue 7. [Ipu repexo/ie K J0CTATOYHBIM YCIOBUASIM MAKCUMyMa B TeOpeMe 1, yCiio-
Bue (i) 3aMeHsIeTCs Ha YCJIOBHE:

f
022

Yenosue (i) octaérest 6€3 n3MEHEHNsI.

(z,9,9) <Ompma <z <b.

B sak/roueHnn paccMOTpUM IIPUMeED IPUMEHEHHsT TeOPeMBI 1 K eIlé OIHOMY BapHaHTy
"MoysiupoBaHus” TapMOHUYIECKOTO OCIIUJLISITOPA.

IIpumep 7. Ilyctn

w/2

B(y) = / (v — qyly))de, (56)
—7/2

S T Y YL Y A Y )
<y€C{2,2,y2 sin P ¥ (35 s p2,p>07q>0.

31ech ypaBHeHHe Jitiepa—/larpanka mpuHIMAaeT BUT:
py" +ay=0 (y >0);
py" —qy=0 (y<0).

. q q
Taxkum obpazom, dpyHKIHS iy = sin \/; rv] (0<z<3),y=—sh \/; T
(_

< x <0), aBusercs cyGKcTpeMaiibio GyHknnonada (56); npu sTom y € CQ[—g; Zl.

ol
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"Hwmxnee" ycnosue Jlexxamnmpa st cCyOIKCTPEMATHN i BBITIOJTHEHO:

0?2 0?2
ajg(ar,y,y’) = afz“g(x,y,y’) =2p > 0.

"Hmxuee" ypasnenne fkobn (50) mpuHuIMaeT BU:
ph" +qh =0(y' = 0);
(n(=5) =0, W(=5) =1)
ph" —qh =0(y <0).

Orcrona
.
sin \/71‘ -ch 5 + cos \/;:L’ -shg (0<2<3);
p
h(z) =
sh \/;:z + 3 (=5 <z <0),
p

\

u ycsosue Skobu st ypasaenust (50), Kak JIETKO BUJETD, BBIIOJIHEHO. YCI0BHE SIKOOH

qutst ypasaenuit (50)—(54) mposepsiercsi aHAJIOTHYHO.
Taxkum o6paszom, BapuanuoHHblil GyHKInoHax (56) pocTuraer Ha cyGIKCTpeMasn

,
sin \ﬁx . (0<a<T)
p

CTPOroro JIOKaJIbHOI'O MUHUMYMa.

ABTop BBIpaXkaet nmpusHaTeILHOCTL Tpodeccopy WM. B. OpJioBy 3a mocTaHoBKY 3a1a49n

1 I10JI€E3HbIE O6Cy}K,ILeHI/IH .
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Excrpemasnbhi Bapiamniiini 3agadi i3 cybriaakumM iHTerpanTom
Y pobomi posessnymi dodamru meopii Komnaxmuuxr cybdidepenyianie do
8aplautinu 3aday i3 cybeaadxim iwmezparnmom. Ompumano anas02y KAGCUY-

nux ymos Jleosicandpa i Jleowcarndpa — Hxobi. Pozeasnymi npuxaadu.

Kro4gosi cioBa: cybrimagkuii iHTerpanT, KOMIAKTHUI cyOmidepeHniia, BKIIIOYEHHS
Eitrepa — Jlarpamxka, y3araibaeni ymosu Jlexamapa — fxobi

Extreme variational problems with subsmooth integrand
Subdifferentials as a tool of monsmooth analysis, have been recognized for
a long time in mathematics. Beginning with the classical subdifferential of a
convex functional there appeared and there continue to appear new definitions
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of subdifferentials designed for application to different classes of extremal and
other nonsmooth problems.

Based on the definition of a compact subdifferential (or K-subdifferential)
for maps of the real scalar argument introduced in the works of Orlov I.V.
and Stonyakin F.S. to investigate the problems of integration of the wvector
integration, K—subdifferential is a compact conver set and when the set is
reduced to a point, it reduces to the usual differential. K—subdifferential enable to
obtain the significant results in the theory of the Bochner integral. Theory of the
first order K —subdifferentials was built in the works by Orlov I. V., Stonyakin
F. S., Khalilova Z. 1. and includes applications to extreme variational problems
with nonsmooth integrand.

The present work is devoted to a detailed consideration of the application
of K—subdifferential calculus to research of extreme variational problems with
nonsmooth integrand. The nonsmooth analogues of the main variational lemma,
Euler-Lagrange equation, simple and strengthened Legendre condition and the
Legendre-Jacobi conditions for basic variational functional are obtained. The
work consists of four sections.

The first section provides a brief overview of the theory of the first order
K —subdifferentials and contains the basic concepts of the theory of normed
cones. The second section provides a brief overview of the application of
compact subdifferentials to variational functionals with nonsmooth integrand.
Some examples are considered. The third section contains the theory of second-
order compact subdifferentials, the basic definitions and theorems are given.

Finally, the fourth section is devoted to the application of theory of second-
order K —subdifferentials. An estimation of the second K —subdifferential of basic
variational functional is obtained. Analogues of classical conditions Legendre
and Legendre — Jacobi are obtained. A corresponding result is considered.

Theorem 1. Let’s consider the variational functional

b
D(y) = /f(:v,y,y’)dw (f € C2,4(R%),y € C'[a;b],y(a) = ya, y(b) = mp).  (¥)

Let’s assume that y is subextremal of the functional (*), i.e. y almost everywhere
satisfies the Euler — Lagrange equation. Suppose that the following conditions satisfy
along the subextremal y:

82
(i) azJ;(x,y,y') >0 ata <z <b ("the lower" strengthened Legendre condition);
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(ii) for each of the four Jacobi equations corresponding to the vertices of the two-

dimensional matriz segment [J2f(x); jzf(a:)]

0]
| 022
Ei
| 022
27

022

O°f
522

(x’ Y, y,) “h
(z,y,9) - I
(x’ Y, y,) h

(.Z', Y, y/) : h/

_d
| dz

d

(

(
(

_ 4
dzx

d

0% f
0yoz
»2f
0yoz
0% f
dy0z
»2f
oyoz

@%M+£&@@d0+
/ 8T /
m%w+&%@%y0+
/ 8T /
($>y£/)+‘azay($dhy)>‘+
2
m%w+i£@%yﬂ+

(h(a) =0, b(a) = 1)

take place Jacobi condition of the absence of adjoint points.

Then the functional (*) attains a strict local minimum at the point y.

h =0;
h =0;
h = 0;
h =0;

Keywords: subsmooth integrand, compact subdifferential, the Euler — Lagrange

inclusion, the generalized Legendre — Jacobi conditions.
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A. B. LIBICAHKOBA

NCKJIIOYEHNE YCJ/IOBUA AKOBU
B BAPUTAIIMOHHBIX 3A/TAYAX C HEI'VTAZIKM
NMHTEI'PAHTOM

Memod ucxarovenus ypasuenua u yciosus drxobu, paspabomarnviti HedaéHo 6
OOHOMEPHOM U MHOLOMEPHOM CAYUGAT OAA 2AG0K020 UHMEZDAHIMG, NEPEHECEH
HA CAYHGT cYb2aa0K020 UHMELPAHMA 8 0OHOMEPHDIT BAPUAUUOHHBIT 3G004AT.
B amom cayuae 8apuayuonnolli GYHKUUOHAA HE ABAAEMCA d8axHcIb, duddeper-
yupyemuim no Ppewe, wmo npugodum Hac K METHUKE He2AadK020 AHAAU3A U
KOMNAKMHBE cybIuPdeperniuanos.

Kitouesbie cioBa: BapuAIMOHHBIN (DYHKITHOHA, CyOrIaJKuii MHTErPAHT, ypaBHEHNe
Axobu, "umxuee" ycusennoe ycioue JlexxaHapa, JTOKAJIbHBINA 9KCTPEMYM.

BBEJEHUE.

Knaccuaeckast cxema ucciieoBaHus Ha, JIOKAJIBHBIN 9KCTPEMYM OJHOMEPHOI'O Bapua-
IIMOHHOTO (PYHKIMOHAJIA, KaK XOPOIIo n3BecTHO [1]|-[2], npeanomnaraer pemienne ypasHe-
Hust Jityiepa—J/larpaHka U IpOBEPKY JJisi HAWJIEHHON 9KCTPEMAJId YCUJIEHHOTI'O yCJIOBUST
Jlexkannpa u yciaoBusg AKobu OTCYTCTBHUS CONPSKEHHBIX TOYEK i ypaBHeHUs Axobu.
Tlociienuuii mar saBasercs Hanbojee TPYIOEMKUM; IIPU 9TOM TPEOYeTCsl PEIIUThb I0CTa~
TOYHO CJIOYKHOE YPaBHEHUE Ui MOJyUEHUsI CPABHUTEIbLHO HEOO/IbINoi nHdopMaum o
HeOOpAaIleHUU B HyJIb €0 PelleHus.

B MHOroumcsienHbix paborax (cMm. Hampumep, [3]-[9]) uccienoBaics ycioBus, mo3Bo-
JISTIOTIME UCKJTIOYNTh ypaBHeHnne ZKoOm m3 cxeMbl MCCIEOBAHUS HA SKCTPEMYM B OJI-
HOMEPHBIX BApHUAIMOHHBIX 3aJadaX. Kak mpaBmio, 9TO JOMOJHUTETLHBIE YCIOBUS HA
dyuKIMo sKcrecca Beiteprmrpacca, camu 1Mo cebe TakxKke He ovUeHb mnpocTbie. HemaHo
B paborax Opsosa W. B. ([10], [11]) 6buin mosrydeHbl JOCTATOMHBIE YCJIOBUSI JIPYTOTO
tuna. [lokazaHno, 9T0 B OJIHOM W3 JIBYX TEOPETUYECKM BO3MOYKHBIX CJIydYaeB, OMpejie-
JIsTeMBIX (pOPMO# MHTErpaHTa Ha SKCTPEMAJIH, YCuIeHHoe yeaoBue Jlexkanapa siBisieTcst
JIOCTATOYHBIM YCJIOBHEM IKCTPEMyMa 6e3 KaKUX-JMO0 JTOTOTHUTENBHBIX OrpaHNIeHNUH,
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BO BTOPOM K€ BO3MOXKHOM CJIydae BO3HUKAET JONOJIHUTEIbHOE OrPAHUYEHNE HA JJIMHY
[IPOMEKYTKA. DTH Pe3yJbTaThl B HAIMX paboTax 00ODIINEHBI HA MHOTOMEDHBIN CiIydait
(1121, [13]).

Hesbio HacTOsIIEN PAOOTHI SABJISIETCS 000DIIEHNE YKA3aHHBIX PE3YJIBTATOB B OJHOMED-
HOil curyanun Ha ciydail C2-cy6riajkoro uaTerpanTa. B 9TOM CiIyuae BapHAIMOHHBI
GbYHKIMOHAIT He SIBJIsIeTCs JBaXK bl tuddeperiupyeMbiM 110 Operite, 910 MIPUBOIUT HAC
K TEXHUKE HEIJIaJKOrO aHaju3a U OIpedesiéHHOMY Tuiy cybauddepeHnmuaion.

Cy6auddepeHimalibl, KaK HTHCTPYMEHT HErJIaJKOro aHaJM3a, JOCTATOYHO JIABHO IIO-
Jlyauiu TpusHaHue B maremaruke. Haunnasa ¢ kjnaccudeckoro cybnuddepeniimaia Bbl-
nykJsoro yHKImoHasa (onucaHHoro B usectHoil Monorpadun P. Pokadesnapa [14])
MOSIBUJINCH ¥ TIPOJOJI2KAIOT TIOSIBJIATHCSI HOBBIE ompejieienus cybauddepeniinaios, pac-
CHYUTaHHbIE Ha IPUMEHEHNE K PA3/INYHBIM KJIaCCaM 9KCTPEMAJIBHBIX U JPYTIUX HETJIaJIKUX
3aza4 (Takue, Kak usBecTHbIll cybnuddepeniman @. Knapka [15], cybuuddepennuasn
B. H. ITmenuunoro [16| u muorue apyrue (cm. wanp. [17], [18])). B GosbmuncTee cBoem
9TU OIPEJe/IEHNns ¢ 0OTOOPaKEHUSMHU B €BKJIMJIOBBI [IPOCTPAHCTBA, HO UMeEIOTCH U OoJiee
obue.

Mp1 ontmpaeMcst Ha TEOPUI0 KOMIAKTHBIX cybanddepentuaios nim K-cyoauddepen-
mraoB. B ciaydae ckasispHOro aprymenta nouartne K-cybmuddepenmuaia ObLI0 BBe-
nerno B paborax ([19], [20], [21]) u oka3a/jOCh MOE3HBIM HHCTPYMEHTOM IIPH HCCIIe-
noBanun 1pobsembr Pamona-Hukomuma mjist unrerpasia Boxmepa. Hemasno B paborax
([22]-[24]) mousitre K-cybnuddepennnaa 66110 epereceHo Ha caydail oTobparkeHuil B
06aHAXOBBIX IIPOCTPAHCTBaX. B YacTHOCTH, PACCMOTPEHBI TPUJIOKEHHUS K BAPUAITMOHHBIM
dbyHKIMOHAIAM C CyOIJIaIKUM WHTETPAHTOM U HANJIEHBI JJIs HUX BBINYKJ/IbIE AHAJOTU
ypaBHerus ditnepa—Jlarpamka, yciosust Jlexkauapa u yciosust Jlexanapa—Akodou. Dtu
pe3yIbTaThl B 0030PHOM IOPsIJIKEe U3JI0XKEHBI B IEPBOM pasjiesie Halleil paboThI.

Ornmpasich Ha pe3yJibTaThl IIEPBOI0 Pa3jiesia U TEXHUKY UCKIIOUEHHsT ycJIoBust 1koowu,
Pa3BUTYIO HAMU paHeee, BO BTOPOM, OCHOBHOM paszJiejie paboThl MbI IEPEHOCUM Pe3YJ/Ib-
TaThl 06 HUCKJIIOUEHUU YCJIOBUA HKO6I/I B 3KCTpeMaJIbHBIX BapHallMOHHBLIX 3a/lav9aX Ha
cay4ait C2-cy6riajKoro (u, xak ciejcreue, aBax sl K-cy6muddepeniupyemoro) nH-
TerpaHTa. PaccMOTpeH NpuMep, JeMOHCTPUPYIONINN COlep:KaTeIbHOCTE OCHOBHOI'O pe-
3yJIbTATA.

1. KOMIIAKTHBIE CYB/JN®®EPEHIVAJIBI BAPUAIIMOHHBIX ®VHKI[MOHAJIOB
(OB30P).

Brauase Mbl mpuBeéM OCHOBHBIE oHsTHST Teopun K -cy6muddepenipanos, mo-
CTpOEeHHOH B mocseuue rojel B paborax 1. B. Opiosa, @. C. Crousikuna u 3. 1. Xaym-
noBoii ([19]-[27]). st mpocToTsl, n3102keHne BEAETCS B CIIydae GaHAXOBBIX IPOCTPAHCTB.



156 A. B. Lbirankosa

Tonosiorngeckoit 6a30it Teopuu CayKuT moHsATHE K-TIpesesna yObIBalomeil CucTeMbl 3a-
MKHYTBIX BBITYKJIbIX MHO)KeCTB B F, namee U(0) — OKpecTHOCTH HyJIsl B MPOCTPAHCTBE

E.

Ounpepnenenne 1. Ilycrs {Bs}s~o — ybbiBaomas mo Biaoxkenuto npu 6 N\, +0 cucre-
Ma, 3aMKHYTBIX BBITYKJIBIX [TOJIMHOXKECTB BEIIEeCTBEHHOr0 HGaHaXOBa MMPOCTpaHCTBa F ¢
HelycTbIM nepecedenrieM B. Muoxkecrso B nazosém K-npejenom cucrembl { Bs}sso:

B = K- lim Bs,
0—+0
€CJIn MHOXKEeCTBO B KOMITakTHO, U
VUO)CE3oy >0: (0<6d<dy) = (Bs C B+VU).

Takum obpazom, onpejenenne K-mipejiesa CBOJAUTCH K PABHOMEPHOMY TOIOJIOTHYE-
CKOMY CTSITMBAHUIO MHOXKECTB Bs K UX HEIyCTOMY KOMIIAKTHOMY TiepeceveHuto. [Toce-
nytoree ompeaenenne K-cyomuddepennuaia cocTouT B Bbrauciaenuun K-tmpegena 3a-
MKHYTBIX BBIITYKJIBIX O6O.HOLIGK Pa3HOCTHBIX OTHOIIIEHU 1 HEKOTOPOI'o 0TO6pa)KeHI/I5[ 110
BeIOpannomy namnpasienuio. Jlagee F, F' — BerecTBeHHbIe OaHAXOBBI IIPOCTPAHCTBA,
orobpaxkenue f : E — F oupeneneno B Hekoropoit okpecrrocrtu x + U(0) Touku x € F,
h e U(0) = U(0)\{0} — Boi6pansoe Hanpasienue.

Onpenenenne 2. K-cybauddepennuan orobpaxkeHusi [ B TOYKe T 110 HAIPABJIEHUIO
h ects K-mpenen

6—+0

{f(fv+th)—f(ﬂf)
t

0<t<5,t7é0}. (1)

OueBnpno, K-cybauddepeHnual 1o HaIpaBIeHUIO siBISIeTCsi 06001IeHneM 0OBITHOTO
nuddepeniuaia 1Mo Hanpasjennto. Ero ocHoBHbIe cBoiicTBa paccMorpensl B [27]. Tlepe-
X071, K OTIpe/IeIeHnio cuiibHoro K -cybanddepentmaia B OCHOBHOM CIIEIYET KJIACCHIECKON
cxeme Apamapa—Pperrre.

Ounpegesienne 3. Tlpeanooxum, aro orobpazkenue i f(x, h) oupeeseno npu jo6oM
h € U(0) u cybauneiino 1o h, T. e.:

Or f(x,h1 + ha) C Ok f(x, h1) + Ok f(x, ha); O f(z,Ah) = X0k f(x,h) (VA >0).

B sTom caydae cybnMuHENHHBINH OmepaTop ¢ KOMIIAKTHBIMY BBIMTYKJIBIMUA 3HAYEHUSIME
h — Ok f(x,h) Hazoém ciaabbim K-cybnuddepennuansom orobpazkenus: f B TOUKe T U
npumeM Jyist Hero obosnadenne Ok f(z) : h — Ok f(x)h.

Hausee, ecu oneparop O f(x) orpanuuen mo Hopme (T. e. siBjsiercst K-omepaTopom
[19]):

10k f(x)[| = sup (sup [0k f(z)h]) < oo,
[[RlI<1

TO Ha30BEM ero K-cybmuddepennmnanom ['aro. Hakonen, eciu orobpaxkenne f K-cyo-
nuddepentupyemo 1o I'aro B Touke x, u cxomumocts B K-nipeneste (1) paBHOMepHA 1O
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BceM HanpassenusiM ||h|| < 1, ro K-oneparop Ok f(x) nazosém K-cybnuddepennuaaom
@pemte (i cuibabiM K -cyomuddepenimaniom) orobpaxkenust f B TOUKE .

Bameuyanue 8. 1) Kak nokaszano B [22|, K-oneparopsl, geiicreyiomue u3 E B F', 06pa3sy-
10T HOpMUpOBaHHbIi KoHyC L (F; F') (banaxos komyc, ecian F'—6aHaxoBO MPOCTPAHCTBO).
[IpuBenéunnie Brie omnpejesnenns: 1.1 — 1.3 pacupocTpaHsiorcs: Ha ciydail 6aHaxOBBIX
KOHYCOB, UTO TTO3BOJISET Jajiee OOBITHBIM MHIYKTUBHBIM ITIYTEM BBECTH
K-cybauddepeHiualibl BBICIIIX TOPSIIKOB.

2) B cayuae Bemecrennbix dyukimii [20] K-cybnuddepeniman Beraucisiercs: o Gop-
MyJ1e

Oncs2) = [0f(a)D1(o)|.

e Of (), Of (x) — xomeunnie (BepxHsis M HMKHsAS) TPOU3BOIHLIE f B Touke x. Takmm
obpa3oM, st BRIMyKJI0H dyaKun K-cyonuddepeniman coBIagaeT ¢ KIaCCHICCKUM
cybmuddepennuanom [14].

3) CaoiicrBa cububIx K-cyOmuddepenmanos nsydensl B paborax ([27], [28]).

Boinenum Bakubiil ciay4dait K—cybmuddepennupopannsa dynkmnonata f : E — R.
31ech MOXKHO JaTh mpocTyio (opmyity st Boraucienus O f(z, h).

Teopema 1. Qyuxyuoran f : B — R K—-cybduddepenyupyem 6 mouke T no Hanpas-
aeruro h mozda u mMoavko mozda, K020a CYWECMEYIOM KOHEUWHDBIE GEPTHAM U HUNCHAA
npoussodnie f no nanpasaenuto h 6 smoti mowxe: Of (x, h) u Of (z,h). IIpu smom ume-
em MEeCMO PABEHCMBO:

Orc f(w,h) = [0f (2, h); Df (. h)]- ©)

Onpenenenne 4. Ilycts dyukmuonan g : £ — R cybsmueen. Beenem cummerpusoBam-
woeiit K—dyukimonas g° paBeHCTBOM:

9°(h) = [=g(=h); g(h)] =: [g°(h); 3" (h)]. (3)

3ameuanune 9. B ciyuae cuibrHoro K—cybauddepenimpopanust (GyHKIMOHAJIOB f
E — R, a takxke (nmokoopauHaTHo) orobpaxkenuii f : E — R™ nam yjaobHee Oyjer uc-
IOJIb30BATE cummempuaosarroll K —cyoduddeperyuan 0, f (x)h. Ucnonbsys paBeHcTsa
(2) u (3) mosyuaem:

[ OF 9] N F F N1 [of O]

e o = min (o0 = 0) ) (a0 -0 )| = | G o)
or o1

B,ILGC]) % u %, COOTBETCTBCHHO, — HM2KHAA W BEPXHAA IIPOU3BOJHBIC BI0JIb HpHMOf/i,

OHpe,H,eJIHeMOIjI B TOYKE I BEKTOPOM h.
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[IpuBenem reneps orpejnenenne cuwibHoro K-cybmuddepeniinaia BTOPOTO HOPSIKA
22].

Onpegnenenune 5. [lycrs orobpaxkenue f: B — F oupeneneno u K-cyoauddepeniu-
pyemo 1o ®perie B HekoTopoii okpecrrHoctu U(x) Touku x € E. Eciu orobpaxkenue
Oxf: EDU(x) - Lg(E;F) K-cybuuddepennupyemo 1o Ppeirie B TOUKe X, TO €ro
K-cy6muddepenman B touke © 0% f(x) = Ok (O f)(x) € Lk (E; Lk (E; F)) nasosém
K-cyomuddepentnmaiom Operire BTOpOTo MopsiaKa 0ToOparkeHusi f B TOUKE .

Samedganue 10. 1) B [19]| ycranosiena kKaHOHIYECKasT H30MeTPHsI GAHAXOBBIX KOHYCOB
cyOsmmHeHbIX U OucybmHeiinbix K-omepaTopos:

Lk (E1; Lg(Eq; F)) = L (Eq, Eo; F).

D70 mo3BOJIsIeT paccMaTpuBarh Bropoit K-cyonuddepeniuan @perrte kak 6ucybnneii-
HBII orpanndeHHbIil K -omeparop: 8%{ (x): EX E— F.
2) AnajiorudnbiM 00pa30M, 10 MHJYKIMA MOXKHO BBecTH K-CcyGnuddepeHimalibl BbIiC-

KX [OPSJIKOB M PACCMATPUBATh MX KakK MyJbTHCyOJmHeliHble K -oneparopsl [27].

Omnpenenenune 6. [lycts E, F —~HOpMUPOBAHHBIE KOHYCHI, F' HHyKTUBHO YIIOPSIIOYEH,
A : E D U(z) — F. Byaem roeopurh, uro orobpaxenue A cybnenpepuero ceepry B
touke = € E (o6oznavenne A € Cyyp(x)), eciau

Ve>03d>0(|h]| <0)= (Alz+h) <Ax)+y, tae |y <e). (4)

OCHOBHBIM J1JTsT HAC SIBJISIETCSI TO 0OCTOSITEJILCTBO, UTO B Ciydae cybauddepeHnuaion
(re.uipu A =0 F : E — Lg(F; F)) B ycioBun (4) moxkuo 3amenntsb A(z) = Ok f () Ha
POU3BOJILHBIIT 9JIeMEHT HOPMIPOBAHHOTO Konyca Ly (E; F'). 910 u ectb obwasa dopmyra
docmamourozo ycaosua -cybdugdepenyupyemocmu.

Sameuanue 11. Mbl MoKeM IPUHSATD yesioBre (4) 3a OnpeieieHIe NoAYHENDEPHLEHOCTIU
ceepxy, nu cybrenpepviehocmu orobpaxkenust Oi f B Touke x: Ok f € Cgup(x). Bynem

[IcaTh TakxkKe B 9ToM cuydae: f € Cl

«up(Z) U HA3BIBaTH oTOOpaxkenue f cybeaadxum

(Tounee, C—cybeaadrum) B TOUKe T

Ounpegesienne 7. Byuem ropoputs, uro f: E D U(x) — F — cybeaadkoe omobpaoice-
nue n—20 nopadka (mmu C™ —cybzradroe omobpasicerue) B Touke x, u mucars f € CL, (x),
ecin Op f € Csyp().

Pacemorpum ciyuait dyukmumonasos f : R™ — R.
Teopema 2. [Tycmo f:R™ D U(x) — R. Toeda
. o anflf 87 anflf
(feChy(x)) < | sce 3 u D,

L, 8l‘i1...8l‘in_1 axil..ﬁxin_l

NOAYHENPEPLIBHDL 6 OYKE T, COOMBEMCMEENHO, CHUSY U ceepxy) == (EI 8}%]“(:5))
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IlepeiimeM Temephb K MPUIIOYKEHUSIM ITOCTPOEHHOTO alllapaTa B BAPUAIMOHHOM HCYIIC-
JleHnu. PaccMOTpUM KJIACCUYIECKUiT BApUAIMOHHDIN (DyHKITHOHAT

- / [y (e Clab)feC'®Yu=fr.y.2), ()

UHTErpaHT f KOTOPOro, OJIHAKO, He 0bsizaTesibHO BCioy juddepeniupyem. [Torpedbyem,
arobbl f ObLT Jinib Beoy K-cybmuddepenniupyem. [IpocTbiM, HO BaXKHBIM [IPUMEDPOM,
MOXKET CJIYKUTb (DYHKIIMOHAJ BUJIA

b
- / Fawy)de  (Fech,

curyanust s Koroporo uccienoBana B [24|. CupasejmBa ciefyiomast orenka K-
cybnnddepennnana (5) (em. [24],[27]).

Teopema 3. ITycmv dasa eapuayuonrozo gynkyuonana (5) unwmeepanm f asasemcs
cybeaadrum: f € CL (R3) (em. onpedeaenue 1.6). Tozda ® cuavno K-cybougddepeniyu-
pyem scrody 6 Cta; b], npuuém cnpasedrusa ouerka:

Ak ®(y)h C

b b _
- / (af z,y,y' )b+ gf(w,y,y’)h'> dw;/ <g£(9¢,y,y’)h+ gﬁ(%y,y')h'> dx

a

(Vh € C[a; D). (6)

Omenka (6) Mo3BoO/IIA TOTYHHTD, B ciydae Cl-cy6riaKoro mHTerpanTa, MHOrO3HAM-
HBIIl aHAJIOI KJIACCUYECKOI'o ypaBHeHus Dilinepa—/larpanzka — Tax Ha3biBaeMoe "BKIIIO-
venne Ditsepa—/larpanka'" ¢ KOMIAKTHOI BBILYKJION OIEHKOI [28].

Teopema 4. Ilycmov

/ fay e (f € Chy(R®),y € Cllasbl, y(a) = yary(®) = ). (7)

Tozda ycrosue 0 € 03P (y) pasrocuavro svnosnenuto "exaovernus Jtrepa—/lazpan-
orca’:

9 , d (0 / of ! d (0] '
0€ [ég(x,y,y)—m<8z(%yay)); 8§<w7yay>—d:g<aﬁ<x’y’y)” )

nowmu 6c100y wa [a;b]. B wacmuocmu, ecau ® docmueaem aokaavrozo sKempemyma 6
mouke y, mo exatouenue (8) das y evinoanero nowmu 6crody na [a;b].

Pemenue Britouenust (8) nazosém cyborcrpemasbio dyukinnonamia (7).
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Sameuanme 12. Bruniouenne Ditnepa—/larpanka (8) MOXKHO PaBHOCHIBHBIM 00pa30M

mepenucarh B Buje "ypasHenus Ditnepa—Jlarpamka ¢ mapamerpom":

of af / d of
ay ay(%y’y)}_dag [(1_>\)6z

Y SIBJISIETCSI PEIIEHUEM 9TOr0 ypaBHeHHs npu HekoTopoMm A € [0;1].

(1=2) (z,y,9") + X

(':Ea Y, y/) +A- ? =

!
, =0
Z(fﬂ,y y)

ITepexo/1 K ycJI0BHsIM BTOPOTO mopsijika Tpebyet oreHkn Broporo K-cybanddepennna-
1a ®(y). 31ech Takxke, B OTIIHYEE OT KjaccHdeckoro ciydas f € C2) MBI paccMaTpm-
BaeM Gostee obmmit cayuait C2-cy6rimajikoro nnrerpanta (kmacca C2,(R3)). Ipocrbim
[PUMEPOM, PACCMOTPEHHBIM B [28|, MOXKeT CIyKuTh (DyHKIIMOHAJ BUA

/f:vyy Fwyy)ds  (Fech.

Cupase yiiBa cie/Iyiommasi orenka Broporo K-cyonuddepennuaia dyukimonaa (5).

Teopema 5. Paccmompum 6apuatyuonmsiti Gynkyuona.n

/ f@y )z (f € C2y(®?),y € Cla; b)), (9)

Dynryuonan (9) deasrcou K -cybouddepenyupyem ccrody 6 Clla;b], npuuém cnpasedau-
6a, OUEHKA:
/ 0% f 0% f
%D (y)(h)? / "\h? "hh') dz;
Kk ®(y)(h)” C [ 052 (@,y,9)h" + ay(())z(ﬂr,y,y) x;

a

b _
/ (@, 9,5 )h* + i (z,y,y" )b | dx |+
) ayaz ) )
b 82
+[/( (2, 9,y )hl' + dg(w,yjy’)h’z) da;

(z,y,y")hh' + ;J;(x Y,y )h’2> dac] (10)

828

Ornenka (10) mo3BosimIa HOIYyYUTh aHAJIOL KJIACCHYIECKOro ycaoBust Jlexanapa.

Teopema 6. Paccmompum 8apuayuoHHbL GYHKUUOHAN

/ f@,u, 9z (f € CLyR%),y € Claibl,y(a) =y y(®) = ). (11)
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Ecau gynryuonan (11) docmuzaem A0KAADHO20 MUHUMYMAE 8 MovKe Y € c! [a; b]} mo
92Ff
T;(xvyyy/) >0 6crody na [a;b].

Onpenenenne 8. s orobpaxkenns f : By x -+ x E, — F' x ... x F™ K-Mmarpuiy
cybsmaeitnbix K —omepaTopon

niw=((32) @) " ((5) @ ennman)

HasoBeM K -mampuuet: Sdxo6u orobpaxkenusi f B TouKe x. AHAJIOTMIHO BBOJSITCS MAaT-

putibl flKoOM BBICIIUX TOPSIIKOB.
Bergenum ciryaait dyaknmonasta f : R”™ — R.

Teopema 7. Ecau gynxyuonas f : R™ DO U(x) - R K-cybdupdepenyupyem n pas 6
U(x), mo cnpasedauso pasencmeo:

o () (h)" = [Z:? ;;ihi; 2 ;ﬂhi] - ((;;hl - 8;%) i f) (). (12)

3ameuanne 13. Ormernm, uto BBOAs B caydae f : R™ — R wnuocrioro u eeprmioro
mampuub, Axobu n—eo0 nopadka:

o 8n_1f 8nf
I'f = =5 ai

_ P 8”_1f anf
Jnf = ===,
Ox;, \ 0w, .0z, Oy, ...0T;,

paBeHcTBO (12) MOXKHO 3ammcaTh B BUJIE:

O f(x) - (h)" = [L" f(x); J"f ()] - (h)",

re [J"f(x); J*f(z)] — (n™)-MepHbI!l MATPUUHBINH OTPE3OK, COEUHSAIONUI KOHIIEBbIE

MaTpuIpl (0 IJIABHON JIMATOHAJIN).

Teneps mepeiiéM K HeHTpaIbHOMY pesyabrary — C2-cyBriajkoMy aHaJOry J10CTa-
TO4YHOTO ycjoBus Jlexxanapa—kobu /jisi MUHUMYyMa BapUAIIMOHHOTO (DYHKIIMOHAJIA.

Teopema 8. Paccmompum 8apuauuoHHbl GYHKUUOHAA

b
D(y) = /f(fcvy,y’)dfﬂ (f € C24(R%),y € C'a;b],y(a) = ya,y(b) =w).  (13)

IIpednonoocum, wmo y — cyboxempemans gymnxyuonara (13), m. e. noumu 6crody ydo-
saemeopaem ypagnenuro Jiaepa—Slaepanosica. Ecau 600ab cybokcmpemanit, y 6oinoaHer s
CAEYIOULUE YCAOBUA:
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o f
922

i) daa waosrcdozo uz wemwupér ypasnenud rkobu, coomeemcmeyOWUT 6epuunam 06Y-

(x,9,9) >0 npua<xz<b ("wuoscree" ycurennoe yceaosue Jeocandpa); (14)

MepHo20 Mmampuunozo ompesxa [J2 f(z); jZf(m)]:

d [9*f no 0% f N, Of , °f 1.5 _o
a-@(tﬁ,y,y)-h-—- (aya ( 7y7y)+azay(x7yay)>+8 Q(xyy) +h=0;
- * — — (15)

d [O2f )] o2 f 2 R 1.
@_@(9572/72/)%_— 8y8zxy’ +8Zay($ay7y) +@(xyy)—-h—0,
- - (16)

d [0%f N [ d 0% f / O*f N
%_ﬁ(l‘,y,y)'h_—_ Az ayazfﬂy, +823y(x’y’y) +@($,y,y)_'h—0,
- - (17)

d[0*f Nl [ d 2f O*f / 0% f | -
%_@(w,y,y%h_ | dw(@yﬁz z,y,y +8Zay(m,y,y)> +@(ﬂs Y y)_ -h = 0;
(18)

(h(a) =0, M'(a) =1)

BHINOAHEHDL YCA0B8UA STKOOU OMCYMCMBUA CONPAHCEHHBLT MOYEK.
Tozda gynryuonan (13) docmueaem cmpoz2o2o AOKAABHO20 MUHUMYME 8 TNOYKE Y.

2. NICKJIIOYEHUE YCJIOBUSA AKOBU B CJIVUAE HEI'VIAIKOI'O MHTEI'PAHTA.

Biech MbI cobmpaeMcsl MOKazaTh, 49To B ciydae ne CZ-rmagkoro (mo C2-
CyOIJIaIKOr0) MHTErPAHTA, AHAJOIMIHO [VIAIKOMY CJIYYIal0, MOYKHO OTPAHUIATHCS "HIK-
anM"  yemmenusiM yesoueM Jlexxanapa (14) mpu BO3MOXKHOM OTPaHWYCHUH HA JITTHHY
orpeska [a;b]. TIpu BbIBOJIe OCHOBHOIO pe3ysibTaTa MbI CJIEIYEM CXeMe JOKa3aTeabCTBa
pa6ot ([10], [12], [13]). st mpoCTOTEI, MIPOBEAEM BLIK/IAJIKH B CIydae HYJIEBOIl CyOIKCc-
TpEMAJIH.

IIpu kaxgom i@ = 1,4 : f = fi1 + fi2, pasobbem unrerpant f(z,y,2) BADUAIMOHHOIO
dyuknmonana (5) Ha JBa ciaaraeMbix, u 3adukcupyem Hekoropoe A € (0;1):

)

fll(xayaz):f(xayvz)_f(xaoao)_ [g;(l’,O,O)y+g£(fE,0,0)Z -
82 82 32 2 b
[6£(x00) <ay(;;(x,0,0)+azgy(x,0,0)>-yz—l—)\ 8—J;(a:00) ;

le(xvyvz) = f('xaya Z) - fl?(xayaz) = f(x,0,0) + [g!;c(xaoao) Y+ ?(IE,0,0) “zZ |+

0% f 0 f 0 f 0% f
+= [82(3600) (W(m,O,O)—i—M(aB,O,O))yz—l—)\ azz(mOO)
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2)
o) = fo2) = 12,00 - | 0.0+ G0y 2]
02 0% f 0% f 2f
[85(1’00) <8y8fz(x’0’0) 920y xOO) Yz + A 8—5(1’00) ]
Frao:2) = F090) = ol ) = F@.0,0) + | §0.0.0) g+ F (0.0,0) 2]+
02 02f 02f 02f
+;[a J;(l‘ 0,0) -y <6ygz(x,0,0)+ azafy(x,0,0)> ~yz+)\~8z];(:c,0,0)-z2].
3)
f31($7y72) :f(l',y,z) _f(x70a0) - |:g£(1‘,0,0) 'y+g£($a0a0)"{|_
1[0? 02 0% f 0% f
3 |00 <8ygz<x,o,o>+ azgy@,o,m) ~yz+A-aZ§<x,0,o>-z2];
P, 2) = F0,0.2) = ol 2) = £@.0.0) + | 00,00y 4 0,002+
11o°f *f Pf rf
2[8(Q;7070).y2+<w(:p,0,0)+8za z,0,0) | -yz+X- W($OO) ]
4)
fa(z,y,2) = f(z,y,2) — f(x,0,0) — [g;(m,0,0)-y—i—g‘i(tx,0,0)-z}—
_1forf 2f o*f O*f
[82@00) (ayaz(x,0,0)—Fazay(x,0,0)>'yz+)\ W(mOO) ]
0 0
f42((L‘,y,Z) = f(‘rvy, Z) - f42($,y, Z) = f(CL',0,0) + |:8£(‘r70a O) Y+ 67:];(337 0,0) : Z:|+
0> 2f ok &
+- [8£(x00) <8ygz(x,0,0)+(%aj;(x,0,0)>.yz+)\ 6J;(QEOO) ]

CooTrBercTBEeHHO, 0003HAYNM
/fuﬂfyydfﬁ‘l)w /szxyy

D(y) = P (y) + Pio(y) (i =1,4)
1) Buauase uccreayem ®;1 Ha MEUHEMYM € IOMOIIBIO BKJIIOUeHUsT Ditepa—/larpanka

(repema 1.4), "umxknero" ycmrennoro yciosus Jlexkanpa (Teopema 1.8, 11.i), ypaBuennii
Axobu (15)-(18) n 06ob1ennoro yemosus fkobu (reopema 1.8, mw.ii).
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i) Brarouenue Juaepa—/lazpanorca. Tax Kak
1)

df1 of of
(ay@wx> @uy,> F (.00

82{:(;1:00) 82f( 0,0 xoo 8f11x00) 0
dy* oyoz 8
/

0
(;?@wx>éfm%@—agaum—

—B (6;(;;(1’,0,0) ;g (2,0 o)> A-?Z(z,o,o)-zD = (6521 (2,0,0) = 0>
2)

0 0 0
<éf;1(x7y7 Z) = a‘?];(x)yaz) - 5£($70> O)_

_[gzz(x’o’o).ij (8 2éf (,0,0) + aazéf (x,0,0)> zD = (aéf;l(x 0,0) = 0>;

0 0
(2w = ) - G@0.0-

Lo o7 7 df2 ‘
_[2(ayaz(x,O,O)Jrazay(x,0,0)>.y + A 55 (@,0,0) -2 D;»(az( ,0,0) = 0>,

3)

(%ﬁmwazgga%@—ggnam-
_[g (2,0,0) ( 2;;@:00)) ]):(8521(9300) 0)
(S <,%>—aﬁx%> % (20,0

1 { 02 92f 27 9
_[2 <8ygz(x’0’0)+ azafy@’(”(’)) 'yH'azf(w,o,o»zD = < gzl (2,0,0) = 0)

(§’< )= Loy - Lo
st (Bino Zeon) ) = (S2nn-9
( e,y 2) = aﬁx%>—§ﬁamm
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TO ypaBuenue Jiiepa—J/larpamnxa st ®;1 B Hyse npu Beex ¢ = 1,4
8f1-1 d af 2t
z,0,0) — — z,0,0) | =0
oy ( ) dr \ 0z ( )
BBINIOJIHSIETCsI aBTOMATHIECKH, T.€. yo(x) = 0 sBisiercss K—skcrpemMalibio hyHKIHOHAIA
q)ﬂ.

i) "Huorcnee" ycunennoe yeaosue Jleotcandpa. Tak kax nipu ¢ = 1,4 :

82 7 32 2 82 i 82
(8;1(x,y,z)—a£(az,y, 2)— Aa—£< ,0,0)> = ( 8521(x,0,0)—(1—x) 8{(3: 0 0)>
i ] o P i
( 8521 9.2 =5; ot .71 0z s 0 0)> ( a;le (2,0,0) = (1—A)'3Z‘§(x70,0>>,
TO, IIPU JOIOJHUTEJIHHOM Tpe6OBaHI/II/I
( ) = a2f ( 0 0) >0 ( <z < b) (19)
r\x) .= 87,22 x, 0, , a<z<

nmeeT MecTo "HukHee" ycuseHHOE yesoBue JlexKaHapa It CTPOroro MUHIMYMa B HYJIE.
iii) Vpasnenus Hrxobu u obobuwennoe ycaosue Hrxobu. Ormernm, 4to u3 ycjuopus f €
Csub caenyer fi1, fio € C' p (1=1,4).

1) Tak xak
0 fu _of >’f 0 fin ).
<8y8z (957% Z) - 8yaz(x’y’ Z) - 8y82($7070)> = <8y82 ($>O>O) - O>7
& fu i O f & fin ).
<8y2(x7y7z)_8y2(xay7 ) 82( 00)) (ay2($70,0)_0>7
TO TIpaBasi 4acTh ypasHeHusi Jkobu (15) mist $11 B HyJsle IpUMET CJIey Oy BII:
d 82f 1 d [(0°fn 9% fu
a2f d a2f
- 8y11( 0, 0)] U=- d$[(1—>\) 2 (@0, 0)] U=
- d‘i [(1—» r(x)] U (Ua) =0, U(a) = 1).
Taxwum 06pa3oM, MBI TIOJIyYUIU YPaBHEHUE:
2
4 <g ‘5(:1: 0,0) - U) = % (r(z)-U) "= 0 (U(a) =0, U'(a) = 1).
2) Tak kak
92 for _0%f 2f 9% fa1 )
<ay8z(x7yvz)_ ) 8z(x’y’z)_8yaz($’0’0) = 8y82($’0’0)_0 )
9% [ *f >f 9% fan '
(G5t = Ghwna - S Twon) = (G w00 o)
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TO TIpaBasi J4acTh ypaBHeHusi kobu (16) mus $o) B Hysie IpuMeT ey oyl Bu,I:

d 2f
_d:p[(l_/\) 922
02 fn

* oy? (= )]

9% f1
020y

0,0) +

(z,0, 0)} U - [—1 <82f21(x’

2 dx \ Oyoz (x,0,0)>+

Taxum 06pa3zoM, MbI Oy YUIU YPABHEHUE:

U= —CZU[@ ~). g2£(x 0, 0)] U (U(a) =0, U(a) = 1).
4 (‘22{( 0,0)- U’) LB (U(a) = 0, U'(a) = 1).

3) Tak kak
9% fa1 (2.9, 2) =
oz Y
0? f31 (2.9, 2) =
ayaz 7y7
e B
8y2 ([IZ, y7 Z) -

32f ( ) 62
OyOz Rk 0yoz

O);
o2 f 2f
= xoo)

O);
o f *f 0”51
patt 00)> (82

TyZ(g;’y’) (2,0,0) = 0>

TO TIpaBas 4acTh ypasHenus slko6u (17) mis @31 B HysIe IpUMET CJIeIyIOmuil BUJIL:
d 02 f 1 0% f31 02 f31

1—A 0,0)| - U — |—=—
Cdx [( ) 822 (=, )} [ 2 dr <8y8z ( 020y

& f31 _d *f
57 (;U,0,0)] -U——dx[(l—A) o

Taxum 06pa3zoM, MbI IOy YUIU YPABHEHUE:

d 02 ,\ m.B.
(a“g(azOO) U) =0 (U(a)

z,0,0) +

(2,0, 0)>+

_.I_

(z,0 0)] U (U(a) =0, U'l(a) =1).

4) Tak kak
> fu
0y0oz
0% fu 2f 92f
8:1/02 (ZL‘,y, Z) = ayaz (ZE,y,Z) -

O fau >f W< 0,0) Pfn
ayQ 8y2 a 2 a a9 9
TO mpaBasi 4acThb ypaBHeHus fxobu (18) st $4q B Hyste npumer cieayromuii BuI:
d 0% f
Cdx [(1 —A) 922

1 0% fa1 9 fn
B (l’, 07
2 da: Oyoz 020y

0% f .
oyoz "’

($7y7 Z) =

(x,y, Z) = (x,y, )

(,0 0)] U'-

Pfn
0,0
@.0.0)) + 5

0) +

( 00)] U=
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__4d 0%f _d , o
=-= [(1—)\) 922 -5 (2,0, O)} U’ ——dx[(l—)\).r(x)} U (U(a) =0, U'(a) = 1).
Takum 06pa3oM, MbI Oy YUIU YPaBHEHUE:

82 II.B y

Perteninst Bcex 9Tux deThIpex ypaBHEHMI

T

Ua) = (o) [

a
nosiokuTesbHbl pu a < x < b. Takum obpasom, npu yciaosuu (19) dynkunonansr ;i
JIOCTUTAIOT CTPOrOr0 MUHUMYMa B HYJI€.
2) Uccaenyem reneps nernocpecTBeHHO Pjo Ha MuHHMYM B Hyste. OTMETHM CHAYAIIA,
qTO0 q)ZQ(O) = (I)(O)
i) Ilpennomnoxum, aro ypasrenune Ditnepa—/larpanka qyst B Hyse cripaBemnBo:

1) Torpa, unrerpupyst mo dactsim, noayauM st $o(y):

b

P1o(y /fxOde—i—/(gg(m,0,0)y—i—g(m,0,0)-y’)dac—i—

b
+

b
—ou0)+ [ (G0 - (Fw00y))arr - F ooy

b
1 0% f 9 0% f 0% f 9
z 2 — . d
+2/<ay2(:n,0,0) y <8y8z(x’0’0)+Ozﬁy(m’0’0)> y> x+

0*f PO

a

+ (xvovo)y

Bgenem obo3nagenue:

o 5 0
0(z) = G5 (2.0,0) - (a S w000+ azay(x,0,0)>.
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2) Husa $ao(y) mosyaaem:

b
Dos(y) = / x,0,0) dw—l—/< (x,0,0) ZZ(:E,O,O)-y’> dz+

b
(2,0,0) -y

8’\82

) \

a

:q>22(o)+/b<g§(a:,o,0)-y di <gf( 0,0)- >>dx+1

o f 2f »2f 2
+/<8 5(2,0,0) -y <ayaz(x,0,0)+azay(x,0,0)>-y)dm+

a

b
02f
+88 (2,0,0) -y

62 f
Bya

(2,0,0) -y

Bgenem obo3nagenue:

_ P 2f 2f
q2(z) == 9 5 (2,0,0) — <8yaz(:v,0,0)+ azay(:n,0,0)) .

3) Hnst Pso(y) monygaem:

b b
of of /

b

b
:¢>32(0)+/<g‘£(m,0,0)-y—jm<g‘£(x,0,0) ))d -1—% gf(a:OO)-y

a
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b
Bsenem obo3nagenue:

9? 9? o2 f
q3(x) == a9y J;(;E 0,0) — <8ygz(:v,0,0) + 8zgy(x’0’0)> .

0% f
0y0z

b
02f
+aa(9:00

QD
\h

+

(2,0,0) -y

1\3\>/

(2,0,0) - y*da.

%

4) Hns @yo(y) nomaygaem:

b
Dyo(y /f:v 0, Odzp—k/(gz( ,0,0)-y—i—gi(m,(),())-y/) dx+

82 f
8y3

(117,0,0) Yy

BBonsa obosnadenue:

IoJiydaeM:

b
(aly) = 22(0) + 5 [ V(@) 2 + (o) -] do) =

b
= (D(y) — ®(0) > Pia(y) — Pi2(0) = ;/ Nor(@) - y? + qz) vl de), (i =T,4).

(21)
ii) O6ozHaunM uepes
= agla%gbr(x) > 07 q; := aélalrf b(lnf QZ(I)) (Z = 174)7 (22)
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1 paccMOTpPHUM cHadasa ciaydait ¢; > 0, (i = 1,4). Torma

Ar(@)y? + qi(x)y? > M y? +q-y* >0 npn Yy £0 (i =1,4),
oTKyza, B cuiy (21), ciemyer HepaBeHCTBO
(I)ig(y) > (I)iQ(O) Ipn y(w) 7& 0.

Taxum o6pazom, B 310M citydae $;o mocTUraeT cTpororo abCoOJFOTHOIO MUHUMYMA B HYJIE.
CirenoBare/ibHO, B CHJIY JOKA3aHHOIO B IyHKTe 1, ® jgocTHraer cTpororo MUHUMyMa B

HyJie (6e3 Kakoro-imbo orpaHuveHus Ha JUIMHY [a; b]).

iii) Paccmorpum Tenepsb ciry4aii, korya ¢; < 0 (¢ = 1,4). Torga, ucnosb3yst HepaBeH-
crBo Opuapuxca, moaydaem:

iz (y) — Pin(0) = / Nr(@) - y? + g(2)  y?] do >

b b
1 b—a)? 1 b—a)? .
a a
(23)
[Torpebyem, arTo0bI KO MDUIUEHT TIepe/] MOCIeTHIM HHTErpaaoM B (23) 6bL1 cTporo
[TOJIOYKUTEJIbHBIM:

b—a)? A
</\-T—(2a)|qi|>0><:><b—a<7r |7“|> (i =1,4). (24)

T a4

U3 (23) u (24) cuenyer, aro Pia(y) > $2(0) upu  y # 0, re. ;o mocruraer crpororo

abCOJIIOTHOrO MUHUMYyMa, B Hyse. TakuM oOpa3zoM, B CUJIy JOKA3AHHOrO B myHKTe 1, P

JIOCTUTAeT CTPOroro MUHUMYyMa B HyJsie Ipu orpanudennn (24) wa juuny [a; bl.
Haxkomer, nepexojis K npejesnam B (24) upu A — 1 — 0, nocJjie/iHee yrBepK IeHIe MOK-

HO PaCIPOCTPAHUTh Ha CJIydail OIleHKY JUIMHBL [a; b] He 3aBuCsIEl OT A:
T
b—a<m, [ —.
‘Qi‘

Takum o6pa3om, JoKa3aHa CJIELYIOIIAs

Teopema 9. ITycmo sapuayuonnvit gyrkyuonans (5) ydosaemeopaem 6 nyae ypasre-
nuro uaepa—lazparorca (20) npu epanuvwnom ycaosuu y(a) = y(b) = 0. Tozda, 6 obo-
anavenuar (22), umeem:

1) npur>0,q >0 (i=1,4), ®(y) docmuzaem cmpozozo munumyma 6 nyse (6e3
Kaxux Aubo ozpanuveruls na diuny [a;b]);
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2) npur >0, ¢, <0, g >0 (i+#1i1), npu oepanuyuenuu na dauny [a;b|:

r

b—a<m ,
|ql'1|

O (y) maxorce docmuzaem cmpo2o2o MUHUMYMG 8 HYAE;
3) npur >0, q, <0, q, <0, q >0 (i #i1,i2), npu ozpanuuenuu na druny |a;bl:

b—a< \/ -
—a< My —,
maX(’%L IQi2|)

O (y) maxorce docmuzaem cmpo2o2o MUHUMYMG 8 HYAE;
4) npur >0, g, <0, gi, <0, gis <0, gi >0 (i # i1,92,13), NPU O2paHUYEHUU HG
dauny [a;b]:

ba< \/ -
—aQa e )
max(|qi, |, |Gy, |Gis])

O (y) maxoice docmuzaem cmpo2oeo MUHUMYMGE 6 HYAE;
5) npur >0, q <0 (i =1,4), npu oepanuueruu na dauny [a;b]:

b—a<7r\/ " ,
maX(|Q1|7 |qQ|a |Q3|7 |Q4|)

O (y) makotce docmuzaem cmpo2020 MUHUMYMG 6 HYAE.

B saksogennu paccMOTpUM TpUMep TPUMEHEHUsT TeopeMbl 9 K Bapuanty '"momynin-
poBaHKs" TapMOHHYECKOrO OCIUJLISITOPA.
IIpumep 1. Ilyctn
/2

)= [ WP -sblds (veC'-5i5) w3 =L u(-5)=—sh3). (@)
—7/2

3nech ypaBHenne Jityiepa—Jlarpan:ka IpuHUMAET BUI:
y'+y=0 (y = 0);
y'—y=0 (y<0).

Takum obpazom, HyHKIMA

y=sinz(0<z <), y=-shax(—= <z<0), (26)

NN

T
2
sIBJIIETCsE CyOIKeTpeMabio pyHKInoHaa (25); npu aToM y € C’Q[—g; %]
"Huxuee" yciioBue Jlexkanapa jist cyG9KCTPEMAJIH 4 BBIIIOJIHEHO:
0?2 f , ? f ,
8722(957@/’3J ) = @(ﬂﬁ,y,y ) =2>0.
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"Huxnee" ypasuenne fkobu (15) npurnmaer Bu:

[0 +h=0(y > 0);

(-0 -5
LA —h=0(y <0).

Awnajiornuneiil BuJ npuHuMaer ypasHenue fxobu (16):

Fh" —h=0(y > 0);

(15 =045 =)
LA +h=0(y<0).

Ypasuenue fkobu (17) npunumMaer Bu:

(A" +h=0(y > 0);
™

I Ty _
(M=2) =0, W(-2)=1)
| A" —h=0(y <0).
Ypasuenue fkobu (18) nmpunumaer B

rh” —h=0(y>0);

(=04 1)
LA +h=0(y<0).

Tormar=2>0, g =-2<0,¢g=2>0,g3=-2<0, ¢4 =2 > 0. [loryuennnie
3HAYEHUs] COOTBETCTBYIOT IyHKTY 3) Teopembl 2.1. Takum obpasom, orpaHuveHue Ha

b—a<m,| "
—a< Ty —,
max(|q1l, [g3])

IPUHUMAET CJIEYIONyI0 (hOPMY:

quny [a; b] Buna:

b—a<m (27)
upu yeaosun (27) BapuanuonHbli dbyHKIOHaN (25) jocTUraeT CTPOrOro JIOKAIBHOIO
MHUHUMYyMa Ha JaHHOH cyGokcTpemann (26).

ABTOD BBIpazkaeT npusHaTebHOCTE Ipodeccopy Y. B. OpiioBy 3a OCTAHOBKY 3181
U TIOJIE3HBbIE 00CY K ICHUS.
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Buknoyenns piBusuus fkobi B Bapiamilfinux 3agadax 3 HerJiagKuM iHTe-

I'PaHTOM

Memod eukaowenna pisHAHHA 1 Ymoeu HKkobi, axul po3apobaeno HewodasHo
6 00HOBUMIPHOMY Ma 6a2AMOSUMIPHOMY SUNGOKAT 0AA 24G0K020 THIME2PAHMA,
neperneceruli Ha 8UNGIOK cybeaadk020 THMEZPAHMA 68 0OHOBUMIPHUL SaPiaUit-
HUT 3a0avax. Y uvomy eunadky eapiauitinul Gyrrkyionas He € d6iui dugepen-
yitiosarum no Dpewe, wo npu3sodums HaAC 00 METHIKY He2Aa0K020 aHAAI3Y
ma Komnaxmuur cyodigdepenuianie.

Kunrouosi cioBa: Bapiarmiitamit pyHKIionas, cyOriaakuit inTerpanT, piBHsSHHS KOOI,

"mkHA" 1mocuseHa ymoBa JlexkaHIpa, JIOKAJIBHUN eKCTPEMYM.

Elimination of Jacobi equation in variational problems with non-smooth

integrand

The classical approach to the solution of extreme wvariational problems,
as 1s known, requires as sufficient condition of an extremum, checking the
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strengthened Legendre condition and Jacobi condition for Jacobi equation. The
second step in the non-quadratic situation is complicated enough and therefore
the possibility to avoid checking the Jacobi condition has long attracted the
attention of mathematicians.

The method of elimination of the Jacobi equation and Jacobi condition, which
was recently developed in the case of smooth integrand, is extended to the case
of sub-smooth integrand in one-dimensional variational problems. In this case,
variational functional is not twice Frechet differentiable, which leads us to the
techniques of nonsmooth analysis and compact subdifferentials. It is shown that
the minima problem for the classical Euler-Lagrange variational functional

b
B(y) = / g y)dz (f € C2u(R%).y € Clas b, y(a) = y(b) = 0),

can be solved under the conditions of Euler-Lagrange equation

af d (0f
3y(w,0,0) dx(@z(x’0’0)> 0 (a<z<bh),
"upper" strengthened Legendre condition
(z) := &s (,0,0)>0, (a<z<b), r:= min r(x)>0
r(@)=|57)®0 , (a<zx<b), r.—arénérglbrz )

and the following additional conditions.

1) Ifr >0, ¢; >0 (i =1,4), without any restriction on the length of [a;b].
2) If r >0, qi, <0, ¢ >0 (i #1i1), under the constraint on the length of [a;b]:

b—a<7r‘/ " .
|qi1|

3) Ifr>0, ¢, <0, ¢, <0, ¢ >0 (i # i1,i2), under the constraint on the length
of [a;b]:

T

b—a<m,|———.
\/max(’qh’a’qh‘)

4) Ifr >0, ¢, <0, gi, <0, giy <0, ¢; >0 (i # 1i1,12,i3), under the constraint on
the length of |a;b]:

S
—a T *
max(|gi, |, i, |, |2s])

5) If r >0, ¢ <0 (i =1,4), under the constraint on the length of [a;b]:

b—a<7r\/ - :
max(|q1|,|gal, 3], [q4])
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Here an 82f an
QI(:U) = aiyz(xvoao) - <ayaz (33',0,0) + azay(x7070)> )

o2f o2f o2f
(o) i= 55 (0,0.0) - ( o (:0.0)+ 8Z§y<x,o,o>> ,

92 92 02 f
4s(z) = 8;;(9:,0,0) - ( ay;; (2.0,0) + ag§y<w7o7o>> ,

- 67112 0y0z

¢ = %gfgb(lnf qi(x)) (i

qa(z) : W(m,O,O) - ( f (2,0,0) + ' (:L‘,0,0)) ,

Il

—_

N
~—

Keywords: variational functional, sub-smooth integrand, Jacobi equation, "upper"

strengthened Legendre condition, local extremum.
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paBHOBecue 1o Haiiy, MeTo AUHAMUYIECKOTO TPOTPAMMUPOBAHMSI.

E-mail: zhkvlad@yandex.ru, p.akhrameev@gmail.com

1. MATEMATHUYECKASI MOJEJIb

Eciu B Hawajie paccMaTpuBaeMOro Ie€pHoOJa BPeMEHH (JIJIs OIPEJIEJIEHHOCTU TOJIA)
JITTP 3Haer, kak pacupeie/isiTh OJuH pyOJib 10 TpeM jerno3utam (pyb/aIeBoMy, B J0JIapax
u eBpO), TO TaKuM 00pa30M OH PACIPEIC/TIUT IO STUM JIEITO3UTAM U JIOOYIO CYyMMYy.

Wrak, nycts Kg n K, — Kypchl [oJjlapa W €BpO B Hadaje roja II0 OTHOIIEHWIO K
py6utio, (1 — x4 — Ze, T4, Te) - pA3MEPHI PYOJIEBOTO, JIOITAPOBOTO U €BPO JICTIO3UTOB CO-
OTBETCTBEHHO (B nepecuere Ha pyOJn). VI3BECTHBI COOTBETCTBYIOIINE [IPOIEHTHBIE CTAB-
KU 7, dg, do TO KayKJOMy W3 TpexX BHIOB BKiaja. OJHAKO KypChl BAJIOT Ygq (B J10JI-
napax) u Y. (B €Bpo) B KOHIIE MEPHOJA JCHOHUPOBAHUS TOYHO HEM3BeCTHbL. OHM 1is
paccMaTpUBAEMO 3aa4N SIBJIAIOTCS HEOIPEICJICHHBIMA U OTHOCUTEIBHO HUX IIPEIITo-
JIATAIOTCs M3BECTHBIMHU JINIIb TPAHUIIBI BOSMOYKHBIX U3MeHeHuit y; € [a;, b;] (i = d, e). Ho-
xox JITIP B KoHIE roma mocjie KOHBEPTAIIUK OIPEIe/IsieTCsl KaK IJIAHOM JUBepPCUUKa-
mn (1 — 24 — Te, g, Te), TAK U HEONPEJEICHHOCTSIME (KYPCAMHU BAJIIOT B KOHIIE IOJIA)
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Y= (Yd,Ye) €Y = [ag, bg] X [ae,be]. DTOT 10XO1 MOKHO NPEJICTABUTH B BUJIE:

+dd 1+de

———Ye. 1
K Yd + Te K, Ye ()

fy) = (U4 P — 2 — 20) + 24

Ha conepxkarenbrom yposae 3agadeii JIIIP  (smma, npuamMatomero —pe-
IIeHue) SABJIAIOTCA aHAJIUTUYIECCKOE KOHCTPYUPOBaHNE TaKOM cTpaTeruu
= (xg,xe) € X ={xg+z.<1, 2; 20 (i =d,e)}, 4urobbl g06UTHC HANOOIIbIIIE-
ro urorosoro pesyibrara (ucxoma) f(z,y). IIpu srom JIIIP BBIHYXKIEH y4nTHIBATDH
BOBMOXKHOCTD peaJsim3aiun Jiioboit meompemenennoctu y € Y. Heompenemrennocts —
9TO HETOYHOCTH WJIM HEIOJHOTa WHMOPMAIMU O Pe3yiabTrarax npeanpuHaToix JIITTPom
neiicTBuii (crpareruii).

Wrak, MmaTeMaTrdecKasi MOJIE/Ib PACCMATPUBAEMON 381891 O JUBEPCUPUKAIINN ITPE -
craBiisiercst ynopsiaodennoii Tpoiikoit I' =< XY, f(x,y) >, rae muoxkecrso X crpare-
Uil £ 1 MHOXKECTBO Y HEOIPE/IeIEHHOCTEH 3§ UMEIOT COOTBETCTBEHHO B/

X ={z = (zg,2e)| Zatze <1, 2, 20 (i = d,e)},
Y = {y = (Yave)| yi € [ai,bi] (i = d,e)}.

CorjiacHO TEpMUHOJIOIMHA TEOPUN UCCAeI0BaHUs onepaiuil I sBiisieTcst O HOKpUTEPU-

(2)

aJIbHON 3ajiadeil pu HeompejesennocTu. Vimenno npunstue perrenunii B 17, 6a3upysich
TOJILKO HA PUCKE M COCTABJISIET COJEPKAHNE HACTOAIINEH CTAThU. B 9KOHOMUYIECKOl JTn-
reparype (Hanpumep, B [1, c¢. 102-103]) pasubie JIIIP 1no pasnomy OTHOCATCS K PUCKY
(MMEHHO B 9TOM W COCTOUT cybsexmuehas npupoda pucka). Ectb puckodobbl (wmman-
BUIYYMBI, KOTOPBIE OTHOCSTCS K PUCKY OTPHUIATENBHO, M TAKUX UHIUBUIYYMOB, B TOM
qrCcyIe MpeIpuHIMaTeseil, 60apmuHCTBO: rped. phobos - cTpax), puckoduibl (MHAUBU-
JIYYMBI, OTHOCSTITHECST K PUCKY TTOJIOXKUTEHHO, TO €CTh JIIOOIT PUCKOBAThL: Tped. philos
- JTIOBSIIIIA) U PUCKOHEHTPAJIBI (MHAUBULYYMBI, KOTOPBIE CTPEMSITCS 00HOGPEMEHHO YBE-
JIMIUTH ncxof (Kak puckodoObl) U yMEHBIINTh PUCK (Kak puckodmisl)) [1, ¢.102-103).
Jns puckodoba mpu pereHun 3aad THIA || €CTeCTBEHHO TPUMEHSITh MPUHITAT TapaH-
TupoBaHHOrO pesysbrara (1o A6paxamy Basbay [3]). Corsiacuo sToMy HOAXoLy 2apah-
muposarnvim no ucxodam pewenuem I' (I'UP) nasbsaem mapy (z9, f9) € X x R, ompe-
JIeJISIEMYTO TIETIOYKON PABEHCTB

. o ¢ ) 50 5
Zlecggzggf(z,y) Zgbf(m,y) f (3)

Corytaco (3), omepaiusi 6HYMpPeHHe20 MUHUMYMA mz}vfz f(z,y) = flz] peamusyer
ye

I Kaokgoit crparernn x € X rapanrtuio f[z], ubo flz] < f(x,y) Yy € Y; oneparus
GHEWHEZ0 MAKCUMYMA AT flz] = flx9] = f9 Bbmensiler w3 Bcex rapantuii f[x] Han-
ze

Goubryto, Tak Kak f[x9] > flx] Vo € X u f[z9] = f9 < f(a9,y) Yy € Y. Crpareruto
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9 w3 T'UP npennaraercs JIIIPy ucnonbs3oBars, nbo ona «obecreunty JIIIP mHan6osb-
nryto rapantuio f9. B [2] mosyuenbl mocTaToqHbIE YCIOBHS CYIIECTBOBAHUS U SIBHBII BUJT
I'NP nns puckodoba B 3amade I'. VimernHo, nmeer MecTo

YrBepxkaenue 1. Iapanmuposarroe no ucxrodam pewerue 3adavwu I' umeem eud

(@9, f9) = (1 — g — af, 23, 2¢, f7) =

1,0,0,1+7r) npu~y; <0 (i =g,r),
0,1,0, l}i_{(jdad) npu {’Yd > 0,7 < 0} v {’Yd > Ye > 0}7
0,0,1, 5%2%a.) npu{ya < 0,7 > 0}V {ye > 74 > 0},

0,29, 1 — 25, Hha;) Va§ € [0,1] (i = d, ) npuyg =7 > 0,

~~ I/~

_ 1+d; 1
206 s = L (a; — Lo

K;) (i =d,e), sanax V oznavaem "usu’.

2. TIPMHIMIT MUHUMAKCHOT'O COXKAJIEHUS (IO C3BUIZKY)

Ilepeiimem k crmocoby mnpunsitust pertenuss B 11 s puckodumita. Ocobennocts I' B
TOM, TO B Hell 0 HeompenesennocTsax y JIIIP m3BecTHBI UL TpAHUNBI U3MEHEHUs, &
Kakne-ub0 BEPOSTHOCTHBIE XAPAKTEPUCTUKU OTCYTCTBYIOT 10 TEM HWJIM WHBIM [PUYH-
nam. Takue HeonpeesnennocTn HasBaubl B [4] Emnenoii Cepreesuoii Benriesnb «1ypHbI-
Mu» (M3-3a HEOlpeJleIeHHOCTH uX peasm3anuii). Hajuaue neomnpenenennoctu B I' kak
pa3 u 1mo3BoJIsteT roBopuTh 0 pucke JIIIP, Bo3HUKAOIUM IPU UCIIOIB30BAHUU JTIOOBIX
crpareruii x € X. B skonomuveckoit siureparype (Hanpumep, B |5, ¢.15]) npuBomsres
MHOT'OYHUCJIEHHBIE PA3/IMYHbIE TIOHATUSI PUCKA. Dojiee TOro, M3BECTHBIN CIEIUAIUCT 10
teopun yupasienusi Cupaserjguaos P.T. cauraer: «cTpororo MareMaTudeckoro ompeje-
JIeHUsI PUCKa B HacTosilee BpeMs He cymecrByers |6, ¢.31]. Mbr GyueM ucrosb3oBarh
CJIeJIyIolee MOHSATHE PUCKA: «PUCK — 9TO BO3MOYKHOCTL OTKJIOHEHUsI KAKUX-THO0 BEJIH-
9UH OT WX 2KeJIaeMblil 3HAUEHU», a IO MEPOii pUCKa OyIeM MOHUMAThL «PA3HUILY MEXKTY
JKeJIaeMbIM 3HAYEHHEeM IO0Ka3aTe sl KauecTBa (PyHKIIMOHUPOBAHUS IIPOIECCa M PeasIn30-
BaBIMIMCsI 3HAUEHUEM». 3aMETHM, UTO MMEHHO TAKO€ TOHSTHE MHUPOKO UCIOIL3YIOTCS
JIJTsl OIEHKN MUKPOIKOHOMHUYECKHUX PUCKOB |7, c. 38, 45-50].

Hakomer, ykazannoMmy Bujly HeOIpeJeJeHHOCTEN KaK pa3 U OTBEYAET IPUHIIUII MH-
HUMAKCHOI'O coxKaJsieHus, npejyioxkennbiii Jleonapaom Cosuzkem B 1951 1. B craTne [8].
CoryracHO 9TOMY MPHHIILY, 2apaHmuposartvim no pucky pewenuem (I'PP) samaan T’
6yaeM HazbiBaTh napy (', "), onpeessieMyio emoYKoii PaBeHCTB

. & _ (" - " 4
iy o) =g O = .

rie dyHKIus prcka (CorKaIeHmst)

(z,y) = mag f(z,9) = f(=,v), (5)

3HAYCHUE KOTOPON HA3BIBAIOT puckom (no Casudicy).
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SamMeTnM, 9TO
a) u3 (5) nonygaem ®(z,y) > 0 Ve € X,y € Y (smawnyqmuii puck -
HYJIEBOI1);
b) eciu f(z,y) HenpepbiBHA Ha Tpou3BeIeHNE KOMIAKTOB X X Y ToO
I'PP cymectByer B 3anaue [
C) COIJIACHO  ONEpAIU  GHYymMpennezo  makcumyma  u3  (4)
<Teaif ®(z,y) = Px]) kaxkmoit crparerun x € X orBeda-

eT «CBosi» TrapaHTusg no pucky ®lz] > P(x,y) Yy € Y,
U U3 TaKUX TapaHTUH oOlepaiys GHewHe20 MUHUMYMG B
(4) Z’gg Olz] = ®[z"] = " Bbesnsier HaUMEHBIIYIO, HOO
" < Plz] Vo € X u & = P[z"] > P(z,y) Yy € Y. 3uecs,
B ommune or ['MIP, rapamtnu no pucky ®[z] orpanmumsaror
dbyukuuio pucka P(x,y) cepxy. Takum obpazom, JITIP, sasissich
puckoduiaom, crpemurcss B I' 3a cuer BBIOOpa CBOEll cTpaTernun
x € X ymenbmuThb cBoii puck ®(z,y). Ilpu 510M OH BBIHYKJEH
YUUTBIBATH BO3MOYKHOCTH DPeaJin3aliii JI0O0i Heolpe/1eJIeHHOCTH
y € Y («camplil Xopommit» pUCK - HyJIEBOIA).

Bameuanmne 1. Hmax, nocmpoenue I'PP (2aparmuposarnozo no puckam pewernus)
6 3adave I' nposodumcsa 6 4 amana.

Oran 1. Kaowcdoli cumyayuu x € X cmasumcs 6 coomeemcmeue Pynruus
flyl = maz f(z,y).
Dran 2. Cmpoumcesa pynruyus pucka Y(x,y) = fly] — f(z,y).
Dran 3. B pesyavmame onepayuu SHYMPEHHE20 MaKcumyma u3 (4) onpe-
deasemesn 2aparmus no pucky maz ®(x,y) = maz (fly] —
yey yey

— flz,y)) = @[z] > O(z,y) Yy € Y daa xaorcdoti cmpamezuu
e X.
Oran 4. Cozaacho onepayuy HEWHE20 MUHUMYMA U3 (4) narodumcs nau-
mervwut 2aparmuposarnul puck " = n”éz)v(z O[z] = ®[z"], u mo-
T
eda napa: naan dusepcuduravuu (1 — xl — xl, xl, x), ) u 2aparmus
O obsasamomes I'PP 3adavu T’

OCTaHOBI/IMCH Ha «OIITUMUBUPYIOIIEM CMbIC/IE» TaPDaAHTUPOBAHHOI'O 110 PUCKY pEHICHUA
(2", ®") 3amaqu I', umenHO, uTO 0O3Ha4YaeT (UM 4TO «obecrednBaers?) TaKas CTPATErust
x" = (a}), x}) n Taxoit puck ®" (c Toukn 3penns JIIIP)? Orser B ToM, 4TO corIacHo STaILy
1, Kaxk 101t HEOTIpeIeIEHHOCTH Yy € Y CTaBUTCA B COOTBETCTBUE MAaKCUMAJILHBIN TOIOBOM
noxon fly] = maz f(x,y), ecin 661 HeompegeIeHHOCTL Y B 3a7ade [ peasnsoBannch Obt
Ha CaMOM geﬂe.z

A cornacuo srany 2 dyukius pucka ®(x,y) = fly]— f(z, y) xapakrepusyer, HACKOIb-
KO ucxoj f(x,y) «He JOTATMBAET» JIO BBIIEYHOMSHYTOIO MaKCUMAJIbHOTO joxoza f[y],
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u Kak pa3 mosromy JIIIP crpemurces: pasuocrs fly] — f(z,y) BO3MOXKHO yMeHbITHTD (3a
cuer Boibopa = € X).
Hastee, coracuo sraiy 3, Kaxk0il crparerun £ € X CTaBUTCA B COOTBETCTBUE HAM-

6ombitast (1o y) Takas pasHocts P[x] = ma}gc( fly] — f(x,y)) — naubosbImii (rapanTHpoO-
ye

BAHHBII) «3a30p» MeXK/y «caMbIM xoporuM Jyist JITIP» noxomom f[y] u peanusyromumcs
upu dukcupoBanHoii crparerun x € X joxonoMm f(z,y).

Haxkowner, ciemyst sramy 4, u3 Bcex takux «3a3opos» ®[z] JIIIP Beibupaer HanmeHb-
it «3a30p» ®7 = ®[z"], kKoTOpHIt «0beceunBaeTcsy crparerneii " = (x), ;) us ['PP
(z",®"). Urak, JIIIP, creays crparernum z” € X, «OJHUM BBICTPEJIOM YOWBAeT cpasy
JABYX 3aiilieB», UMEHHO,

60-NEPSHIT, TIPH JIIOOBIX KOJEOAHUSX KyPCOB JoJIapa U eBpo y € Y (K KOHILy roja)
qucao 7 orpaHnUIMBaeT CBEpPXyY BCe BO3MOXKHBIE «3a30pbl» P (", y), nbo (2", y) < ¢" =
Q" Vy €Y,

60-6mopuiT, «3a30p» P" = P[z"] Gymer «cambIM MaseHbKIM» U3 Beex P[], nbo ®[z] <
<P =P[2"| Vo € X.

ITocrpoenne sisaoro suga I'IP u I'T'P myist 3amaun aupepcudukainm TOJIBKO 10 JIBYM
JeriosuTaM (py6J1eBOMy U BaJOTHOMY) Ha KOHeIl rojia B |9, c. 58|, Takas ke 3aja4a, HO
yKe n Jyisi puckoHeiitpasa B [10, ¢.117-135|, rapaHTHPOBAHHBIM 10 PUCKY DEIIeHUSIM
B MHOI'OKDHTEPHAJIBHBIX 33Jad4ax U GECKOAJMIMOHHBIX UIpaxX HOCBsIeHbl KHuru |11,
12, 13|. B cuemyromeM pasjene Kak pas, cjaeiays stamam 1-4, u HaiijgeMm sIBHBIH BHJ
rapaHTHPOBAHHOIO 110 PUCKY perieHus 3amaqn 1.

3. 4ABHBIN BUJ TAPAHTUPOBAHHOTO MO PUCKY PEHIEHUA 3AJAYU T

Urak, nycrs B I' MHOKecTBa crparernii X u Heonpesenennocreii Y sanansl B (2), a
kpurepuit f(x,y) oupenenen B (1). Jdns nocrpoenust PP 6ynem cienoBars sramam 1-4
13 3aMedaHus 1.

Aran 1. B 3amade I' kax10ii HeonpeeneHHoctd y = (Y4, Ye) € Y = [ag, ba] X
X [Ge,be] cTABUTCS B COOTBETCTBHE MHOXKECTBO X , KOTOPO€E IPECTABIIsIET COOOI IIPsiMO-
yrosbHblil Tpeyroiasauk AOB (puc. 1).

st Besiroro y € Y dbynknus f(x,y) u3 (1) smHeiina Mo KOMIIOHEHTAM BEKTODPa

x = (T4, Te) U MOITOMY MOXKET JIOCTUTATH CBOEro max f(x,y) JHIIb B YIJIOBBIX
zeX

Toukax — BeprmuHax tpeyrosbauka OAB. Ilosromy, ¢ yduerom siBnoro Buma f(x,y) us

(1)7 Gyner

1+ de
Ke

1+d
magf(@.y) = {(1+7) V[

3/1eCh «V» - OMHAPHAS CBA3KA «HJIU».

Yal V [ Yel} = flyl,

Aran 2. Coruacuo (5) Torma dyHKIMs pucKa Oyer

O(z,y) = flyl — f(z,y) =
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Puc. 1

Oi(z,y) =147 — flz,y) = [1+r— Foyadza+ [1+7 - 5oy,
= q VOy(z,y) = l}jdyd — fx,y) = (1 - xd)[lzgjdyd -+ +[A+7r) - %ye]xe,
VOy(a,y) = ey, — fla,y) = [1+7 — Syglag + [y, - (1+ ).

Oram 3. /st kKaxkmoit crparerun x € X HaiigeM rapaHTHPOBAHHBIN PUCK

@ = @ =
[z] maz (z,y)

[+ 7 — S ygleg + [1+ 7 — Hy.]a.,
= mag § [5ftyg — (L+7)](1 = za) + [L+ 7 — Heyelae, o =
ye 1 _ 1+dd 1+de _ 1 1 _
1+ K, Yalra + | K, Je 1+ Te),

[1+7r— 1}Zdad]xd +[1+r— 1;2?6&6]336 = 4[],
= maz { [HE2bg — (14 7)](1 — 2a) + [1+ 7 — Ha]we = Bafa], p =
[+ 7 — Hagleg + b — (1+7)](1 — ze) = B3[al,

= maz {®;[z]}. (6)

i=1,2,3
T.K. nocrosiaubie r > 0,d; > 0,b; > a; > 0, K; > 0(i = d, e).
ameuanmue 2. Janee, 0i4 cokpauserus 3anucet, 6ydem ucnoib306amy 0603HAEHUA

1+d 14+d
o +ddad], ()ée:[1+T— + e
e

1+dd 1+de
by — (1 . =
Kd d ( +T)]7ﬁ [ Ke

ag=1[1+r

6]7

Ba=|

be — (1 +1)]. (7)

Orcrona,

14+d 14+4d 1+d 1+d
ae+ﬁd: Kddbd_ K eaea ad"’ﬁe: K ebe_ Kdda
e e

d»

1+dy
Ky

1+d.

(bd - ad)a Qe +Be = Te(be - ae)a

g+ Bqg =
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14+4d 1+d.
Ba—agq = Lbg+ ag) —2(1+7), Be — ae = ———(be + ac) — 2(1 + 1),
K, K.
1+ dy 1+d.
- 6:21 - e)s
0= . =21 +7) — (o + 1) 0
1+d, 1+d
e — Ba=2(1+71)— ( ;; e + ;;ddbd),
B _1—|—dd _1—|—de
Qe — Og = K, aq K, e

JIemma 1. Ecau nocmoannvie o; = 0,5; = 0 (i = d, e), mo cnpasedauso
[a; < Bi (i = d, e)] = [aearq < Befal-

B camowm meste, mMeeT MeCTO IMEMOYKA MMILTHKAIIH

[(ae < Be) N (g < Ba)] = [(eq < Beara) N (aBe < Befa)] == [aeaq < Befal. (9)
JIemma 2. Ecau nocmosannvie o; = 0A B; =0 (i =d,e), mo
1+dy 1+d, 1+d, >1+dda

by > : be >
Ky 47 K., " K. °7 K,

d>

14+d 1+d 1+d 1+d
ks dbd> il dada ks ebe> il eae-
Kd Kd Ke Ke
HoxkazaresascrBo 1. Tak xax [o; = 0] = [14+7r > 1;?_12' ai]/\[l;r{c,lj bj = (147r)] (i,j =
d,e), mo omcroda cpasy noaywaem cnpasedausocmyv (10).

(10)

Bameuganue 3. C yuemom obosnavernud (8), a maroce ve =1 — xq, daa (6) umeem

O[x] = max {P1[z] = agxrg + aexe, Polx] = Ba(l — xq) + e,

P3(x] = agrg + Pe(l — xe) } Vo € X.
Aran 4. Yrobs! 0bectienTs, cormacuo (5) u (6), nepasencrso P(x,y) > 0
V(z,y) € X XY, 10CTaTOMHO CIUTATH BBHIIOJIHEHHLIM
Ycaosue 1. [Tocmosannwe o; = 0, 5; = 0 (1 = d, e). Ouesudno, wmo ycaosue 1 umeem

MECMO, ECAU

1+7 .
ai\m i < b (i=d,e).

B meopuu uccaedosaruidl onepayuli yemanosaerno [14, c. 55], umo makcumym 6vi-
nykaot (u, 6 wacmuocmu, Aunelinol) GYHKUUU HA BBINYKAOM MHO202paHHUKe (30€Ct
mpeyzoavhur AOB us puc. 2) docmuzaemcs na ezo epanuue. Ilosmomy danee narodum
MURUMU3AMOPLL ' = arg mggn ®[z] us (6) na cmopornaxr OA, OB u AB mpeyzoavrura
AOB omdeavro, u samem, 6 kawecmee P ucnosvsyem naumernvwee u3 mez)? o[z]. C

X

2MOTl UEADBIO BbLOEAUM MPU CAYYAA.
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Cayuati 1 (cmopona AO = {z4 € [0,1], z. = 0}. Tozda cmpamezus v = (x4,0)).
Bosspawaaco meneps k (6), ¢ yuemom x. = 0, noaywaem
O[x] = max {P1[z4,0] = agrg = P3]x4,0], Pafz4,0] = (1 —x4)84}-

IIpu evinoanernuu yeaosus 1 epagur ®[x] npedcmasaen na puc. 2, 20e svideaen srcup-

Holl Aurued.

Ba

Zq

Puc. 2

U3z amozo pucynra caedyem, wmo min ®[x] = ®lxl, 0] = @7, Toeda agxly = (1 —
zq

— x})Ba, u noamomy

1+d, 14
o ﬁd :T;bd_<1+r):bd—1+2de
4 g+ Ba %(bd—ad) by — ag
1+
1—$r: Xd :ﬁKd_ad
I g+ Bd bd — Qq
Haxoneu,

1+ 1+ 14d

r— r _ ro__ aqBq . [ﬁKd—ad][bd—ﬁKd]Tdd
2y = Pl 0] = cara = aq+Ba bg — aq .

Hmax, noaywuau
Ymeepotcdenue 2. Ecau 6 3adave

Fd = <X = Xd = [07 1]7 Y = Yd = [advbd]mf(xd’ Oa yd)>
UMEEM, MECMO UENOYUKA HEPABGEHCING
+r

+ dy

MO 2aPAHMUPOBAHHOE MO pucky pewenue g 6ydem

1
ad<1 K < by,

oy Ba aqfa _
ag+Ba’ g+ Ba 7 aq+ Ba

14+d
MK b Bk | Kl RIS

bi—aq = bg—aq by — agq

(1 - 1'2715707 (I)Zl) = (
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YrBepxkaenue 2a. Ecau 6 mot owce sadave Ty

a) by < Kd}j:—gd, mo eaparmuposarroe no pucky pewenue (I'PP) ume-
em eud (0,1,0,0),

b) ag > Kdi—gd, mo I'PP sadavwu I'y 6ydem (1,0,0,0).

CripaBeJ/TMBOCTD yTBEPXK/IeHNsI 28 (DaKTUIECKH YCTAHOB/IEHA (IIPH [1epe0DO3HAYEHUSIX
a=aqg,b=>by, K = Kg) na crp. 123-124 xuuru [10].

AHAJIOrMYHO yCTAHABIIMBACTCS CIIPABEIIMBOCTD JIJIst

Cayuait 2 (Cropona BO = {zg =0, z. € [0, 1]}).

YrBepxkaenue 3. Fcau 6 3adaue

Fe = (X = Xe = [07 1]7Y = Ye = [aeybe]af(oaxaye»

UMEETN, MECTNO

1+7r
e < if;jg;}{é <:b@

mo eaparmuposarmoe no pucky pewenue I'e 6ydem

Qe 0 ,Be aeﬁe
ae"‘ﬁe, 7056"1'56’ Oée"i_ﬁe

(1—$£,0,x£,(1)£):( ):

L K, —a, b — B K, MK, — a][be — MK, Lide

1+de "¢ 1+d. 1+de 1+de Ke
= be —ae = be—ae be — ae ) (12)
AHaJIOrMIHO YyTBEPKICHUIO 22 CIIPABETIHBO
VrBepxkaeuue 3a. Fcau 6 sadaue I'y
a) b < K. }ige, mo I'PP umeem sud (0,0,1,0),
b) a. > Keﬁ—ge, mo I'PP 3adavwu I'y 6ydem (1,0,0,0).

Coayuaii 3 (runorenysa AB = {xq4+ z. = 1,2; > 0 (i = d,e)}) B srom ciayuae (6)

MIPUMET, C yIeTOM Xq = 1 — T, BUI

®[z] = mar {@1[z] = g + (e — @d)Te, P2[x] = (Ba + ae)we, 3[7] = (g + Be)(1 — ze) }-

PacemorpuM 371ech Tpu BapuaHTa.

BapnanT 3a

Beenem M - Touky nepecedenus: orpeskos Poz] u P3[x] (puc. 3). 3necs n ganee mis
coKpalreHusi 3anucu oyjgem obosnadars @;[x] = @;[x.]| (Ha camom zese B HallleM ciydae
x = (1 =z, x.)), n morpedyem, arodsr Pozl] > ®1[zl], T.e. (cM. puc. 3) BBIIOIHAIOCH

HEepaBEeHCTBO

MN > KN
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ﬁc+0‘d

Bd + Qe

Qq Qe

Te

Puc. 3

JlemMma 3. Ecau
0 Q; < 6 (Z - d7 6)7 (13>
mo MN > KN, m.e., nanomrum, ®olzl] > ®1[xl].

B camowm nerte, u3s {<I>2[ T = @3[xl]} <= {(Ba+ ae)zl = (Be + aq)(1 —x)} Haxommm,
¢ yueroM (8),

1+ddb o 14+d

ro_ Be + aq K. . Qe
To = = (14)
¢ BetactBatag 1+dd (ba — aq) + 52 (be — ac)
Tak kax, cornacHo (10), (13), (14) 6yger xg >0, a
14-de 1+d
1—2al = Ba+ ae = K. Ve — Kddad
¢ fetact+Bataq %(bd—ad)—i— 1+de(b —a,)
TO TOIJA
ad(ﬁd + ae) + O‘e(ﬂe + ad)
D1zl = ag(l — 20) + ezl = =
1[ e] d( e) ele ﬁe+ae+ﬁd+ad
_ Qq0e + O‘dﬁd + aeﬂe + aead
Be + e + /Bd + agq
Ho
(Bd + Oée)(ﬁe + Oéd)
T = ®q[z"] = + o)zl = =
3a 2[ e] (ﬁd 6) e ﬁe T+ 5(1 T ag
1+d 14-de 14+de 1+d
_ Befa+ aefe + aafa + dea _ (T, tba — o= ae) (5= be — g 1 0a) (15)

Be+ e+ B+ g By — ag) + L= (b — a0)

HaKOHeH, COIVIaCHO JIEMME ]., nMeeT MECTO MMIIVIMKaIIA
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[0 g (673 g /B’L (/L = d7 6)] - [aead g BEﬁd]a
9TO U JOKA3bIBAET JIEMMY 3.
Jlemma 4. Ecau

2 Kz X - d, 3 1
6 < K < P = dye) (16)
mo
0<a; <Bi (i =d,e). (17)
HokazaresanbcTBo 2. U3 (16) u a; < b; caedyem, wmo
1
a; < %K <bi(i=d,e).
Toz0a
1+7r ]_—|—dZ
— K, —a;| —— =a; 20,
[1+di a;l X, a; =0
1+r 1+d;
b — K; =06
[ 1 +dz ] Kz 5 ” 0
m.e.

a; 20,6>0(i=d,e).

Hanee ucnoavsyem uenouky sKeusaseHUUl

1+d; b; + a; 147
> >
e bera)=2(1+) > 0 o= (220 > [

Hmax, ecau evnosnaemcs uenouka wepasencms (16), mo umeem wmecmo (17).

Bi = o] <= [Bi—a; 2 0] <= |

VYrBepxkaeuue 4. Fcau 6 sadave T’

Ltr o bita
1+d; "~ 2
MO 2aPAHMUPOBAHHOE N0 pucky pewenue 3adavu I' umeem eud

(1 =d,e),

a; <

ﬁd"i_ae /86+ad Old(/Bd‘i‘Oée)‘i‘Oée(ﬁe‘i‘Oéd)
"Be+ e + Ba+ g’ Be+ e+ o+ aq’ Be + e + Ba+ aq

(0,1—zl,x., ®5,) = (0

errer

)=

1+de be 14+dy 1+ddb 1+de
— — 2Lleq
Ky K. e

= (O’ Y ?
T o= a0) + 5 0~ ) T 0 a0) + B0, )

( 1I+(fild b 1+de ae)( 1+de b o 1+dd ad)

Lk (b — )t Hde (be — ae>

aq

)- (18)

K| (i = d,e).
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HoxkazareabctBo 3. Qynxyusa Plx] = maz {®@;[z]} swvidenera na puc. 3 orcuprot
=12,

aunuet. Ho moada mez)ag ®[x] docmueaemcs 6 mouke xl. ITosmomy, 2apanmuposarnvil
T
puck D5, = ®1[zl] = MN, m.x. {MN > KN} <= {®;[z]] > ®1[z]] (j = 2,3)}.
Hmax, npu evinosnenuu (16) exaaduurk, umes 6 pacnopastcenuu 1 pybav, 6 cayiae 3a
HuYe20 He ekaadvieaem 6 pybaesoill denozum, 6 doaraposwii enocum 1 —x u, HaxoHey,
0CABWYIOCA “acmy X, Ha deno3um 6 espo. B amom cayvae 6 konue 200a 6KAa0MUK
NOAYUUN. MAKCUMAADLHO B03MONACHYIO HAPAUWEHHYIO (2APAHMUPOSAHHYIO) CYMMY 6K

¢ puckom, e borvwum Pk, (npu mobwr xypcaxr samom y = (yq,Ye) € Y ). Bapuant 3b.

ST A= Bt
925
K a.
M
N
0 o, 1l 1 e
Puc. 4

Cremyromniue 3aKJII0O9UTEIbHBIE BAPUAHTHI 3b 1 3¢ oTHOCATCS K ciry4alo, korga KN >
> MN (cm. puc. 4), re. ®1[zl] > Oo[zl] = P3[zl]|. Bamernm, a0 Besencrsue F; = 0,
a; =20 (i =d,e) oyuer Bg+ e = Qe U fe+ g = g, 1 TOITOMY TOUKE OTpe3Ka D1 [z¢] He
MOI'YyT HaXOJIUThCsI BhIle oTpe3ka PQ. B cBsi3u ¢ aTuM masibHeilnme u 3aK/II0UNTEIbHBIE
BapHUAHTHI OyIyT Pa3indarbCs JIMIIb YCJIOBUSIMU Qg < (e, Qg > (e, Ol = Cle.

Wrak, B BapuanTe 3b npemamosaraeM, 9ro ag < e u, koneano, KN > MN.

Ananornuno jgemMe 3 JOKA3LIBACTCS

Jlemma 5. Ecau

0< B < (i:d,e),

KN > MN <— (I)l[l‘g] > (I)Q[$Z] = @3[{[}2]

B camom JeJjie, B JoKa3aTe/IbCTBE JIEMMbI 3 YCTaHOBJIEHO,

_ BeBa+ aefle + aafa + aera

@ '
2l Be+ e + Ba + a

e
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QeOtq + Oéeﬂe + adﬂd + ety
5@ + Qe + 6d + agq

Torna KN > MN <= ®;[z] > ®29[2]] u 5710 yciioBue umeer MecTo, eciu

<I>1[:c7"] =

e

aqte > Bafe-

Takoe cTporoe HEpABEHCTBO BBIOJHEHO HPU

a; > B >0 (i=d,e).
JlokazaTeabCcTBO 3TOr0 PaKTa MPOBOINTCS TaKKe, KaK B JJeMMe 1, B IIOMOIIBIO IEI0U-
KW UMILIAKAIANA

[(ad > ﬂd) A (ae > /Be)] — [(adae > /Bdae) A (/Bdae > ﬂeﬂd)] — (adae > ﬁe/@d)-

Jlemma 6. Ecau

bi + a; 1+7r .
5 < T diKZ <b; (i=d,e), (19)
mo
Ogﬁi<ai (i:d,e). (20)

HoxkazaresabctBo 4. U3 (19) u a; < b; caedyem, wmo

1+7r ,
a; < TdZKZ gbl (Z:d,e),
noIMOMY
T+ 1+d; 1+d;
[71_’_(11 i—ai]iKilzl—FT— Kilai:ai>0,

1+7r 1+d; 1+ d;
i — K; = i — (1 >0,
k 1+d; ] K; K; bi=(1+r)>0

m.e. o; >0 u fB; >0 (i =d,e).
Hanee, cnpasedausocmo (20) yemanasiu6aemes ¢ nomMowblo 4enouky sKeuUsaseHyul

u (8):

1+ d;
(a; > Bi) = (i = B > 0) <= (2(1 +7) — +' (a; +b;) > 0) —
I+r a; +b; IL+r a; +bi, .

VYrBepxkaenue 5 Ecau 6 3adave I' svnoanaiomes ycaosus

bit+a; s
10, 2t < LK < by (i = d,e),
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20 1+dda > 1+de ae’

mo 2aparmupoearHoe No PUCKY PEWEHUE NPUMETN 6ud

« ﬁ Q40 + O‘eﬁe
0,1 — %y, x5, ®%,) = (0 = £ =
( ’ L3py L3ps 3b) ( 7Be+ae’ /B€+a67 5e+ae )
1+de 14+d, 1
— (0 }iZ Ke—ae be — %ig Ke ( ?{ be — Kddad)(JZe Ke - ae)) (21)
’ be—ae by —ae be — Ge '

JokazarenbcrBo 5. Tpebosanue (1°) ymeepoicdenus 5 obecnevusaem nepacencmeo
KN > MN, a ycrosue (20) u (8) npusodum ¥ g < (e, 6 peayavmame 4ez20 2padux
Pynruuu pucka Plx.] = maz D;[xe] npumem 6ud aomanot, evideaennoti Ha puc. 4

1= <
orcuproti sunueti. Tozda das nocmpoenus min®lx,.] = L, caedyem natimu x5y, ucrods
X

u3 pasencmea P3lak] = ®qlak,], m.e. us

(g + Be)(1 — x3) = ag + (e — aa) Ty

Omcioda
1+
xgb — 56’ — be 1+2 K
ﬁe + e be — ae ’
1+
(1 — xgb) = Qe — 1+2 K
/Be + Qe be — Qe ’
moeada
1+de 1+d 1+
o7, = dyfary] = 2t Boe _ (Rbe = a0 (g Ke — ac)
3 L ﬁe + e be — ae

u @y >0, mx. a; > 0,68 >0 (i = d,e). Bapuanr 3c. 31ech, B OTIMYHE OT HPEILIITY-
miero Bapuanrta 3b, Oyjem caurarb g > @ (cM. puc. 5).

AHaJIOTUYIHO yTBEPKJIEHUIO 5 JTOKA3BIBALTCS

YrBepxkaenue 6. Fcau 6 3adave I’

10, bt < G < by (i = dye),

20 1+dd a < 1+dﬁ

e,

MO 24PAHMUPOBAHHOE MO PUCKY PEWEHUE UMEEM, BUJD

Ba ag  Baog + aeoy
Ba+aqg Ba+ i Ba+ g

1+ 1+ 1+d 1+de 1+
bd—1+2de 1+dde_ad ( Kddb 7, ae)(lJr:lde—ad)) (22)

bg—aqg = bg—ag by — ag
JokazareabcTso 6. Kax u npu sapuarme 3b mpebosanue (1°) obecnevusaem nepa-
sercmeo KN > MN, a (2°) u (8) npusodum % ag > ae (em puc. 5). Hosmomy dynxuus

(07 1- xgcﬂ 'rgc’ gc) = (07

)
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P:(O, 56 + Otd)
2, » Q=(1, B4 + o)
(%} q)l [IEEJ /2‘@/ &r},\@;}\
K
Qe
M
N,
0 zg T35, 1 Le
Puc. 5
pucka P[ze] = mazr P;[ze] 6 amom cayuae umeem sud aomarot, evideaenoti na puc. 5

1=1,2,

orcupnoli auruet. Omeroda murumuzamop i, gynryuu ®lx.] naxodumes us pasencmaea
T —
¢y [x?)c] -

= ®yfah ], m.e.

g+ (e — ag)rs, = (Bg + ae) T,

Hmax,
_ 14dy 147 .
o oyg _1+T X, ad_1+dde aq
e = = =
“ Batag %(bd —ag) ba — aq
1+r
1-— l’r = /Bd — bd _ 1+dg Kd
% Bit g ba — aq
1+d, 1+d, 1+r
ro r (Ba + ae) e B Bacg + aetrg B ( Kddbd - K, ae)(1+dde_ad)
3c — (132[,1'30} - - - :

Ba+ aq Ba + aa ba — aq
3ameuanue 4. [lycms ¢ T’

bi+a; 147 ,
l2 Z<1+diai<bi(7’:d’e))
14+dy 1+d,
aq = Qe.
K, d K, e

Tozda 2aparmuposarnoe no pucky pewenue I' bydem

1+d;

%

0,1 =z}, zl,0q) = (0,1 —a}, 2l 14+ 7 — a;) (i =d,e) (23)

" 1 2 e
npu Vl’e S [xg )7x£ )] - [adﬁ—i-ﬁe’ Uéeo‘é‘:llgd].
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(07 /Be + ad)

/ (17 Ba + Oze)
\rs‘?/

82

g = Qg

aqd

Puc. 6

(1)

JlokazaTeIbCTBO IMPOBOIUTCS C IIOMOIIBIO pHUC. 6, 9UCIO0 T ' OUPEIEIACTCH U3 PABCH-

(2)

cTBa @3[:&(31)] = <I>1[x£1)] = g, a T — U3 yCJIOBUS <I>2[ac£2)] = ag.

4. 3AKJIIOYEHUE

Ilepexomum K 3aBepieHnio Tama 4, UMEHHO K IMOCTPOEHUIO MUHUMAJILHON U3 TapaH-

TU ¢ TOMOIIHIO YTBEPKAEHUM 2-6, OTJIMIAIONINXCSI OTPAHTIEHUAMA HA iig K; (i=d,e).
1

st 3TOTO,
60-nep6vixr, 00beInHIeM TpebOBaHus yTBEpXKIeHni 2, 3 u 4,
60-6MOPBLT, TO JKE CAMOE MIPOJIEJIBIBAEM C yTBEpKAeHUsAME 2, 3 1 5 (uiau 6).
Ob6benunenue yrBepxkaenunii 2, 3 u 4.

Urak, ipu a; < iigKl < ‘”;bi (1 = d,e), crpoum MuHuMYM U3 rapantuii O7, T (u3
(2

yreepxkaennit 2 u 3) u O, (u3 yrBepkaenus 4). Takum obpasom, HaiiileM MEHEMYM 13
Tpex 4uces

O* = min{®}, ., D5, }.
a) ecau 3TOoT MUHUMYM paeH P! To rapanTHpoBanHOe 10 puckKy pemienue (I'PP)
sazaun [ npumer uy (11),
b) eciin ®* = @7, ro I'PP 3anaun I' nocrasisier dopmyaa (12),
¢) ecam takoit MunumyM ®* cosnagaer ¢ ®f,, To asubiit Buyg ['PP B (18).
B pesynbrare meppast urorosast
Teopema 1. I[Iycmos 6 s3adave I' umeem mecmo

147 a; + b;
;< K; <
STy 2

Tozda,

ecau (a) min{®}, oL, @} = @7, mo I'PP npumem eud
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oy Ba aqfBq
1—.’ET,Z'T7O,(DT — , ,0, =
( dr¥d a) (ad+5d ad+Ba g+ Ba
" 1 1+dg 1 1
( Trq; Ka — ag ba — 11g Ka 0 Ky [y 20 — adllba — 15 Kl =&, >0); (24)
bg — aq ba—aq ba — aa T

ecau (b) min{®, ®7, ®5 1 = @, mo I'PP 6ydem

(1 — $2707x27q)2) ( Qe 186 aeﬁe

’O’ )
e + Be O‘e+ﬁe a6+/86)

1+r o _ 14r 14+de (147 _ _ 14r
_ (1+deK€ ae o be — T Ke tlirg e — aellbe — g Kl
)
be_ae

be —ae = be—ae
ecau (¢) min{®, ®L, L } = @, mo I'PP umeem eud

=& >0);  (25)

Bata Be + o
(Oa 1_'T£’x£aq)ga) = (07 3 . > . )
e+ Qe+ gt g Be+ ae+ B+ aq
= Y 14+d e ’ 1+d e ’
%ﬁ(bd —aq) + %(be — Q) ;dd (ba — aq) + lzr((j (be — ae)
1+d 1+de e 14+d
( ;(ddbd B I—ZI ae)(l}’;‘j be — }ddad) 2
1idg (p) 14de (g, ), (26)
7, (ba — aq) + 5= (be — ac)
(K — ), Bi= (b — 0K (i = dye).
O0benunenne yrBepxkaenuii 2, 3 u 5.
Urak, nycrs remepp 0 < O”THJ)Z < %IZZ K; < b (1 = d,e). CHoBa HaxoIuMm
min { @), &7, &L} u min {O), &7, &L}
Jlemma 7. Ilpu ‘”TH” < }IZZ K; < b; umerom mecmo

ad(Ba + ae) + ae(Be + ad)) _
Be + e + Ba+ g B

3dech oy

(I)Z < <I>gb7

T '
HokazareabcTBo 7. /leticmeumenvho, o; = K%Ig —a; >0 (i =d,e) umoeda
7

P — aefBe < efe + agae _ aefe

Qg0le — DT, — P + agQe
c ae+/36 Oée"’Be ae"i'ﬁe ae“‘ﬁe 3b c 66“‘0467
r_ aaBa agBag+aeq . By QgQg . Qely
(I)d = < = Pgp = +
ag + Bq ag + By

=4 1
ag+Ba ag+Ba Ba+ aq
m.x. umeem mMecmo 'LLMTLJLUKG/L;U}I
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QeQlg

> 0].

C yuerom jieMMbl 7 MOJIydaeM
Teopema 2. Ecau svinoanero

a; + B < 1+r
2 1+d;

MO 2aPAHMUPOSAHHOE NO PUCKYy pewenue 3adayu I’

K; < bz (,L = dae)a

a) npu ) < P umeem sud (24),
b) npu @} > ®F umeem eud (25).

r

T, C yuemom aemmal 7, umeem

HokazarenbcTBo 8. B cayuae O < @

min {®}, ., P4} = D7,

a 6 caywae P > OF -

min {®), 87, 5} = ..

Orcrona u u3 sramna 4, a TakkKe U3 yTBEPKJAEHUN 2 U 3 cieyer ClpaBeJIMBOCTb TEOPEMBbI
2.
O0benunenue yrBepxkaenuii 2, 3 u 6.

Kak n B mpenpiayIiieM ciaydae MpearnoaraeM, ITo %ﬁl < L g < b, (i =d,e)n

1+d;
I4dg ,  _ l+de
7, 0d = . e
Brech, Kak u B Teopeme 1, ciemyer Haditu min {P%, PL, ag = a.} 1 3arem, B 3aBU-

) ) d’ *3b I

CUMOCTH OT TOTO, NP KAKOM M3 3THX TPEX YUCEJ JAHHBIAH MUHUMYM JIOCTUTAETCS U C
HOMOIIBIO COOTBETCTBYIONIEMY eMy yTBepzKieHnto (2, 3 umu 6) nocrpoum I'PP. Nmento,
UMEET MECTO

Teopema 3. Ilycmos 6 s3adave I' umeem mecmo

a+Bi 1+

K, <b(i=d
5 <1+di i < bi (i ,€),
14+dy _1+de . .
, ag = X Ge| <= o= = ay.

Toz0a, ecau
a) min {®, @7, a} = O, mo I'PP umeem sud (24);
b) min {®7, Py, a} = @, mo I'PP umeem sud (25),
c) min {®, Py, a} = o, mo I'PP umeem eud (23).
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5. BBIBOJbI

CraTbio 3aBepIIUM peKOMEeHIAIUAMEI K ucnosb3osanuio JIITPom teopem 1, 2 u 3 g
[PAKTUIECKOIO MOCTPOEHHs FapaHTHpOBaHHOro 110 pucky pemenus (I'PP) B 3anaue T.

[llar 1 Breimucars, geificTByOm@e B HACTOSANIMIT MOMEHT, YHCIOBbIE 3HAYCHUS
ryde,dy, K¢, K, a Takke (C MOMOIIBIO 9KCIIEPTOB, PEKOMEH AN SKOHOMUCTOB UJIU COO-
CTBEHHBIX [PEJIIOJIOKEHNUIT) 3a1aTh YUCICHHbIE 3HAUYCHUS TPAHULL U3MEHEHUsT (d4epes3 roj)
KypCOB Jlouiapa [aq, bg] n eBpo [ae, be).

IITar 2 BeraucanTsb ceMb duces

1+7r 1+7r
Q= Kzﬂ —ai,ﬁi =b; _Kiil—l—di’
ol r ag(Ba+ ae) + ae(Be + ag)
;= (i =d,e), 5, = .
a; + B Be + e + Ba+ g

[lar 3 Onpenemnts @0 = min {®4, ®.}.
[lar 4 - Bapuanr 1. Ecau a; < %igl K; < %ﬁ’ (i = d,e), To (cormacHo teopeme 1 n
yTBepziennio 4) mocrponts ®* = min {®°, @ } u zarem, ecm

a) ®* = @7, ro I'PP 6yner

Qg B aafd .
Qg+ Ba aqg+ B’ aqg+ Ba’

(1 - $2 - 1‘2,1‘2, xg, q)r) = (

b) ®* = &7 ro I'PP umeer Bus

( Qe 0 Be Oéeﬁe
ae+Be’ ’a€+667 ae“’ﬁe

c) ®* = @4, ro I'PP cramer

);

(0 ﬁd + Qe /Be + aqg O‘d(ﬂd + ae) + ae(ﬂe + ad))
"o+ Betagt Bil aet et aqgt o’ e+ Bt ag+ Ba
[ITar 4 - Bapuant 2. Ecin %ﬁl < iigle < b (i =d,e) ua. # ag, 10 (cormacHo

Teopeme 2),

a) npu @), < O uckomoe I'PP npumer Buj

Qg Ba aafa .
ag+Ba g+ Ba’ aqg+ Ba’

b) npu @7, > ®] I'PP 3zanaun I' 6yzer
Qe ,Be aeﬁe

(1 - :EZ - x;xgvx; CI)T) = (

0 , .
(ae+ﬁe, 7a6+56 ae+ﬁe)
[Tar 4 - Bapuanr 3. Ecin %ﬂ’ < ;{-T-:llKl (it =d,e) m a = e = g, TO (COrIIACHO

teopeme 3), 'PP umeer Bux
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(24) npu min {®}, ®L, a} = ¢7,
(1 =2y —zg, 20,7, ") = < (25) upu min {®7, D7, a} = @7,

(23) mpu min {®7, P, a} = .

Hakomery (cornmacHo yTBep:k/eHUsAM 2a W 3a) TapaHTHPOBAHHOE MO PUCKY PeIleHie
(I'PP) 6yner

1,0,0,0) opu aq

( ) >
1+
(= at— ot afar, or) = { (10000 mpide > ey,
(0,1,0,0) pu by <
<

Katig
(0,0,1, ()) npa be

14+7r
K. Trd

Takum obpaszom, B oTimdne OT BapuaHToB 1-3 mara 4, B JJaHHOM CJIydae BCE JIEHbIU

HAIPABJISIIOTCS TOJBKO B oiuH neno3ut (py6usessiii (1,0,0,0), momrapossiit (0,1,0,0) u

espo (0,0,1,0)) u ¢ HysmeBBIM puckoM (T.e. «HaBepHsiKal») obecmedar cebe «camblii 60JIb-

1+dd

I0ii» rapaHTUPOBAHHBIN BBHIUIPHIIL: Ipu pybiaesoM (1 + r), mpu 1o/1apoBoM K, 0d 1

1+de

B €BPO TCL@ COOTBETCTBEHHO.
e

Pa6ora Beinosinena npu dpunancosoit nojyiep:kke PODU (rpant Ne14-01-90408).
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Guaranteed on risk solution in problem of sum distribution into
three deposits (in rubles, dollars and euros) We are looking at problems
of sum distribution (in rubles) into three deposits (in rubles, dollars and euros)
in order to obtain the mazximum annual income (in terms of rubles). The
decision maker (investor) does not know the real dollar and the euro rates at
the end of the year, and has to look at some possible rate boundaries or limits
for them. The solution of this problem depends on the readiness of the decision-
maker to take risks. The contents of this article are the ways to construct the
decisions of guaranteed risks onto account. This paper is actually devoted to
constructing of a guaranteed on risk solution.

Keywords: probability measure, mixed strategy, weak compactness in itself, guarantee,
Berge-Vaisman equilibrium, Nash equilibrium, maximin.
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IF'APAHTIPOBAHHOE II0 NICXOAAM 1 PUCKAM
PEINTEHVE B O/ITHOKPUTEPNAJIbBHOU 3AJTAYE

Ha ocnose modudurayuy maxcumuna npediazaemcs nousamue Ilapemo-
24PANMUPOBAHHO20 NO UCTOOAM U PUCKAM DEWEHUA OAL 00HOKDPUMEPUAALHOTL
3adanu npu weonpedeasennocmu. Hatiden senwiti sud 6 3adaue dusepcudurayui
eQUHUYNH020 B8KAGOA NO PYOACBOMY U BAMOTHOMY OETLO3UTIAM.

Kirouesnle ciioBa: PI/ICK, HEOoIIpeJIeJICHHOCTDb, CTpaTerud, MaKCUMWH, MCXO/]

E-mail: zhkvlad@yandex.ru

BBEJIEHUE

B crarbe paccmarpuBaercst onHokpurepuaibias 3agada [ = (XY, f(x,y)) B ycio-
BUSIX PUCKA U HEOUPEJEJIEHHOCTH (Urpa ¢ mpupojoit). B pamkax 3roil 3ajaqu Juro,
npunumatoriee pemienne (JIIIP), Beibupaer coto crpareruio x € X C R™ rak, 9ro6b
JIOCTHYb BO3MOXKHO GOJIBITIEro MCX0/a (3HAUeHUsI CKaJisipHOro Kpurepust f(x,y)), opuen-
TUPYACh IIPU 3TOM Ha peaju3aIuio Jiroboit uncroit neomnpenenennoctu y € € ¥ C R™.
IIpenmnonaraercsi, aro o HeonpeneaenrocTssX JIIIP usBecTHbI UL TPAHUIIBI U3MEHEHU ST
U OTCYTCTBYIOT KaKHe-JInOO BEPOSITHOCTHBIE XapaKTepucTuku. Takas mojesb 1 Bo3HH-
KaeT, HAIPUMep, Ha PbIHKe CObITa, Tjie MPOoJaBel] JIefiCTByeT ¢ y4eroM MMIopra (uim
KOHKYPEHITUH ), JOOUBasiCh KaK MOXKHO OOJIbIIE TPUOBLIN.

BameTnM, 9T0 MOIPOOHBIE 0630PBI PA3INIHBIX BHJIOB HEOIPE/ICIEHHOCTH (HEIIOIHO-
Tl U (MJM) HETOIHOCTH MH(bOPMAIUU 00 YCIOBUAX Pean3allii BLIOPAHHON CTpaTerun)
MOXKHO HaiiTh, Hanpumep, B kaurax |1, c. 106-114; 2, ¢. 20-32| u ap.

Hanmane neompeneseHHOCTEl MPUBOAUT K MHOYKECTBEHHOCTH ucxoqoB f(x,Y) =
= {f(z,y)|Vy € Y}, «nopoxeHnbIx» Kax0ii KoHKpeTHOil cTparerueii € X. «Cyxa-
ercst» f(x,Y) 3a cuer puckos. OJHAKO, KaK CUNTAET U3BECTHBIN CIIENUATIACT B 00JIa-
cru ontumuzarun T.K. CupazeluHOB, «CTPOrOro MaTeMaTuIeCcKoro ONpeJIeIeHUs PUCKA,
B HacTosiIee BpeMsi He cyriecrByers |3, c¢. 31|. B kuure [4, c¢. 15| npuBogurcs rnenas
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cepusi pa3jMYHBbIX MOHATUN pHUcKa. Bce w3 HUX, KPOMe MPUBOIUMOrO jaJjee, TpeOyioT
cTaTHCTHIeCKuX JaHHbIX. OJHaKOo 3adacTyio y ucciemoparens omeparuii (110) mpocro
OTCYTCTBYET BO3MOX>KHOCTD OIHCATH «IIOBEJIEHNE» HEOIPEIEICHHOCTENH CTATUCTUIECKUMU
Merogamu. Kak pa3 atoro ciaydasi OyjieM B JaJIbHEHAIIIEM PUIEPKUBATHCS.

Wrak, npusesieM oripejiesieHne: «PUcK - 9T0 BO3MOXKHOCTb OTKJIOHEHUsI KAKUX-JITOO
BEJIUYINH OT UX 2KeJIAeMbIX 3HAYEHUI».

OrmeTuM, 9TO UMEHHO TAKOMY IOHSITHIO PUCKA OTBEYAIOT OOIIEIPUHSTHIE MHOIOYNC-
JICHHbIe MUKPOIKOHOMHYECKHE PUCKH, BHJI KOTOPBLIX IpuBeieH B padore [5, c. 40-50].

“uCIEHHO OIEHUBAETCsT PUCK 3HAaYeHneM (DbYyHKIUH COXKaJleHusl (PUCKA)

(I)($7y) :Iznea)?f(zay) —f(ac,y), (1)

upeioxennoit Jleonapgom Cosupkem [6] B 1951 1. Jlaypear Hobenesckoit mpemun 1o
skoHoMmuKe Muron @puaman ckasan o CIBUIKE, 9TO TOT ... ObLI OJHUM U3 HEMHO-
I'X BCTPEYCHHBIX MHOIO .)'IIOILeI/UI7 O KOTODPBIX 4, HE 3a/[lyMbIBasdChb, MOI'y CKa3aTb - TEeHU».
[Ipejioxkenubiii B padore (6] HpUHIMI MUHMMAKCHOTO COXKAJICHUS, CBOJSIIUICA K IO-
crpoennio mapsi (2%, ®%) cormacuo

min max ®(z, y) = max &(z°,y) = &7,

zeX yeYy yey
AKTUBHO UCIIOJIb3YeTCs JIJIsl PellleHus 3a1a4u [ HapaBHe ¢ IPUHIMIIOM MaKCUMHUHA (ra-
PaHTUPOBAHHOTO pe3yibraTa 110 Basbiy [7]), cBomsmemycs K Haxox ienuto napsl (9, f9)
TaKOM, 9TO

maxmin f(z,y) = min f(29,y) = f9.
we)}((yelYf( Y) yeyf( y) =17

Cama dyukius coxasnenus $(z,y) B 0oTe9ecTBEHHOI 1 MUPOBOI JATEPATYDE TIOJIY-
qiia HasBaHue «yHkims pucka no Cosmmky». Umenno dbyukiuio pucka @ (x,y) u
[IPUBJIEKAEM B HACTOSIIEN CTATbe JIJI OIEHKU TapaHTUPOBAHHOIO PUCKA.

Kakuwm OviBaeT oTHOIIEHME JIojIell K pucKy? B psije KHUT 10 (pUHAHCOBON KOHOMMU-
ke [1, c. 103; 5, c. 5; 8, c. 343| BBLIAEIEHO TPHU IPYLIbI CyOHEKTOB B 3aBUCUMOCTH OT
OTHOITICHUS UX K PUCKY:

- IPOTHBHUKM PUCKA — PUCKOMOOBI (11011, GOSIIIIecs: pUCKa U OTBEPIAIOIINE €ro);

- JIIOOUTEJIN PUCKA — PUCKOMUIBI;

- PUCKOHEHTpaJIbI (.HIO,ILI/I, HEATPaJIbHO OTHOCSIIUECS K PUCKY ).

B sxoHOMUKe cunTaeTcst, 9T0 OOJIBITUHCTBO JIIOIeH OTHOCITCS K MPOTUBHUKAM PHUCKA.
Ha Bompoc o Tom, Kak ¢dhakTop HEOIPeIeJIEHHOCTH BIUSET Ha II0BEJIEHUE JIIO/EN, SKOHO-
MHCT OOBIYHO OTBevaeT: «JIionu He JobAT PUCKOBATH U I'OTOBBI 3aIJIATUTL JE€HBIU 33
TO, 4TOOBI N36€KaTh Opemenu puckas [5, c.6].

O/1HaKO BO3HUKAIOT CUTYAIINH, KOTJIA PUCK ITIPOCTO HEOOXOUM. JI10/11 IIPOITIJIOr0 BHIXO-
JIJIA B MOPE, 9TO 9acTO ObLIO CBA3aHO C PUCKOM Jijist »Ku3au. CyiecTByeT gake JaTHH-
ckasi nocsioBunia: «IlraBaTh 10 MOpIO HEOOXOMMO, KUTh — HE O4YeHb». Tak Jrodurean
PUCKa OTHOCATCA W K AJBIINHU3MY, aBUAIINN, SKCTPEMAJIbHBIM CUTYaIusIM. Bojee Toro,
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[IPEIIIPUHAMATETLCTBO U PUCK — IMOHSITHSI Hepas3eanMble. B 9KOHOMUYIECKOH MPaKTHKE
[IPUHSITO, YTO HEKOTOPas H0JI PUCKA ABJISIETCS HeOOXOIUMBIM YCIOBUEM YBEJIUIEHUS 10~
xo0/1a. 3a9aCTyIO BOSHUKAIOT CUTYAIMH, KOIta 6e3 prucka BoobIe 000OUTHCH HEBO3MOYKHO
(HampuMep, B YPE3BBIYANHBIX CUTYAIHSIX).

Hakowerr, 3aaunTeibHOE OOJIBITUHCTBO OTHOCUTCS K pUCKOHeiTpasaM. OHu OyayT myc-
KaThCs IIYCTh JaKe U B PUCKOBAHHBIE CUTYaIldd, HO B TOM TOJIBKO CJIyUae, €CJIU JIOXO]T
OyJeT BBINVISJIETHb JOCTATOYHO IPUBJIEKATEBHBIM M OJHOBPEMEHHO, 9TOOBI BO3MOXKHO
MEHbIIIe HY>KHO OBbLJIO OBl PUCKOBATh.

B coorBercrBun ¢ npuejienHoil rpajaimeii, paborer [9,10] u rmasa 3 u3 kuuru [11]
[TOCBSIIIIEHBI UCCJIEIOBAHIIO OECKOATUIIMOHHBIX UI'P C MO3UIUU TPOTUBHUKOB PUCKA; T
JKe WIPbl HO € Ho3unuu Jirobureseil pucka — B pabore [12]; B3y puckoneiirpasa
Ha npuHaTHe perrenuit B I' — B 910l crarhe. IIpuHATHIN 3/1€Ch TOAXO IPEIIOIara-
eTcsl B JTIaJIbHENIIEM PacIIpPOCTPAHUTh Ha OECKOATUIINOHHBIE I KOOIIEPATUBHBIE UT'PBI [IPU
HeonpejeleHHocT. VIMEHHO ¢ 9TOi IEebI0 B CTATHE IPUBJICIEHBI HEKOTOPHIE II0JIOYKEe-
HUST TEOPUHU <«UTP C MPUOPUTETOM B AEHCTBUSIX Y YIIPABJISIONIErO MEHTPA, MOy IUBIINX
HazBaHue nepapxudeckux urp [epmeiiepas [13, c. 8].

Wraxk, nemn HacTOSINER pabOTHI:

- ¢dopMasM30BaThL rapaHTUPOBAHHOE pPeIleHne 3ajadu ' ¢ odnospementbim yIeTOM
HCXOJIOB U PUCKOB (T.€. C MO3UIUHE PUCKOHEHTpAIA);

- HailTH SIBHBII BUJI TAKOIO pEIleHus B 3ajade JuBepcuduKalny BKIaaa (Ha ToJl) Ha
pyOJIEBBIT U BAJTIOTHBIN JTEIIO3UTHI.

1. THO®OPMUPOBAHHBIE HEOIIPEAEJIEHHOCTU

Uepapxudeckast urpa mpejicTaBiIsieT cobOl «MaTEMATHIECKYIO MOJIE/b KOH(DIUKTHON
cuUTyanuu 1npu (PUKCHPOBAHHON IOC/IEIOBATEILHOCTH XOJI0B U 0OMEHOM uHpopMarieit
yaacTHUKOB» |14, c. 477]. AkruBHOe pasBuTHE Teopun uepapxuieckux Trp B Poccnu Ha-
YaJI0Ch CO BTOPOIi MOJIOBUHBI IIPOILJIOTO BeKa, W BO3TJIaB/isiiock FOpuem Bopucosutiem
Tepmeiiepom ([13-17] u ap.), npomomkaercst ceffuac ero ydeHukamu. B urpe JaByX Jiuir
«TaKue UIPhI OIUCHIBAIOT B3aUMOJIEHCTBIE MEXK/Ly BEPXHUM (BEIYIIUM) ¥ HUKHUM (Be-
JIOMBIM) YPOBHsIMH yrpasienusi» |17, ¢.103|, umeHHO, 33/1a10T TIOPSIJIOK XOJI0B UI'DOKOB,
T.e. 0YepPeHOCTD BbIOOpa cTpareruii u (BO3MOXKHO) COOOIIEHNE O TAKOM BbIOOpE I1apTHe-
py.

OCHOBHOI MOMEHT B MEPAPXUIECKUX UT'PAX 3aKII0OTAETCS B BRIOOpE KIacca UCIOIb3Y-
€MBIX CTPaTernii, 3aBUCAIINI OT UMEIOIIEeNcsT y NTPOKOB nHdopMalmu. B Teopun nepap-
xuueckux urp l'epmeiiepa chopMysinpoBaHO TOUHOE MATEMATHYECKOE OIpeJIeIeHIe HH-
dopmanmonnoro pacmmpenust urpsl [14, c. 497; 15, ¢. 49-51], KoTopoe, B 9aCTHOM CJIy-
Jae, TPUBOJIMT K HUCIOJb30BAHUIO B 3ajade [ HApsi/ly ¢ YUCTBIMHU HEOIIPEJIEJIEHOCTSI-
M Yy € Y Tak Ha3bIBaeMbIX, «HH(MOPMUPOBAHHBIX HEOIPEJICJICHHOCTEH» — 1M-BEKTOP-
dyukumit y(x) : X — Y. Vmenno Takue crparernu npuMeHsiuch B pabore [18, c. 353]
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[IPY U3YYEHUU JeTEPMUHUPOBAHHOTO BAPUAHTA MUHUMAKCHON aHTArOHUCTUIECKOI MTO3H-
[IMOHHO# UTPbI, B KOTOPOH UT'POKHU HAJIEIEHbI PA3IMIHBIMUA WH(MOPMAIIMOHHBIME BO3MOK-
HocTsiMU. Takue BO3MOXKHOCTH OIPEJEISIOT COOTBETCTBYIONIME BHJIbI CTPATEruii, 4To
OPUBOJIAT, B CBOIO O4Yepejib, K pasindubiM Bujam uepapxudeckux urp (I'y, Ty u T.1.)
[13,15,17].

Hakowerr, B TeOpun nepapxuvdecKux UI'p MPUHATO BBIACISITH ONEPUPYIOULYIO CINOPOHY—
JITIP, HecyIero moJiHyio OTBETCTBEHOCTD 38 PE3YJILTATDI, U UCCACIOGAMENS ONEPAUUT —
KOHCYJILTAHTA, KOTOPbIi TOTOBUT apryMeHTUPOBAHHBIE BAPUAHTHI PEIICHHUIA.

[Tpu paccmorpennu 3aauu I Gyjem cunrars, 9ro ogud urpok (y nac MO) orpanuyen
TOJILKO YHUCTBIMU cTpaTerusMu r € X, Ipyroil ke MOKET HCIOJIL30BATH «JIIOOYIO MBIC-
mamyto uadopMarmoy [18, ¢. 353]. B wacHocTu, o MoxkeT 3HaTh crpareruto = (nHbOp-
MmarmonHast quckpumunanust M1O) u hbopMupoBaTh HEONIPEIEIEHHOCTb B BHjIie (DYHKIMN
y(x) : X = Y. Barom ciayuae kpurepuii B 3a1aue I onpeiesisiercst ckassipHoii byHKImed
f(z,y(x)), a ucxogom Gyzer (upu BoiGope MO konkpernoit crparerun z* € X) 3naue-
mue f(x*,y(z*)). Takue dbynkmun y(-) € Y (MmmomectBy m-pexTop dbymkmmit y(z),
omnpe/iesieHHbIX Ha X €O 3Ha4YeHUsAMHU B Y) B Teopun qudOepeHIaIbHBIX UTD HHOTIA
HA3BIBAIOT KOHMPCMPAMELUAMU, 8 3a]ada BuJa [, rjie B KauecTBe HEOIPeIe/IeHHOCTH
HCIIOJIB3YIOTCs KOHTpCeTparernu y(x), Ha3Bana B pabore |18, c. 354| munumarcrot uepot.
[ToBTOPHM, YTO TaKue 331891 BOZHUKAIOT IIPU NHMOPMAIMOHHO# quckpumuHanuu VO u
JIOTIOJIHUTEILHOM HH(POPMUPOBAHHOCTH UI'POKA, «BEJIAIONIEro» (pOPMUPOBAHUEM HEOTIPe-
JleJIeHHOCTeli. 3aMeTHM TakyKe, uTo jajee GyeM MPHIMEHSTh ITOJMHOKECTBO Y X | IMeH-
HOo MHO)KecTBO C(X,Y') Bcex MOKOMIIOHEHTHO HENPEPLIBHBIX Ha X m-BeKTOp-dDyHKIuiT
ylx): X =Y.

Wrak, B cTaThe UCIOJIB3YeTCs JiBa BUa HEOlpee/leHHoCTell: ducTbie y € Y u undop-
vuposanmsie y(+) € YX.

[TpuBeneM aBa pesysbraTa U3 TEOPUU UCCIETOBAHNS ONepaIuii, Kacatomecs «uHgop-
MUPOBAHHBIX HEOIPEJIEIEHHOCTEN ».

Jdemma 1. Ecau ¢ T = (XY, f(x,y)) mmoocecmsea X,Y cymo komnaxmol, a
f(z,y) nanpepvisna na X XY, mo:

a) PYHKUUA MAKCUMYMA (MUHUMYMA) max f(z,y) (coomeememeento, mi}l;l f(z,y))
TE ye

nenpepwvisha na 'Y (coomeemcemeenno, na X );

6) ecau donoanumenvno Y - ewnyxrao u f(x,y) cmpoeo ewnykaa noy €Y npu kaoic-
dom x € X, mo cywecmsyem eduncmeennas nenpepuenas pynruus y(-) € C(X,Y)
MaKas, 4mo

1;réig}f(x,y) = f(z,y(z)) Vo € X.

Hanomuum, aro f(z,y) cmpozo évnykaa noy € Y npu kKaxkjaom x € X, eciu

Fa M + (1= Ny@) < Af(a,y™P) + (1= N f(a, y@)
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npu mo6sIx mocrosHAbIX A € (0,1) u Besknx y) € YV, (5 =1,2), y(M £y,
Yreepxkenne (a) — U3BECTHBIN (DaKT, MMEIONIHICA BO MHOIUX y9eOHBIX KHUTAX, Ha-

npumep, [19, c. 146|, a cupaBeymBocTh yTBepKieHus (6) yKa3aHa, HAIPUMED, B KHHUTE
[20, c. 54].

2. JIBYXKPUTEPUAJIbHAS 3AJAYA, COOTBETCTBYIOIIAS 3AJAYE I’

O tHOKpUTEpUATBLHON 3a/1a9€e

I =(X,Y, f(z,y)) (2)

IIOoCTaBUM B COOTBETCTBUE ABYXKPUTEPUAJBbHYIO IIPU HEOIIPEJICJICHHOCTHU

[ =(X,Y,F(z,y)), (3)

rjie JIByXKOMIIOHEHTHAs BEKTOP-(QyHKIUS

Fa,y) = (Fi(2,), Fa(2,9)), Fi(z,y) = f(2,9), Fa(z,y) = —®(2,y). (4)

B zaaqe (3) 11O Beibopom crparernn © € X CTPEMHUTCS K BOSMOXKHO 604bWUM 3HATE-
HusiM 0boux ncxosoB Fi(z,y) (i = 1,2) oHoBpeMeHHO (MMEHHO JIIsi TAKOTO «OTHO0Dpa-
3ust» B Belpaxkenun (4) dyukims pucka 1o CeBupKy GUrypupyeT co 3HAKOM «MUHYC» ).
IIpu srom MO yunThbiBaeT BOZMOXKHYIO peaii3alliio Ji000# Heolpee/leHHOCTH i € Y
(mmm y(+) € YX).

IIpuBeseM psf  CBEJCHWHA I3 TEOPHH MHOTOKDHTEPHATBHBIX 3ajad Buma 1'(2) =
= (X, F[z]), tne « € X (muO)ectBy crpareruit x y NO), Bekrop kpurepues Fx] =
= (Fy[z], F»[z]) onpenenen na X. UcnonssyeM s aByx Bexropos F0) = (Fl(J ), FQ(j )),
7 = 1,2, oTHOIIIEHUST CMP02020 NOPAJKA:

FO < F@ o (FY < FP i=1,2)
FO) £ F®) @W(F(l) < F(Q)),

U HeCmPo2020 NopAadKa:

FO = p@ o (FY l<2>, i=1,2),
F) £ F@) o] (F ))
F 2% F® & (FY ¢F , 1—1 ,2),
FO) # FO S)(FOD > FC D+ FO).
ITepeitneM k dhopMaIn3anuy AByX MAKCUMAIBHBIX BEKTOPHBIX ONTHMYMOB:
1) crparerus ° € X maswisaercsa maxcumavrot no Caetimepy 8 T3 = (X, Flz]),
ecitn

F[z°] £ Flz] Yz € X,
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sektop F[z] smisercs marcumymom no Cretmepy B8 T3 (aro skempamentHo: s
Kazk 01t cTtparernn @ € X mHaiiercsa xors 661 onun HoMep j(x) = j € {1,2} Takoit, uro
Fj(x) < Fj(®));

2) crparerna zf € X masbisacrcs maxcumanvhoti no Iapemo B T ecom
Fz"] & Flz] Va € X,

a sextop F[z'] € R? ectb marcumym no IHapemo mnsa T (aro sksusamentHo moGomy
U3 JBYX OIpPeNeeHul - Jjist Kaxa0ro « € X:

a) mibo Flzf] = Flz], mbo Jj(x) = j € {1,2} Takoit, uro Fj[z] < Fj[z"];

6) HecosMecTHa cucteMa Hepasencts F[z] > Fi[xz'], i = 1,2, us koropsIx, 1o kpaiineit
Mepe, OJIHO CTPOIOE).

O6ozmasnm muozkectso 2° (1) wepes X (coorsercrsenno, XT). Cormacmo ompee-
nennsm XP C X°, no onn MOryT He coBnajarh. PakT MakcuMajabHOCTUH (MUHUMAJILHO-

ctn) B I'®) 1o Creiirepy (1o Ilapeto) oGosnadaem

Fla®) = MAXS Fle] (F[e") = MAXD.y Fla]),
Fla%) = MINS. < Fla] (Fla"] = MIN'. Fla)).

Bynem ncnonmbzosars n muoxkecrsa F[XS] = {F[z]|z € X°}, F[X?] = {F[z]|z € XT}.
B reopun MuOrOKpuTepuaibHbX 3ajaa4 (21, ¢. 158] ycranossenst ciesyiomnue hbakThl:

Jlemma 2. |21, c. 158]. Ecau ¢ T = (X, F(x)) mnoocecmeo X cymn nenycmoti
Komnaxrm, a xomnonenmul sexmopa F[x] nenpepuisto, mo mmoscecmeo X # () u empa-
mezua x € X, natdennas us

mezg)(c(alFl [x] + aeFrlz]) = an Fy [xp] + OQFQ[.’L‘P]

npu Kaxkux-aubo a; = const > 0 (i = 1,2), makcumaavna no Ilapemo 6 F(z); MHOOICE-
emeo X enympenne P-yemotivuso, m.e. Y2 € X umeem mecmo FlzM] £ Flz?)],
a maxoce enewne P-yemotivuso, m.e. Yo € X u x ¢ X cywecmeyem cmpamezus
P € X maxan, wmo Flx] < Flzt].

AHaJIOruvIHO, UMeeT MeCcTO

Jlemma 3. ITyemn <ungopmuposarmass neonpedesennocmsy yp(x) € YX | natidena
u3

ngg/l[alFl(x7y) + aQFQ('CC7y)] = OélFl(l’,yp(.fC)) =+ a2F2($7yp(x)) Vr € X7

npu kaxuz-aubo o; = const >0 (i =1,2).

Toz0a npu xaocdom x € X mneonpedeaennocmv yp(r) munumasora no Ilapemo 6
dsyzrpumepuarvroti zadave I'(x) = (z,Y,{F;(z,y)}iz=12), m.e. F(z,y) £ F(z,yp(z))
Vee X, yeY.
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3ameuanune 1. [lomoxkum B jtemMax 2 m 3 HmOCTOSTHHBIE v = 1 — 0, a9 = 0O, TIe
nocrosiiias o € (0,1). Torma, ¢ yaerom (1), a takxe Fi(z,y) = f(z,y) n Fa(z,y) =
= —®(x,y) u obozHAUEHMsT

o(z,y) = a1F1(z,y) + aoF(z,y),

IOJTy IaeM

o(r,y) = (1 —0o)f(z,y) —o®(x,y) =

= f(ay) = o (,) - olmax (2,9) — f@,)] = (o,y) - omax f(zy). O

3. ITAPETO-TAPAHTUPOBAHHOE I10 NCXOOJAM U PUCKAM PEIIEHUE

NuTepnperalinss MAaKCUMHHA «C MMO3UIIAA» JBYXYPOBHEBOI MepapXmyecKoii
UTPHI JABYX JIWIL

Maxcumunnoe pewenue (x9, f9) 3amaqan (2) ompenessieTcs MEMOIKON PABEHCTB

. — m 9 ) = 9. 6
gg}({lylél}l}f(x,y) I;él}I}f(JU,y) f (6)

Ucnonbsyst «uHbOPMUPOBAHHBIE HEOIIPEIEJIEHHOCTH >, BhIpazkeHue (6) MOXKHO Hpej-
CTaBUTDH KaK II0CJIEJI0BATEIbHOE «IefiCTBIE» JBYX OIEpaIUil: 6HYMPEHHE20 MUHUMYMA
— JIJIsl UTPOKA HUXKHEro ypoBHsi — nocrpoenue y(x) : X — Y Takoro, 4ro

min f(z,y) = f(z,y(z)) = flz] vz € X; (7)

npeJoiaras, YTo BeKTop-QyHKIus y(x) eINHCTBEHHA, EePEXOAUM K OIEPAIN 6HeU-
He20 Makcumyma (11 ITPOKA BEPXHETO YPOBHS MEPAPXUN )

max f(z,y(z)) = f(z?,y(z9)) = f7. (8)
zeX
Torma B mepapxuieckoil JByXypOBHEBOI UI'DE C OJHUM UTPOKOM Ha KaXKJOM YPOBHE:
nepeviti xod 3a MO - UTpOKOM BEpXHErO YPOBHsSI: OH IIpeJaeT Ha HYXKHUI ypOBEHD
«CBOU» BO3MOXKHBIE cTpaTerun T € X;
6mopoti xod 3a UIPOKOM HUYKHErO YPOBHsI - OH AHAJUTHYECKU KOHCTpyupyer y(z)
corstaco (7) u, ecsin y(x) eAUHCTBEHHO, 1epejaeT y(r) Ha BepXHUIl yPOBEHb;
mpemudi £00 32 UTPOKOM BEPXHEro ypOBHsI - OH HaxoauT napy (z9,y9) coruacuo (8).
IIpuBeeHHOE «TPEXXOMOBOE IIOHATUE> YKJIAIBIBACTCH NOAHOCMbIO B ONPENEICHAE Ta-
PaHTHPOBAHHOIO pe3ysbrara ImepBoro (Bemyimero) urpoka B urpe I'1 (mo I'epmeiiepy),
ecau B pabore [17, c. 104] 3amenuTs byHKIMIO BhIMIpHIa Begomoro Ha — f(xz,y). Eme
pa3 NOAYEPKHEM, 9TO aHAJIOT U MOAUMDUKAIMIO TAKOTO «TPEXXOJOBOI0 MOHATHS» YH00-
HO IPUMEHATH K IMOCTPOCHUIO TAPAHTUPOBAHHOIO PEIICHNs ¢ y9eTOM HCXOIOB M PUCKOB
11 6ECKOAIMIMOHHOIO ¥ KOOIIEPATUBHOI'O BADUAHTOB KOH(JINKTA, 3J6Ch IPUMEHUM I
dopManuzanyy pelreHns 330491 11 ¢ Io3unyuy pucKOHeHTpasa.
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Sameuanme 2. MakcuMuHHOE pellieHre onpesessiercs napoii (x9, f9) mo aBym npu-
YMHAM:

a) KaxkJioit crparerun € X (B pesysbrare onepaiuu eHympennezo munumyma (6))
CTABUTCsI B COOTBETCTBHE rapanTus f[x], u6o

flel < f(zy) Yy e Y

(rak Kak ucxos f|x] «obecneunsaer cebe» MO npu s0bbIx y € Y Guiarogapst IpUMEHEHUIO
CTpaTeruu T);
6) u3 Takux rapanTuit JIIIP BeiGupaer HanboJIbIIy0 (MAKCUMATBHYIO), 60

19 = fl29] > flx] Vz € X.

Urak, JIITPy upemoraercss npumenuTsh B 3ajade (2) crpareruto 9, TeM CaMbIM
«obecrieunBast cebe» HambouIbIIyo (MakcuMasbHylo) rapantuio f[xd] = f(z9,y(29)) <
< f(29,y) Yy € Y. Dror xke npuem npumenuM 1pu hOpMATU3AIUNA CUIBHO TaPAHTUPO-
BaHHOIO 10 ucxozaM u puckam perrennst (CI'P) zapaun (3), (4).

Dopmanu3anus

Baeck 6yzem ucnosb3zoBarh GyHknuio o(x,y) = f(x,y) —o max f(z,y) u3 3ameuanus
L ze

Omnpenenenne 1. Iapy (¥, FP = F[zf]) € X x R? maszosem Iapemo-
2aparmuposartvim no ucrodam u puckam peweruem (IITNP) ogrokpuTepnanbHoii 3a-
nmaqan (2), ecan B 3a1a4e (3):

10) CYIIECTBYET JTsl KazK1oit cTparernu € X u Kakoii-immbo xorst 61 omuoit o € (0, 1)
cBosi mapeToBcKas rapantus Flz] = (Fy[x], Fy[x]) Takas, aro

olz] = minp(z,y) = p(z,yp(z)) Vo € X,
yey

(F1[z] = f(z,yp(2)), Fafz] = —®(z, yp()).
Torna
Flx] = F(x,yp(x)) sBisiercsi mapeToBCKoil (a, 3HAYAT, U CJIEHTEPOBCKON) rapaHTHeil
[22], n6o
Flz] £ F(z,y) (coorsercrienno, Fz] £ F(x,y)) Vy € Y;

20) crparerna xf maxcnmanbua no IMapero (2 € XT) B ayxxpurepuanbnoii «3a-

nave rapantuit> (X, Flz]), r.e. Flaf] £ Flz] Vo € X.

3ameuanue 3. OTMETHM, UTO:

- . 19 onpesesnenus 1 cBA3BIBaET ¢ KayKI0i crparerneil © € X BEKTOPHYIO FapPAHTHIO
Flz] < F(z,y) Yy € Y (amajor omepaiui BHYTPEHHETO MUHHMYyMa B OIIPEJIEICHUN
MaKCHMUHA);

- . 2° mpeyiaraer aMIly, TPUHEMAIONIEMY peIleHne, TPHIMEHATh MAKCHMAIBHYIO (TI0
apero) rapantuio F[z?] (anamor onepamun Brenmero makcumyma), n6o npu © € X
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x # x¥ ypemmraenme onmoit s rapantuit Fj[z] > Fj[xf] nens6exxno preder ymenbimenne
apyroit Fy[r] < Fi[zf], k # j € {1,2};

- BCJIE/ICTBHeE BHEITHel 1 BHyTpenteil P-ycroftansoctn Muoxkectsa X I BbiGop o,
npuHIMatonM permenne, crpaternn 7 € X T «obecrienmBaer» emy «canmyrto 60bIIyTI0»
— HeyJIyHIIaeMyto BeKTopHyIo rapantuio F[z!’] (komeuno, B paMkax MaKCHMATLHOCTH 110
[Mapero);

- rapantust Fi[x] orpanmauBaer ucxonnl f(z,y) causy, ubo u3z f(x,y) > Fi[z] cue-
jayer orpanudecHue pucko P(x,y) crmsy, rak Kak torma ®(z,y) > Plz] Vy € Y u
o6parHo. T109TOMY TIpeIPUHATHII 3/1€Ch TIOXO0/] IIOJTHOCTBIO COOTBETCTBYET YKEJITAHMSIM
puckoneiitpana (cm. BrejieHne) yBemanTh UCXO/] U OJJHOBPEMEHHO YMEHBIIHUThH PHCK.

UNepapxuyeckass mHTEepuperalnus onpejesieHus 1
Kax u B 1. 3.1, paccmaTpuBaeM ABYXyPOBHEBYIO UI'DY C OJHUM UTI'POKOM HA KaKJIOM

yposHe (puc. 1).

A F[x" = MAX” Flx]= F”

=\

F[-\']:(E[-\‘]-F:[.\']‘) N

M[i\é F(x.p) = F(x.y,(x)) = Fx]

Puc. 1. Ilopanok nocrpoenns III'MTP

Iopsadox nocmpoenus CI'P

Ilepewiti £00 3a UTPOKOM BEPXHErO YPOBHHA: OH, TAKXK€ KaK B IOHATHM MaKCHMUHA,
HOCBLIAET Ha HUKHUI yPOBEHb CBOM BO3MOXKHBIE cTpaTeru r € X.

Bmopoti £od 3a UIDOKOM HUYKHETO YPOBHS; OH AHAJUTUYCCKH KOHCTPYUDPYET JIBE
dyukuun Fi[z], i = 1,2, coryacuo

Flz] = MINycy F(x,y) = F(z,yp(2)), Filz] = Fi(z,yp(z)) (i=1,2) Yz € X,

CTPOSI TeM caMbIM JIsi KaxKJoii crparvernun x € X BekTopHylo rapantuio Flz] =
= (Fi[z], F»[z]), u oTupaBisier BekTOpHYIO rapanTuio F[z] Ha BepxHumil yposenb nepap-
XHN.

Tpemuti £00 CHOBa 3a MI'DOKOM BEPXHETO yPOBHs: OH HAXOIUT MaKCUMAJLHYIO IIO

P

[Tapero crpareruto ' B JAByXKpuTepHaJbHON «3a1ade rapanrtuii» (X, F[z]) u crpour

coorsercrBytomuii Bektop FP = (Fy[2F], Fy[xP]). Torma rpoiika (zF, FF) € X x R?> n
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obpasyer [lapero-rapanTupoBaHHOe [0 UCXOJAM M pUCKaM perrerne 3aaaqu (2). «/IByx-
KpUTEPHAJIbHBIA CMBIC» TAKOIO PEIIeHUs] CM. B 3aMEYaHUN 3.

3ameuanue 4. s mocTpoenus siBHOro Buza Ilapero-rapaHTHUpOBaHHOIO PELICHUs
(acP ,FP ) onpejiesienne 1 «TUKTYeT» CJIEYIONIIE ITAIbL.

SOman 1. Halitn

min o(z,y) = ¢(@,yp(r)) = plz] = (1 = o) Filz] + o Folz] Vo € X. 9)

Iman 2. OupeaenTb MaKCUMHU3ATOD

o = argmax oz, yp(x)). (10)
zeX

Oman 3. Haiirn exropryio rapantuto FX = (Fi[zF], Fo[2P)) = (FF = fF =
= [ yp(a")), Ff = -0 (2" yp(a")) = —@".

Torma napa (z, FT') apnserca Ilapero-rapaHTHPOBAHHBIM IO UCXOAM U PUCKAM pe-
meHneM 3ajaqn (2)

Bameuanne 5. O6beaunenue (9) u (10) ozmauaer, uro ¥ € X aBiserca MakcuMuH-

HOIl cTparerneil B aHTarOHUCTUYECKON Urpe
<X7Y:30(x7y) = f(xvy) - U%a%f(27y)>a

rie cemtobas Touka (xf, yp) dynxumm ¢(z,y) onpeneasercs NenouKoi HepaBeHCTs

o(z,yp) < oz’ yp) < oz’ y) Va € X, y €Y, (11)

Y9TO 9KBHUBaJIECHTHO

max (2, yp) = minmax ¢(, y) = mi p(a",y) = max min p(, y).

Orcroja nostygaem cirejyroruii crocod nocrpoenust [lapero-rapanTupoBaHHOO 110 UC-
XOJIaM ¥ PUCKaM pelieHreM 3a1a49u (2).

I sram: waiitu fly] = max f(z,y) Vy €Y

IT stam: nocrpouts ckassipuyio dbyukuuio o(z,y) = f(x,y) — o fly] ans nocrosuuoi
o€ (0,1);

I1I sram: onpeents ceonyio Touky (vf,yp) € X x Y cbymkumn ¢(z,y) us (5);

IV stam: ¢ nomompio (z¥ yp) soramcimts apa wmena fP = f(af yp), ®F =
= o (P yp) = flyp] — f(zF,yp). Torna maiinennas rpoiika (z, fF, ®F) u 6Gyner
nckombiM [IT'UP 3amaqn (2).

DTOT c110co6 B CIIELYIONIEM pasJiesie IPUMEHSETCs Jist 3a/1a41 UBePCUMUKAIN BKJIa-
na (a1 rox) o py6sIeBOMy U BATIOTHOMY JICIIO3UTAM.
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4. 3AJAYA O JTUBEPCUGUKALINU

Maremaru4deckasi Moe/Ib

Hapaimennyto 3a roj cyMMy eJIMHHYHOTO BKJIaJa [0 JABYM jeno3utaM (pybsaeBoMy u
BAJIFOTHOMY) Ha KOHeI[ rojia MOKHO [23, c¢. 58-60| npejicraBurh B Buje
1—2x
Ko

rje r u d — NPOIeHTHbIE CTABKU 110 PyOJIEBOMY U BaJIOTHOMY JEIO3UTaM COOTBETCTBEHHO;

flz,y) =x(1+7) + (1+d)y, (12)

Ky n y — xypc Bamorsl (K pybJiio) B Havaje M B KOHIE rofoBoro mepuoga; x € [0, 1] —
JIpobOb, KOTOpasi Olpejie/sieT MPOIOPIKIO, B KOTOPOil BKJIaJ pas3jelsiercst Ha pyb/IeByio
U BAJIIOTHYIO YaCTH.

Corstacuo (12),  ectb J0s1s1 pyOJIEBOrO BJIOYKEHMsI, 8 OCTATOK 1 — & BKJIQJIUUK KOH-
BEPTUPYET B BAJIOTY l_—om U TTOMEIAeT ee Ha BaJIIOTHBIN JEMo3uT. B KOHIE Toja ¢ Ho-
MOIIBI0 O6PATHON KOHBEPTAIUY BAJIOTHBIA BKJIAJ O KypCy Yy MEpeBOAUTCS B pyban u
UTOrOBasl HAJIMYHOCTD ompeieisiercst cymmoii f(x, y) uz (12). s Briaguuka rpebyercs
OPEJIEJIUTH TIPOIIOPIMIO T, IPU KOTOPOI UTOrOBask HAJIUIHOCTD [ (1, y) OyIeT BOSMOXKHO
6ouibtieit. [Ipu aToM caeayeT yuecTh, 4To Oyaymuilt Kypc BaJIOTHI i, KK IPABUIO, HEM3-
Becred. Ho oH Bce-Taku MOXKET OBITH 3aJIaH KOPUIOPOM BO3MOXKHBIX 3HAYEHUN, UMEHHO,
y € [a,b], rye nocrosinubie b > a > 0 3a/jaHbl WK BBIOPAHbBI ALPUODU.

Urak, MaTeMaTHIeCKyIo0 MOJENb 33J1a91 JUBEPCUUKALINNA MOXKHO IIPEICTABUTD YIIO-

PSI0YEHHOU TPOMKO
"= (X =1[0,1], Y = [a,0], f(z,y)),

riae dbyuknus f(z,y) onpenenena B (12). 3xgecs X = [0, 1] — mmoorcecmeo cmpamezuts ©
y JIIIP (Braaguuka), Y = [a, b] — MHO)KeCTBO HeonpeeseHuocTeli y, nakouer, f(x,y)—
-pyHKYUA NOACSHOCIU BKIIAIUNKA, 3HAYEHNE KOTOPOH B JajibHEHIIeM Ha3bIBaeTCsl UC-
xodom. C TOUKHN 3peHHs UCCIIEOBAaHUsI onepanyii, [ ecThb ofHOKpUTEepHaIbHas 3a1ada
HPUHSITUSI PENIeHNil IPU HEOIPEIeJIEHHOCTH.

Bameuanume 6. 3Sameuanue 5 «aumkTyer» crnocob 1mocrpoenusi  Ilapero-
rapaHTUPOBAHHOIO [0 MCXOJAM U puckam pemieHus 3agaun 1%, OH cBogurcsa K
BBINIOJIHEHUIO TPEX ITAINOB, NMMEHHO,

I stan: nocrpours ckansipuyio Gyuxmuio fy] = m[ax] f(z,y), u c ee noMoOIIBIO HANTH
z€[0,1

p(z,y) = f(z,y) — o fly], nocrosmmnas o € (0,1);
IT stan: onpesenuts cemosyio Touky (vf yp) € [0,1] x [a,b] bynxmau p(x,y),
MMEHHO,

P

max ¢(z,yp) = ¢(z",yp) = min o(",y).

z€[0,1] y€la,b]

ITI stamn: ¢ nomombio naps! (zf BBIYUC/JIUTE IBa YUCIIa
juit yYyp pat

=t yp), @ = flyr] — f(a”,yp). (13)
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Torna naiiienHass B pe3yJibTaTe TPOiKa (xP L fP,erf ) KaK pa3 u obpasyer Ilapero-
-rapaHTUPOBAHHOE 10 UCXOJIaM M PUCKaM pelenne 3agaqn [,

Asubrii Bua IlapeTo-rapaHTUPOBAHHOTO peNIeHUs

YrBepxkaenue 1. Il 3agaan [ Tlapero-rapanTupoBaHHOe O MCXOJaM U PUCKAM

peleHre nMeeT BU/,

(1,14 17,0) upu b<Ko%j_'Z,
(0, %a,O) upu a> Ky }IZ,
(", [, @") = ¢ s a< Ko <b (14)
(1,1+7,0) pu a§y<Koiiz,
(0,14 7,0) pu Kot <y <b.

JlokazaTeIbCTBO OCHOBBIBACTCS Ha 3aMEYaHUU 5.
3amedanue 7. UTobbl UCIIOIBL30BATL yTBEPXKIAeHNE 1 clejyer,
- 80-NEPEYLT, TIO 3aJAHHBIM TTOCTOSHHBIM K, a, b, 7 u d maiitn quncio <15 K,

1+d
- 60-6MOPHLIT, BBIACHUTH KaKO€ U3 YeThIpeX HEepaBEeHCTB
1+7 1+7r 1+7 147
b< —Kpy, a>——Kp, a<y< —K Ko<y<b
11d 71 g e=Y s pghomi T gne=ys

HUMEET MECTO; JIJIsi TPETHEr0 M YETBEPTOTO COOTHOIIEHUH JIOTIOTHUTEIHLHO YIECTh TPAHUTIBI
U3MEHEHUs HeOIPEIeJIEeHHOCTH ¥,

-6-MPembur, B 3aBUCUMOCTH OT PEAJMIAINNA XOTs ObI OJIHOTO U3 9TUX UETBIPEX CJIy-
YaeB, ¢ MOMOINBIO yTBEpXKjieHust 1 Boimucarh [lapero-rapaHTUPOBAHHOE TI0 MCXOJaM 1
puckam pemenne (z°, fF, ®F).

Hampumep, nycts r = 0,12, d = 0,8, Ko = 30, a = 30 u b = 40. Torma

147 1,12

11 do0= 1,08

30= 31,3 > a = 30.
CortacHO TpeTheil u ueTBeproii crpoke u3 (14) Gymer

(J}P fP (I)P) _ (1,147,0) npn ye [3033173]7
T (0,1+7,0) npu y € [31,3;40].

OToT pe3ysbrar o3nadaet, uro JIIIP moayduT ogun u TOT Ke rapaHTUPOBAHHBIN BbI-
urpbit 1 4+ r ¢ HyJIEBBIM PUCKOM, BKJIQJbIBas BCIO CyMMY B pPYOJIEBBIHl BKJIaJl, €CJIu
HeompeiesieHHocThb y € [30; 31, 3) u B BasoTHBIA, ecun y € [31, 3;40].

Pabora Beimosiaena npu nojiepkke PO®U, npoekt Ne14-01-90408 Ykp  a.
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Guaranteed in outcomes and risks solution for single-criterion problem
Concept of Pareto-guaranteed in outcomes and risks solution for single-
criterion problem under uncertainty is proposed. It is based on a modification
of the maximin. Explicit solution for the problem of a single contribution to the

diversification of ruble and foreign currency deposit is found.

Keywords: Risk, uncertainty, strategy, maximin, outcome.
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INTRODUCTION

Creation of difficult industrial systems required not only for careful designing of
working blocks and their communications, but also for rational management of necessary
resources. Time is one of such resources and it’s optimum use can lead to the essential
reduction in price of manufacture. The theory of Petri nets [1], [2] allows to create and
verify models with the true parallelism, what is extremely important for the modern
computing systems. The extension of the existing Petri nets theory by adding of temporal
property, allows to reflect more in detail dynamics of functioning of the researched task.
But thus, because of explosive character in growth of the size of a state graph, formal
verification becomes complicated considerably.

In search of a solution of state explosion problem at verification of Petri nets, the
theory of component modeling and analysis of Petri nets has been created. Which basic
property to "show"difficult, by the functional point of view, and the same type parts
of an initial Petri net, facilitating and accelerating of verification [3|, [4]. This is the
result of the primary goal of component modeling — selection of compound component,
what allows to receive the reduced model (concerning initial detailed), being adequate
to initial investigated system.
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Addition of the time characteristic to component modeling, will allow to receive more
capacious representation of models of real time systems. After which it is possible to
order in time the events of modeled structure (i.e. drawing up of schedules) already
at an analysis stage of the component nets. Introduction of temporary restrictions
probably at different stages of creation of the time component model. Namely: allocation
a component in time model or introduction of the concrete time construction in existing
component model.

Specificity and properties of temporal extensions of Petri nets is formed by
singularities of the specific researched systems, purpose setting at modeling and also
existing methods of verification concrete and abstract models. There are [5] some basic
approaches to introduction of the temporary characteristics in the device of modeling by
Petri nets. The first of them consists in assigned clocks to the net’s various elements(to
the places [6], to the transitions |7], or to the processes [5]), whereas the second one uses
so-called firing intervals [8], time delays of the transitions [12] or availability of labels [9].
Each of these approaches has many nuances.

The aim of the article is reviewing of singularities of introduction of the temporal
characteristic in the component Petri net theory. And also the description of possibilities
of the component analysis at various stages of creation of model of initial system with
time.

PROBLEM STATEMENT

Component Petri net (CN-net), as the modeling structure, has the important
singularities. Places and transitions in a C'N-net can be various types: finite sets of
places and transitions include the subsets of composite components(components-places
Cp and components-transitions Cy). Functioning of composite components in a C'N-net
is understood as the instant performance that allows to ignore internal operation of a
composite component at this level of the model. The instant operation of the compound
components for C'N-net, for components causes it’s being in an active condition some
time [10], in what finds the display of two-aspect approach to functioning of compound
components. This approach is used at realisation of the component analysis of a detailed
Petri net and, as consequence, only one of representatives of the same components is
checked [3].

Introduction of the explicit time characteristic in the theory of component modeling
means deviation from, traditional for the general theory of Petri nets, understanding of
instant operation of transitions. Thus, to expand component model with time designs
probably in the various ways: an association clocks to places , an association clocks
to transitions, by use of firing intervals of transitions, by introduction time delays for
transitions of a net. In given article used the approach, which will associate time delays
to transitions of the Petri net. The formal description of the given approach is resulted
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Real time system

/ S

speci fication Petri Net ‘

Time Petri Net Component Petri Net

\ /

Component Petri Net with Time

Pic. 1. Different ways of Time component Petri net construction

in work [12], we will use it for a case of Petri nets with single-channel transitions. The
explicit advantage here consists in independent verification of structural and temporal
properties already on the model constructed in terms of time Petri nets [13].

Addition of a time condition will be carried out in two ways:

(1) introduction of the time restrictions in the component Petri net, constructed on
a detailed Petri net of investigated system or at once for investigated system:;

(2) allocation composite components in a Petri net, described in terms of time Petri
net.

The scheme presented in picturel, reflects these various ways of construction of C'N-
model with time characteristics.

Following logic of this scheme, we will result formal definition of a component net in
due course, which will be different for various ways of construction of model of real time
system. The expediency of uniform definition will be considered.

TIME INCLUSION IN A C N-NET

The component Petri net is a tuple (P,T,F,W, D, M), where P = Pf|JP, —
finite set of places, T = T} |JT> — finite set of the transitions, understood in terms
of component Petri net (P and T} accordingly finite sets of composite-places and
composite-transitions, P» u Tp — accordingly finite sets of places and transitions,
understood in normal sense of places and transitions of Petri net, remained after selection
of composite-places and composite-transitions), F' C P x T'|JT x P — the flow relation
between places and transitions, W : F' — N \ {0} — frequency rates of arcs function,
My — an initial marking of a net [11].
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The flow relation F' and function of frequency rate of arches W define flow function/,
setting a rule I : (P x T)|J(T' x P) — N and defining that elements of one set cannot
be connected by arches, and also describing sets of entrance and target elements.

Let’s consider C' N-net functioning in the discrete time, consisting of the equal intervals
(steps) numbered by integers. And if the condition of a component net is described
unequivocal by marks of places, division in time of starts and ending operations of
transitions in time model, brings additional variability (as consequence, growth of space
of states of a system occurs like explosion). Hence, under a state of the time component
net we will understand the concrete moment of functioning of the given net which will
be described state of places (marking) and a state of transitions (history of starts of
transition, during time, not exceeding it’s maximum duration of operation [13]).

In a C'N-net there can be either composite-transitions (C), or composite-places (C),
or both simultaneously. For the component net in due course we will enter designation
C Ny, without dependence from the type of allocated component.

Introduction of the time characteristic in a C'N-net only with composite-
transitions. Addition of time delays to transitions of a C'N-net, demands consideration
the understanding of time of operation of transitions, internal for component C;.
Following variants are possible:

(1) all internal transitions of component will necessarily finish the work in given to
Cy time ("the schedule"approach). Analysis of properties of composite-transition
will separate time by proportional parts, which appointed between all transitions
forming it’s structure;

(2) time associated to a composite-transition, will be considered as the assumption
that it’s internal transitions will have time to fulfil in due time ("the
assumption"approach). Given to Cy component time can be too much or not
suffice for work of all it’s internal transitions — that is subject to check at
verification properties of the components.

Characteristic for the first variant of understanding of time operation of composite
components is orientation on finding-out of structural properties of a net, for the
second — finding-out of time properties. In the consecutive application of these two
considerations at first to a C'Ny-net, and then to separated compound components, finds
the representation of the two-aspect approach to understanding of functioning of a C' N¢-
net.

Definition 1. Component Petri net with time characteristics (C'N¢-net), containing only
composite-transitions, is a tuple (P, T, F, W, D, My), where P — finite set of places;T" =
T} \JT> — finite set of transitions (77 — finite set of composite-transitions); F' C (P x
T)U (T x P) — the flow relation. Display W : F' — {1,2,...} defines number of arches
connecting places and transitions, temporary map D : T — {1,2,...} sets times of
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Pic. 2. Transition connected by incidence arches with several

components-places

operations of transitions of a net, out of dependences on their type. My — an initial
marking of a net.

Introduction of the time characteristic in a C'N-net only with composite-
places. Associating of temporary restrictions to transitions of the C'N-net containing
only components-places, attracts some feature: timing delays also will be appropriate to
internal transitions of components-places, but how and on what stage will be presented
time delay for the graph of a component time Petri net, if time properties associates
only to transitions? After all, unlike a non-temporary net, in which operation time of C),
vaguely, time spent in a composite-place of a C' N¢-net , will have the concrete component.
Means, two alternative approaches are possible:

(1) Concrete operation time of C, is described obviously on the graph, thus the logic
of associating time restrictions to transitions remains.

(2) Concrete operation time of internal transitions is not displayed obviously for
composite components on the graph, for the purpose of preservation of an initial
formalism of uncertainty of stay a tokens in places of a Petri net.

And, implicit representation of a time delay of composite components on the
graph of a net, can be expressed by increase in a time delay of the output
transition (transitions) for components Cj:

(a) by known time operation of composite-places,

(b) by some preliminary (parametrized) value of time of actuating component
of this kind,

(c) it is kept invariable (a convenient variant at creation of model of time
system, when time frameworks of separate working blocks are not yet
known).

It is required to specify value which will be increase the concrete time delay of the
transition connected by incidence arches with several components-places (picture 2) for
variants 2a, 2b.

Activating of the transition will happens only when in all entrance places will be
tokens, and their number will be equal to value of frequency rates of arcs function
W. After moving of tokens in entrance places of composite components, internal for
components-places (), transitions can work:
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e In parallel — simultaneous operation of the maximum number of internal
transitions various composite-places.

e Consecutive operation of internal transitions of various composite-places
probably, at existence of any long delays of tokens in places C),.

e Independent operation of internal transitions of various composite-places means
them and parallel, and consecutive work.

So, if the way of functioning parallel composite components is not known, their
common time delay will be represented by a time interval which bottom border will
be correspond to parallel operation of internal transitions of composite-places, and top
border — to consecutive operation of internal transitions of composite component C,,.
Means, time delay of a transition, which is output for several components C), will be
increase on their common time delay or on average value from an interval of common
operation. The bottom border of an added time interval can be calculated as the longest
operations time of one of the parallel composite component, and top border — the
sum of times of all the functioning transitions, which are internal for parallel compound
component.

The variant 2c¢ obviously is easier previous and represents advantage of the two-aspect
approach of Component Modeling. Consideration of time properties of C)-components
will be carried out at a stage of finding-out it’s properties, i.e. for a CN'-net time
of composite-places will be neither displayed (obvious 1 or indirect 2a, 2b way), nor
investigated.

Hence, a C'N'-net exclusive with composite-places can be defined as follows:

Definition 2. Component Petri net with time characteristics , containing only
composite-places, is a tuple (P, T, F, W, D, My), where P = P J P> — finite set of places
(Pj" — finite set of composite-places); T'— finite set of transitions; F' C (P xT)U(T x P)
— the flow relation. My — an initial marking of a net. Display W : F' — {1,2,...} defines
frequency rate of arches connecting places and transitions. Temporary map D will look
like:

e For the approach 1 D : T, P} — {1,2,...}.

e For the approaches 2au 2b D : T' — {t+[ti, > 2y c ps gy, U]}, Where £, — concrete
temporal delay of the transition, k = 1,n, where n — number of transitions of
CN-net, m = 1, s, where s — number of composite-places of C'N-net

— for 2a t; — known concrete time delay of the composite-place.
— for 2b t; — prospective concrete time delay of the composite-place.

e For the approach 2¢ D : T — {1,2,...}.

Introduction of time characteristic in a C N-net with components of both
types. Addition of time properties in a CN-net possessing composite-places and
composite-transitions, will carried out by following stages:
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(1) Time delays associate to C'N-net transitions, without dependence from their
type,

(2) The concrete time delay peculiar for composite-place C), increases operation
time for it’s output transition (transitions) and it is not described on the graph
(variants 2a, 2b or 2¢). It can be a composite-transition for output of composite-

places, the rule doesn’t change.

Thus, using approaches of "schedule"and "assumption"in understanding of operation
time of transitions of all types, probably to design models of systems with set time
of functioning working blocks or to investigate time properties of systems with certain
structure.

Definition 3. Component Petri net with time characteristics is a tuple
(P, T,F,W,D, M), where P = Pj|J P, — finite set of places; T" = T} |JT> — finite
set of transitions (P u T} accordingly finite sets of composite-places and composite-
transitions); FF C (P x T) U (T x P) — flow relation. My — an initial marking of a net.
Map W : F — {1,2,...} defines a number of the arcs connecting places and transitions.
Temporary map D will look like:

e For the approaches 2au 2b D : T' — {t+[ti, > 2y c pr g, U]}, Where £, — concrete
temporal delay of the transition, k& = 1,n, where n— number of transitions of
CN-net, m = 1, s, where s— number of composite-places of C'N-net

— for 2a t; — known concrete time delay of the composite-place.
— for 2b t; — prospective concrete time delay of the composite-place.

e For the approach 2¢ D : T — {1,2,...}.

SELECTION COMPOSITE COMPONENTS IN A TIME PETRI NET

Time Petri Net is a tuple (P, T, F, W, D, My), where P = {p} — finite set of places,
T = {t} — finite set of transitions; F' C (P x T) U (T x P) — flow relation. Map
W : F — {1,2,...} defines a number of the arcs connecting places and transitions,
D:T — {1,2,...} sets operations times of transitions of a net, My — initial marking of
a net.

Multiplicity of the arcs (p,t) € F, (t,p) € F and operations times of transitions t € T'
will be Accordingly designated wy ¢, wyp, di-

Let’s select composite components so that the size of a net reduce as much as possible.
In spite of the fact that verification of composite-transitions is easier than verification
of composite-places, selection of the last is in certain cases more advantageous from the
point of view of verification simplification for all C N-model. Therefore we will select
composite components in a time Petri net, without rejecting possibility of selection
composite component of other kind.

We will select section of the time Petri Net as a composite component C,(C}), if it’s
starting and finishing with place or places (one or several transitions), not having the
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Hefle eca o,
el -

— o
P1c. 3. Elementary PiC. 4. Composite
composite component of component of Petri net

Petri net with parallel transitions

flow arches connecting another parts of the net and internal places or transitions of this
section. If there are section with just the same structure in a detailed Petri net, they
will be selected as compound composite-places (composite-transitions) with the same
name P;(7T;). If the structure of a part of a net differs from structure of already selected
composite-places (composite-transitions) by number of parallel processes, we select the
same type composite-place (the same type composite-transition) and sign it accordingly
P¥(T;). The parts of a net selected as the same type composite-places (the same type
composite-transitions) presented on pictures 3 and 4. As a result of replacement of parts
of a detailed time Petri net with places P;, P and transitions 7;, T;" we will have a
component time Petri net.

Let’s consider now a question of the description of the time delays peculiar to
composite components selected in time Petri net.

Calculation of the time delays peculiar to composite components of the C N;-
net. Time delay peculiar to selected composite component of any type, will depend
from:

e the structure create, formed by
— amount of places and transitions in composite component,
— presence of parallel transitions in composite component,
— duration of the time delays of the initial for composite component
transitions.
e the behavioural create, formed by
— amount of tokens, going through the composite component;
— size of the indefinite delay in places of the net.

To calculate a concrete time delay for composite component of any type probably
only with known both structural, and behavioural the forming.

Ezxample. There is elementary component-place presented at picture 3. It’s structural
time delay, obviously, will be received by addition of time delays of all internal transitions
(t1 and t3 — a+b). The general time delay depending both from behavioural, and from
the structural forming, will be calculated:

e at simultaneous arrival of several tokens in a component-place:
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— if the time delay of transitions a < b, then the general time delay of
a component will be equal a + b - k, where & — number of the tokens
sequentially transiting a composite component.

— if the time delay of transitions a > b, then the general time delay of
a component will be equal a - k + b, where & — number of the tokens
sequentially transiting a composite component.

e at consecutive arrival of several tokens in a component-place with an interval §

— if an inflow interval between tokens b < ¢ < a, a tokens will go one for
another without interval since transitions one-channel. Hence the general
time delay for a component will be same as well, as at simultaneous arrival
of tokens in the component (look point above).

— if an inflow interval between tokens a < ¢ < b, then the general time delay
will be a-k+0b- (k —1) 4+ 6, where £ — number of the tokens transiting a
composite component.

— if an inflow interval between tokens § + a < b, then the general time delay
will be a +b-k+ 6, where kK — number of the tokens transiting a composite
component.

— at strongly removed from each other in time inflow of several tokens in a
component-place — i.e. 6 > (a + b) (a + b) - k,where kK — number of the

tokens transiting a composite component.

For the composite component presented in picture 4, the structural time delay will be
a+b. (But already at other duration of transition, for example the time delay of ¢35 will
be c instead of b, structural time delay will be indefinite and differ from the passed way
— a+bor a+ c.) And the general time delay, at the most simple case of simultaneous
inflow of tokens into the composite component and their uninterrupted movement will
be:

e at a ratio of time delays of transitions a < b, then the general time delay will
bea-k+0b, k=1,2,... for amount of tokens from 1 till 2 for k = 1, for k = 2
amount of tokens is 3 or 4 and e.t.c.

e at a ratio of time delays of transitions a > b, then the general time delay will
beb-k+a, k=1,2,... for amount of tokens from 1 till 2 for k = 1, for k = 2
amount of tokens is 3 or 4 and e.t.c.

Consideration of a case of arrival of tokens with some interval §, will demand
comparison of sizes of time delays of transitions with duration of § and various
combinations of their common duration for several tokens. What will be enough labour-
intensive process even for the elementary on structure composite-place.

Hence, we will calculate a time delay of composite components after finding of
behaviour properties of C'N-net, when the maximum quantity of passing through tokens
becomes known.
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And as the theory of component modeling allows to verify properties only one of
representatives of same type components, and we can know properties of the others
from theorems [3]. Time properties of composite components also would be convenient for
calculating on the basis of one formula, which would be peculiar to composite components
of certain structure.

The two-aspect approach apply to the time functioning of composite components of
CNy-model will result in not representing of time delay of composite-places C), and/or
composite-transitions C;. Consideration of time properties will be carried out first for
the composite components, and after for the initial, not composite model.

Definition 4. Component Petri net with time characteristics (C'Ny-net), containing only
composite-transitions, is a tuple (P, T, F, W, D, M), where P = P;|J P, — finite set
of places; T = T |JT» — finite set of transitions (P;* and T} — finite sets of composite-
places and composite-transitions); ' C (P xT)U(T x P) — the flow relation. Display W :
F — {1,2,...} defines number of arches connecting places and transitions, temporary
map D : To — {1,2,...} sets times of operations of non composites transitions of a net.
My — an initial marking of a net.

CONCLUSIONS

Mathematical model of time Petri net containing subsets of places and the transitions
of a special kind named composite components formulated in paper . This allows to use
advantages of component Petri net theory to effective research of models of systems with
time in due course. Singularities of work of the component model arising from adding
of temporary feature are considered. In case of creation of component model on the
basis of system with time, constructed the examples illustrating necessity of two-aspect
approach of component modeling for a solution of "state explosion"in case of temporary
Petri nets.

Following stage of work in given direction seen in researching of temporary properties
of composite components of certain structure. The ways of finding of temporary
properties of component models also represent certain practical interest.
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OnpesiesieHne BpeMeHHOUN KOMNOHEeHTHOIT cetu IleTpu nnst pasmmy-
HBIX OyTell ee mocTpoeHus B cmamwve paccmampusaiomces ocobennocmu
coddanusa Komnonenmuot cemu Ilempu ¢ 6peMeHHBIMU TAPAKMEPUCTNUKAMU.
Dopmyaupyromes onpedeserus OAa KaAHCA020 803MOAHCHO20 NYMU NOCTNPOEHUSA
BPEMEHHOT, KOMNOHEHMHOUT MOJesu.

Kirouesnie ciosa: KommonenTrast cers Ilerpu co BpeMenem, KOMIIOHEHTHOE MO/IE/TH-
poBamue, CTPYKTypHasl 3aJIePKKa, TOBEJIeHIECKasT 3aI€PrKKa

O3uauyeHHa KoMOnoHeHTHOI ceTi Ilerpi i3 yacom aJia pisHOMaHITHUX
MIJISIXiB KOHCTPYIOBAHHS Y pobomi po3zasnymi 6AaACMUBOCTE KOHCPYI0-
106aHHA KoMnonenmoi cemi Ilempi i3 wacosor xapaxmepucmuxoro. Chopmy-
ADOBAHT O3HAYEHHA OASL KOHCHO20 13 WAATIE KOHCMPYI0INGAHHA KOMNOHEHIMOT
MOOEAT 3 HACOM.

Kimouosi cnopa: Kommonentra cers Ilerpi i3 wacoMm, KOMIOHEHTHE MOIETIOBAHHS
CTPYKTYpHA 3aTPUMKA, 3aTPUMKA IIOBEIIHHST
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ABOUT DEPOSIT DIVERSIFICATION PROBLEM

Possible ways to take into account risks, caused by uncertain factors, are
investigated using the problem of optimal deposit diversification as an applied
example. It is assumed that the investor (Decision Maker - DM) does not know
future exchange rates at the end of the deposit period, and focuses only on
some limits of their possible changes. Solution for this problem of decision-
making under uncertainty depends on DM’s attitude to the risk/income. Various
solutions: optimal with respect to guaranteed income, optimal with respect
to guaranteed risk (Savage minimax regret solution), as well as solution of
multiple-criteria problem with two criteria of equal importance, namely, risk
and income, are obtained.!

Keywords: minimax regret principle, uncertainty, maximin, risk, vector optimization.

E-mail: gorbatovanton@gmail.com, zhkvlad@yandex.ru

INTRODUCTION

Conditionally economists divide Decision Makers (DMs) into three categories
according to their relation to risk and income (Cheremnykh 2008, Fisher, Dornbush
and Schmalensee 1988). "Riskphobes"eliminate any risk and prefer to maximize the
guaranteed income . "Riskphils"in their decisions take into account only the risks and
seek to minimize them. The concept of risk is ambiguous. We should note that in
this study the risk is understood as the risk by Savage - as a loss of income due to
ignorance values of uncertain factors. "Neutral"DMs try to consider both indicators: the
income and the risk. This leads to a problem of multiple-criteria decision making under
uncertainty (MCDM). There are different approaches to its solution.

'PaGora BoImosHena npu buHAHCOBON Homuepkke PODI (14-01-90408).
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1. PROBLEM OF FORMALIZATION

In the beginning of some time period (to be specific - year) DM distributes $1 to
m + 1 deposits in various currencies. Let K7i..., K, be courses of these currencies at the
beginning of the year against the U.S. dollar (obviously the dollar’s course Ky = 1),
and xg, x1, ..., Tm be sizes of deposits in dollar terms. Interest rates of all types of the
deposits dg = r,dy, . ..,dm are supposed known. However, exchange rates at the end of
the deposit period are unknown. This fact is reflected by uncertain parameters yi, ..., ym
(obviously, yo = 1). For these uncertain parameters only borders of their possible values
are known:

(S [alabl}a"'aym € [amabm]-

Financial result at the end of the year after conversion into dollars depends on both
a plan of diversification x = (xg,x1,...,2;) and the exchange rates at the end of the
period — uncertainties y1, ..., Ym:

F(ey) = (14 vy + LT 9Ty (L )Ty (1)
K K,

DM is interested in getting the greatest value of the final result f(z,y). However, he
should take into account the possibility of realizing any values of uncertain factors —
the exchange rates y; € [a1,b1], ..., Ym € [am, b

Thus, the mathematical model of the problem of $1 diversification is represented by
triple

['=<X.Y, f(z,y) >,

where X = {x S Rm“‘ Yolowi=1,2; >0, (i = 0,...,m)} is a set of all admissible
plans of diversification (a set of DM’s strategies), Y = [a1,b1] X -+ X [am, by is a set
of possible values of uncertain vector y = (y1,...,ym), and f(z,y) is an utility function
(1) of depositor (DM). The value of this function will be called outcome.

From the standpoint of operations research, I' is a single-criterion problem of decision
making under uncertainty. At a fixed uncertainty y we are facing a problem of maximizing
a linear function of = on a polyhedron X. The set X is a canonical simplex in R™*1.

Presence of uncertainty and desire to consider it leads to a concept of risk as a
possibility of deviation of some results from their desired or expected values. DM’s
attitude to risk, willingness or unwillingness to consider it determines the type of
decision-maker ( Riskphobes , Riskphils, Neutral).

Decision-making in the problem I' from the standpoint of all three grades constitutes
the content of this paper.
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2. THE BEST GUARANTEED RESULT (CASE OF RISKPHOBES)

Here we discuss a guaranteed solution for the DM, who does not accept (ignores) the
risk, focuses only on outcomes and uses the principle of the best guaranteed result by
Wald (maximin principle) (Wald 1939).

Definition 1. A pair (29, f9) is referred as guaranteed on outcomes solution of the
problem I if

9 = min f(29,y) = maxmin f(z,y).
f yeyf( y) xeXyeyf( y)

Maximin strategy z9 is a guarantying one and f9 is a guaranteed income. Construction
of this solution consists of two stages:
Stage 1. Calculation of inner minimum (for every strategy = € X) yields a guarantee

flal = min f(z,y) = f(z,y(2)) < fzy) VyeY. (2)
Stage 2. Calculation of outer maximum yields
17 = fla?] = max fla] g

This stage yields the best (the biggest) guarantee because f[z9] > f[x] Vo € X. The
result of the stage 1 is

1+d 1+ dy)zmam
Fl) = F(,an, . am) = (1 ryag + LFIT0L ) (L ) omtn
e i

m a;
= Z(l +di)ri— + (14 7)w0.
i=1 Ki

It follows from linearity f(z,y) on variables vy, ...,y and special form of the set
of uncertainties Y. The worst case of uncertainty y(z) = a = (ay,...,an,) is the same
for every strategy x € X, and the guarantee function f[z] will be a linear function
of xg, 1, ...,y with coefficients kg = (1 + 1),k = %,...,km = %. These
coefficients define relative guaranteed effectiveness of various currencies deposits.

Hence the stage 2 is a special kind problem of Linear Programming (LP) with an

objective function

flz] = Z kix;
i=0

and with very special kind of linear constraints
m
=1, ;>0 (i=0,..,m).
=0

They define the set of all admissible strategies X as a polyhedron with m + 1 vertices
M = (1,0,0.....0), 2 = (0, 1,0, ...,0), ..., 2™ = (0, ...,0,1).

Remember one known in LP theory extreme property of a linear function on a
polyhedron: maximal value is reached on some vertex of this polyhedron and a set of all
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points of maximum coincides with the convex linear hull of all vertices with maximal
value of the function.

Theref 9 — 9] — — (0] = k..
erefore, f9 = fl29] = max flz] = max flz"V] = max ki
Let R = max k; and Ig is a set of numbers of "the best"currencies with k; = R.

0<i<m
Then a set of all points of maximum for flz] =Y " kjz; on X will be

m
X = {Z’ERerl‘Za}i—l, z; >0 (iEIR), z; =0 (Z@é[}ﬁ}
i=0

Proposition 1. The guaranteed on outcomes solution for the Problem I' has the
following form:

(29, f9) = (2, R = max k;),

0<i<m
where
l’lg: ,if ki< R
9>0, if k=R = k; m =1 (4)
x; >0, if k= = Jax Z,Z;fm— .
1=

On the other words, DM should calculate coefficients ko = (1 +7), k1 =
_ (1+d1)a1 k _ (1+dm)a7n
J7¢ sy hm — Em

— 1 g oo

coefficient k; = R. If there are two or more such maximal coefficients, total sum may be

, and deposit all $1 to the currency with maximal value of

distributed among the corresponding currencies in any arbitrary way.

3. RISK-ORIENTED APPROACH (SAVAGE MINIMAX REGRET SOLUTION)

This section relates to DM, who is oriented on minimization of guaranteed risk
level. We shall use a principle of minimax regret by Savage (Savage 1954). To simplify
calculations we consider later the problem with two currencies. Further notations are
associated with previous ones as follows:

ro=2z,2z€0,1], 2y =1-2, y1 =y, y € [a,b], a1 =a, by =b,dy =7, d =d, K1 = K.

Then the utility function has a form

Fla,y) = (1+1r)e + (Hd);{l —)y. (1)

Definition 2. A pair (z",®") is referred as a guaranteed on risk solution of the

problem I' if " = max ® (2", y) = min max ®(x, y), where Savage risk function is
yey zeX yeY

O(z,y) = max f(z,y) — f(z,y).

Risk by Savage may be interpreted as a loss of the utility due to lack of knowledge of
the uncertain parameters values at the moment of decision making.

Choosing the strategy z € X, DM tries to minimize the guaranteed risk by Savage.
Construction of this solution consists of three stages:
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Stage 1: construction of functions f[y] = max f(z,y) and ®(z,y) = fly] — f(x,y).
e
Stage 2: computation of inner maximum — for every x € X the guarantee on risk
max O(x,y) = lx] > &(x,y) Vy € Y is defined.
ye

Stage 3: computation of outer maximum — construction of ®" = min,cx ®[z] = ®[z"].
The second Stage for every strategy gives the guaranteed risk (®[z] > ®(x,y) Yy € V),
on the third one the strategy with the least guaranteed risk is founded:

Pz"] = ®" < D[z] Vo € X and [z"] > ®(a",y) Vy € Y.

Proposition 2. The guaranteed on risk solution of the problem I' has the form

1+7r
1,0), if K >b
(1,0), if K15 >,
1+
0,0), if K <a,
(mr’ (I)r) = ( ) / L+d
Kl o (b= KHE) (K —a) (1+4) PR
if a )
b—a K(b—a) ’ 1+d
(5)

Proof. Let us consider 3 cases: first, K%ig > b, second, K}ig < a and third
a< K %IZ < b. These cases overlay all possible variants of relative interposition of the
point K iig and the segment [a, b] on axis y.

Case 1. Let Kiig >b= (14+r)K > b(1+d). Then

1 1
fay) = e(+r)+(1-2)p0+dy<e(l+r)+(1-2)p01+db<
1
< z(l+r)+(1 —x)EK(l—H“) =1+7r Yz el0,1], Yy € [a,].
But f(1,y) = (1 +r) for all y € [a,b]. That is why with Kﬂg >b
Jnax fl@y)=f(Ly) =0 +r) = fly] Yy € [a,] (Stage 1).
In according with the Stages 2 and 3 ® = min max ®(z,y) = 1+ r —
z€[0,1] y€la,b]

— max min f(z,y).
z€[0,1] y€la,b] fe.y)
1+r

Due to the assumption K1+d > b > a and the Proposition 1 we obtain " = 1 and

min f(z",y) =1+ r. Hence, if K}J“:l > b, then
y€la,b] *

O(z",y)=P(L,y)=1+r—(1+7r)=0Vy € [a,b].

Therefore, ®" = max ®(z",y) = 0.
y€lab]
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Case 2. Let K%ig <a= (1+r)K < a(l+d). Just like the previous case for all

x €10,1], y € [a,b] we have a chain of inequalities

1 1+d 1+7r 14+d 1+d
=x(1 l—-2)—=1+dy < —— K- < .
o) =alt )+ (=) (L dy < e (110K —a) 4 1ty < Loty
On the other hand, with =0 £(0,y) = £%y. Then with K%iggawe have (Stage 1)
1+d
= —y = = b
xrg[gﬁ}f(m,y) 7 ¥ =Tl =10y) ¥y € lab],
therefore
1+d Yy 1+d [1+7r
o — L A+ -+ )L =% _
(@) =ty =) — (k) - 0) g = = e | 1R ]
Later, with Kﬂ'; < a we have
1+d |1+~
®" = min max { ——— K—y|bt=
zrél[éfluy@[a,}il{ K x{Hd y”
0, z=0
- m[ionl] sup min 1+d:r[1+rK } -
xe|0, - —
xe(ol,)l}ye[a:b} K 1+d
0, x=0
= min 1+d [1+~r 1+7 =0,
zel0,1] | — sup —— K—-b|=0, K <
Rl s x[1+d ] 11d=1
and 2" =0
Case 3: a < K%j:; < b. Let us calculate f[y] = m[%%]f(x,y) using inequalities
xe|0,

a(l+d) < (1+7r)K, b(1+d) > (1+r)K. As the function f(x,y) linearly depends on
x (with fixed y) its maximum is obtained in a boundary point of the segment [0, 1]:

1+4+d

flyl = Jnax, fla,y) = max{f(0,y), f(1,y)} = max{(l +7), ——y},

and ®(z,y) = fly] — f(z,y) = max(Py, P2), where

@a(a,) = (147) — (1) — (1 =)y = 22104 1)K — (14 dy,
B(e,y) = Ty~ (L) — (-2 =y = T[4 dy — (14 1)K,

In according with Stage 2 and using the linearity of the functions @4 (z,y), ®2(z,y) on
y, we obtain Vz € [0, 1] the guarantee on risk
®[x] = max ®(z,y) = max max{q)l(x,y),QQ(x,y)} =
y€Ela,b] y€la,b]

= max yrél[z;?l()] {®1(z,y), P2(z,y)} = max {®1(z,a), P2(x,b) } = max {®[z], Paz]}
(6)
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where ®4[z], ®2[x] are linear functions:
1—2 x

ifa] = —— 1+ 1)K = (1+d)al, Bafz] = 4

Hence, the function ®[z] = max {®1[z], 2[z]} is a piece-wise linear convex function

(1+d)b—-(1+r)K]. (7)

with one break point. This point of interception " can be find from the condition
<I>1[$”] = CI)Q[.CI}T]

1 1 1
" = bl [11; - a] (z" € (0,1) due to Case 3 condition a < Kl ig

As @4 [z]| decreases and ®9[x] increases, " will be unique point of minimum for strong

< b).

convex guaranteed risk function ®[z| on [0, 1]. Minimal guaranteed risk will be

. C o (e (K —a) )
P :xrerl[gll]@[m]:@[x]:@l[m]:@2[33]: KO —a) . (8)

Note that with Case 3 assumptions ®" > 0.

4. TWO-CRITERION APPROACH (RISKNEYTRAL CASE)

Suppose that DM takes into account both outcomes and risks, seeking to increase the
value of the outcome f(x,y) and reduce the value of the risk function ®(x,y). At the
same time DM should consider the possibility of any uncertainty y € Y. Therefore we
put into correspondence initial single-criterion problem I' two-criterion problem under
uncertainty:

L=< X,Y {f(z,y), —®(z,y)}) >, (9)
where XY, f(z,y) are the same as in the problem I', and ®(x,y) is the risk function.

In this problem DM, choosing his strategy x € X, seeks to increase both criteria f(x,y)
and —®(z,y) (which corresponds in particular to reduction of risk ®(x,y)). Recall that
the uncertainty y can take any value from the set Y = [a, b].

Multiple-criteria problems under uncertainty were first studied in detail by Zhukovskiy
and Molostvov in the paper (1980) and later in their monographs (1988, 1990).
Various aspects of multiple-criteria optimization under uncertainty were investigated
for both static and dynamic cases by Zhukovskiy and Salukvadze (1994), Salukvadze,
Topchishvili and Zhukovskiy (2002), Molostvov (1983, 2004). The further development
of the theory was carried out by Zhukovskiy and Kudryavtsev (2013). Following these
results, introduce the concept of solution for the problem T.

Definition 3. A triplet (2°, f*, ®%) € X x R? is referred as a strongly guaranteed on
outcomes and risks solution (SGOR) of the problem T, if:

a) there exists functions @ : [0,1] — [a,b] (i = 1,2) such that Yz € [0, 1]

fla] = min f(z,y) = f(z,yV(2)), /2] = max &(z,y) = (2,5 (2));  (10)
y€lab] y€lab]
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b) ma (9fa] — @9a]) = fo[a"] - ¥9[a"];

o) f* = f9la*], ®° = 9[a]. (11)

Remark 3. A game interpretation of the strongly guaranteed on outcomes and risks
solution x° € X is the following. Using the strategy x° € X, DM provides, with any
possible realization of the uncertainty y € Y, the guaranteed outcome f* < f(z*,y) with
the least possible risk ®* > ®(z°,y) .If with any another strategy x € X the outcome
will be better (f(z,y) > f*), then in any case the risk will be worse (®(z,y) > ®°).

Calculation of the strongly guaranteed on outcomes and risk solution consists of three
Stages.

Stage 1: construction of functions f9[x] = minb flz,y), ®Ix] = yrg[iu}z} O(x,y).

)

Stage 2: construction of Pareto-maximal strategy x® € X in two-criterion «problem
of guarantees» I'y =< X, f9[x], —®9[z] > through maximization of linear convolution of
two criteria with both coefficients equal 1.

Stage 3: construction with help of (11) guarantees on outcome f* and risk ®°.

Lemma.

£1a") - @ffa’] =

a,

2 (147 . bta 1+?”K_ +1—|—d
b—a |l1+d 2 14+d K
where 2" and ®;[z"] = ®" were defined earlier in (5) and (8).

Proposition 3. The strongly guaranteed on outcomes and risks solution (SGOR)
(2%, f*, ®*) for the Problem T has the following form:

1+r
1.1 0), i«f K >b
(7 + 7, ): if 11d="
1+d 1+7r a+b 1+7r
1,1 —— |b— K ] K <b
(2%, f*, &%) < K { L+d D’”c 2 “Pivad =
x pry
. (z", f",®") ifa<Kl+T<a+b
) b ) ]_—I—d_ 2 )
14+d 147
0,—a,0 i f K <
<7 K a7>71f 1+d—a7
where

1+7r
p— K _—
N b—a[ 1+d a}’

1+d 1+ 2 144
T ] K _
/=1 K(b—a)[ 1+d a’] K “
o (v- K1) (KE5—a) 1+ )

K(b—a)

147
14+d

Proof. Depending on relative interposition of the point K and the segment [a, b]

one should consider 4 cases.
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Cases 1 and 4: Kiig >b>aor K%ig < a. Here in appliance with the Propositions
1 and 2 will be:

=0 = >b>a,
ma (£9[a] ~ 99[a]) = S
z€|0, s _ pla] — . <
£o = 4700 = e, if K <,
because ®° = ®I[1] = ®I[0] = 0.
So SGOR in Cases 1 and 4 has the form:
(1,1+r,0), Tza
(2%, f7, 27) = o Ltd,
9 K ) d —
Next two Cases are specified by the condition a < K }ig < b.
On the Stage 1 we will use the guarantee of the outcome
1+d[1+4+7r 1+d
9] — — _
SRS ET] (SN PEEE
and the guarantee of the risk
1—
Bifa] = ——[(1+ 1)K — (1 +d)a], for x € [0.27]
®I[z] = max P(x,y) = xK
velab] Oy[x] = ?[(1+d)b—(1+r)K], for z e [2"1].

On the second Stage, to calculate the difference f9[x] — ®9[x], formulas for f9[z] and
®9[x] from the Stage 1 are used. Namely, for z € [0, 2]

1+d[1+r 1+d
fIz] — ®i[z] = 22 [1+dK a]+2 a—1+r
1+d[1 1+d[1+7
=2 B K —2
K [1+d ] K [1+d “]’

and for z € [z", 1]

90T — PIT] — _
fIz] — ®5[z] = 2z e 1+dK 5 F7d

Then the problem I' (where X = [0, 1]) we associate a pair of two-criterion problems:
Iy =< [0,27], fIz], —®[z] >, T9=<[2",1], fI[z], —PI[z] >

In view of earlier obtained expressions for 2" and (8)

. 1 1—|—r
" = —a
b—a| 1+d ’

(v- K1+T)( Lir _ )1+d)
—a)

1+d[1+r a+b]+1+d

q)’l"
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Case 2: a < Kiig < «tb A "maximizator"z® for the difference f9[z] — ®{[z] for the

Problem I'; has the form:

14+d |1 14+d |1
T° = argmaze(o zr] {Qm;; [1 I;K - a} — % [ +7”K — 24 } =z,

and by Lemma

1+d
K—a}++a20.

f91a") — ¥{la") = N

2 |14r b+al||[l+r

b—a[1+d 2 }L+d

Analogously the "maximizator"z® for the difference f9[z] — ®J[z| for the Problem I'y
will be z* = z", and by Lemma

2 {I—H’K_ b—i—a} [l—i—r

b—a |1+d 2 1+d

So, with a < Kiig < GTH’ we have z® = 2" and

Fola'] - @] =

1+d 147 > 14d
9[rS] — £5 — _
Plarl=1 K(b—a)[ 1+d a] K @
b— K& ) (KT —a) (14 d)
g (1) (55 o) 140

K(b—a)

Finally, strongly guaranteed on outcomes and risks solution has the form:

1 1+7 1+4d 147 2 144
T rq)r: K _ K _ -
o= (g R ] g e ],

(b— Ki5) (K4 —a) 1+ )
K(b—a)

. atb 1+
Case 3: = <K1+d<b.

As ‘%rb > a, then for the Problem I'y we have

1
z® = arg max {Qx[ +TK—a]}:xr,

z€[0,z7] 1+d
and by Lemma we get the following equality:
1+d [1+7 2 14d[1+7
b—a)K [1—1—d “} T K [
Similarly for the Problem I's:

s IL+r a+b|l| _ a+b
x —argxg[lﬁ;’(u{Qx[l_FdK 5 }}—1 (as 5 < K)

fola"] = @f[a"] =2

and
fo] - @3[1] =2

1+d[14+7r _a+b _1+d
K |1+d 2 K &
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Since mas oy (f7[z] — B9[a]) = max(fofa"] — 4[a"), f[1] — B1]) =
1+d |14 1+ "
- 2 K—a| ——¢
max{ b—a)K [1+d } K { 1+d ]
1+d|1+7r a+b 1+
K —
K [1+d 2 ] }
the condition %52 < K434 < b implies the inequality fg[:n’”] — ®f[z"] < f9]1] — ®Y[1].
So in Case 3 (a+b < K%Ig < b) we have z°=1 and SGOP has the following form
1+d 1+r
e =1(1,1 — K
00— (1 er [ L)

The proof of Proposition 3 is finished.

5. CONCLUSIONS

We investigated the problem of optimal structure of multi-currency deposit under
uncertainty of future exchange rates. We had only the limits of possible changes for these
uncertain parameters, any statistical characteristics are unavailable. We considered three
possible approaches for accounting risk: complete elimination of any risk, minimization
of expected losses due to the uncertainty, and multi-criteria approach, which takes into
account both criteria - the outcome and the risk. These approaches correspond to the
type of a decision-maker, namely to his/her attitude to the risk: adversary of risk, lover
of risk or neutral DM. Propositions 1, 2 and 3 give an explicit form of the optimal
solutions for the problem of the guaranteeing deposit diversification depending on values
of the meaningful economic parameters r,d, K,a,b and on DM’s attitude to the risk.

After defining his/her type, the value K %I:l and the limits a¢ and b of the uncertain
parameter y, DM obtains, by applying the corresponding formula, a numerical value for
his/her guaranteeing deposit strategy. By the way, Proposition 3 shows that use of a
"risk"strategy (from Proposition 2) reduces both the guaranteed risk and at the same
time increases the guaranteed outcome, thus "killing two birds with one stone."Two
last cases have been restricted by two-dimensional considerations. General approaches,
solution concepts are the same for the problem with n currencies, but explicit farm
of the solution will be replaced by some algorithm associated with piece-wise linear
programming technique. Other possible direction for further investigations concerns
on a "mixed variant"of incompleteness of the information, when we know stochastic
distributions of some nondetermined factors, but only to within uncertain parameters.

Such problems can be considered by combining stochastic and maximin approaches.
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O zamaue muBepcudUKaIMI BKJIAIA
Ha npumepe 3adavu dusepcudurayuu 654000 UCCAEIYOMCA BOZMOHCHBILE NYMU
YUUMDBLEAMb PUCKU, BVI36AHHIE HeonpedeserHbmMU darxmopamu. IIpednonaea-
emcs, wmo unsecmop (Auyo, npunumarowee pewenue — JIIP) ne snaem 06-
MEHHBIT KYPC HA KOHEY, CPOKA 8KAAOG U OPUEHIMUPYEMCA MOABKO HA HEKOMOPLLE
2PAHULDL, BHYMPU KOMOPLIT OH MOHCEM USMEHAMBCA. Pewenue smotl sadavwu
saeucum om moeo, kax JIIIP omnocumca % pucky u npubdviau. Bosmooichoie
PEWEHUSA: ONMUMANBHOE 6 CMBICAE 2aPAHMUPOSAHHOT NPUOBLAU, ONMUMAALHOE
8 CMBICAE 20PAHMUPOBANHO20 PUCKA (Munumakchoe coocanrenue Casuddica), a
makoice petenue MHO20KPUMEPUaAbHotl 3a0a4t ¢ 08YMSA PAGHOZHAYHLLMU KPU-

MEPUAMU, ¢ UMEHHO BEAUNUHOT PUCKE U NPUODLAL.

Kirouesrnie ciosa: IPUHIAII MUHUMAKCHOI'O CO2KaJICHUA, HEOIIPEAEJICHHOCThb, MaKCH-

MMUH, PUCK, BEKTOpHad OIITUMHUI3AIIUA.
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COMPARISON OF ORLICZ, LORENTZ AND
ORLICZ-LORENTZ SPACES

In this paper we investigate conditions imposed on Orlicz functions and
Lorentz functions such that one Orlicz-Lorentz space is embedded to another
or these spaces coincide. Similar results are showed for general rearrangement
mwvariant spaces and, in particularly, for Orlicz and Lorentz spaces.

Keywords: rearrangement spaces, Orlicz-Lorentz spaces, comparison

INTRODUCTION

The theory of symmetric spaces dates back to the classical L, spaces, 1 < p < oo. The
theory was developed intensively during the last century; it contains many interesting
and deep results that have important applications in various areas of the theory of
functions and functional analysis. It applies in particularly, to the areas of interpolation
of linear operators, ergodic theory, harmonic analysis and mathematical physics.

Last years much attention has been given to Orlicz-Lorentz spaces. From a general
point of view It help us to investigate such rearrangement invariant spaces as Orlicz
spaces, Lorentz spaces and Ly ; spaces. There are several ways of defining these spaces.

We can refer to [14], [15], [3], [4], [5], [6], [9] and to the references cited therein as well.

Our definition of Orlicz-Lorentz spaces is differ from another which is the basis in
cited papers. In our opinion, it is more convenient to deal with issues related to the
question embedding one Orlicz-Lorents space to another.

1. PRELIMINARIES

Let u be the Lebesgue measure on the positive semiaxis [0, 00), Ly the space of all p-
measurable almost everywhere finite functions f on (0,00), Ly, 1 <p < 400 — Banach
space of functions from Lg, an integrable p degree.
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A Banach space E C Ly is called rearrangement invariant if
f€Ly, g€k, f"<g" = feE, |[flle<|dle-

Here f* denotes the decreasing right-continuous rearrangement of | f|. It can be defined
as the right-continuous generalized inverse

J*(@) = inf{y € [0, +00): ny(y) <@}, @ € [0,00)
of the distribution function ny of |f|, which is
ny(z) = p{u € (0,00): |f(u)| >z},

It is known (see [10], Ch. II, §4.1 or [12], Ch. 2.a), that for every rearrangement
invariant space E there exist continuous inclusions

LiNnLy, CECL; + Ly C L.
Enclosed symmetric space. Let E; and E5 — are two symmetric spaces.
Theorem 1. Let E; C Es. Then the embedding
i:E1>f— feEy
is continuous (bounded).
Proof. Let {f,} is the sequence in the space Ej, such that

1fo = flley — 0 and ||, = gl[m, — 0.

Then we have f,, — f and f,, — ¢ in measure and f = i(f) = g. Thus the graph is
closed for embedding operator ¢. In accordance with the theorem on a closed operator,
the operator 7 is bounded (continuous). O

Remark 1. The continuity of the embedding E; C Eo means that

Iflle, <clflle,, feEr

for some ¢ > 0.
As follows from the open mapping theorem, the space E; is closed in the space Eo if
and only if this embedding is open, i.e.

1flle, < cillflle,, f € Er

for some ¢; > 0.
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2. COMPARISON OF ORLICZ SPACES

Let ®: [0, +00) — [0, 4+00] be an Orlicz function, i.e., ®(0) = 0, @ is increasing left-
continuous and convex. Assume also that @ is nontrivial, i.e., ®(x) > 0 and ®(y) < oo
for some x,y > 0. The derivative ®’ exists a.e., and it is assumed to be left-continuous
with ®'(x) = +oo iff ®(z) = 4o0.

The Orlicz space Lg is the set defined as follows

o0

Lo := fELO:/(I)(f/a)du<ooforsomea>0 ,
0
equipped with the norm
| fllLg := inf a>0:/q)(]f|/a)du§1 , f€Llg,
0

where inf () := oo.

Notice that this "slightly generalized" definition includes the spaces L, Ly, and also
Li NLy, L; + Lo as the smallest and largest Orlicz spaces ( see , [8], Ch. 2, 2], Ch. 2,
§2.1 and also [16], [17], [18]).

The fundamental function of Orlicz space. Now we turn to the fundamental
function 1, of the Orlicz space Lg.

Proposition 1. The fundamental function ¢y, of the Orlicz space Lg is:
1 1\l
PL, (7) = (P Yah)) ™, z>o. (1)

Proof. For all x > 0 and a > 0 we have:

Iy (1 : l[o,x]) = /<I> <1 : 1[0,x]> dm = /@ <1> dm =x® (1> .
a a a a
0 0

Therefore

1
SOLrb(x) = Hl[O,x]HLq) = inf {a >0:2d <a> S 1} =

sorfesen (0 ()} (2 (1)

Corollary 1. The Orlicz function ® is uniquely reconstructed from the fundamental

O

function ¢1,, of Orlicz space Ly, that is

dl(z) = <<p1@ <i>>_l x>0,



Comparison of Orlicz, Lorentz and Orlicz-Lorentz spaces 237

and ® = (=171 is the inverse function of the function ®~1.

The embedding Ly, € Lg, of Orlicz space Lg, in the Orlicz space Lg, can be
described in terms of corresponding Orlicz functions ®; and ®s.
Recall, that the embedding space Lg, in the space Lg, is always bounded, i.e.

[fllLe, <clflLe,, f€Lae,

for some ¢ > 0 (Theorem 1).

Definition 1. Let &1 u ®5 are Orlicz functions. It say that

1). ®; is majorizes the &y in 0 (P =o P2), if there are exist positive numbers
a, b, xg such that the inequality

Oy(z) < b Pq(ax)

is satisfied for all 0 < x < xy.
2). @ is majorizes g on 0o (P1 o Po), if there are exist positive numbers a, b, xo
such that the inequality

Do(z) < b Py(ax)

is satisfied for all z > xg.
3). @y is majorizes Py (P1 = Pg), if D1 ¢ Py and Py = Do.

Remark 2. 1). We can take b = 1 in the conditions 1) and 2).
2). The condition ®; > P9 has the form

Oy(z) <bPi(ax), x>0

for some b > 0 and a > 0.

Theorem 2. Let &1 and ®o are Orlicz functions, the functions PLy, ond pL,, are
fundamental function of corresponding Orlicz spaces Lo, u Lg,. Then the following

conditions are equivalent:

1). (I)l b ‘132;
2) L':Dl g L@Q;
3) N e, < all - |lLg, for some a>0;

W
SN—

PLg, < PL,, for some a > 0;
Oy(x) < Py(ax) for some a > 0 and for all z > 0.

(@)
~
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Proof. 1) = 2). The condition ®; > ®3 has the form:
Do(x) <b Pq(ax), >0

for some b > 0 and a > 0.
If f € Lg,, then for some ¢ > 0 we have

(D)o (Z)om
(2= Jo(E)om o (D) mesr ()

ie. f € Lg,, whence Ly, C Lg,.

2) = 3). It is following from Proposition 1.

3) == 4). We use the function f = 1}y, in the condition 3). Thus we have 4).

4) = 5). We use the formula (1) for the fundamental function of the Orlicz space.
Thus

(@' (271 <a(@t (@), e >0
Suppose ! = ®5(y), then
7! (®a(y)) < a®y ! (Pa(y)) = ay, y >0
or
P5(y) < @i1(ay), y > 0.
5) = 1). It is obvious. O

Definition 2. Two Orlicz functions ®; and ®4 are called equivalent (®1 ~ ®9), if the
conditions ®; = ®9 and ®y = P are hold.

Corollary 2. Let &1 and o are Orlicz functions. Then the following conditions are

equivalent:
1). (I>1 ~ (I)Q,'
2). Lg, = Lo, (as sets);
3). Norms || - ||lLy, and || - ||Le, are equivalent, i.e.

a1l fllLe, < IfllLe, < a2l fllLe,

for all f and some aq1 > 0, as > 0;
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4).  Fundamental functions PLy, and PL,, are equivalent, i.e.

A1PLg, (*73) < $Lg, (1’) < a2¥Lg, (x)

for all f and some a; > 0, ag > 0;
5). Functions ®1 and P2 are equivalent in the next sense:

@1(0,13}) S CI)Q(:IZ) S <I>1(aga:), T Z 0

for some a1 > 0 and ag > 0.

Remark 3. Constants a; and ag in all conditions 3), 4) and 5) of previous Theorem 2
are the same. For example, the condition 5) is equivalent of the condition

l.e.

3. COMPARISON OF LORENTZ SPACES

Let W be an increasing function on [0, +00) such that: W(0) = 0, W is concave on
(0,4+00), and W(x) > 0 for some x > 0. Then W is absolutely continuous on the open
interval (0,00) with the decreasing density function W'(z), x > 0, while W (0+) may
be positive.

The Lorentz space Ayy is defined as

Aw ={f €Ly |[flla, < +oo}

with the norm

||f||AW~/f VAW () = f*(0)W(0+) /f YW/ () de < oo |

where +00-0 =10 (see [10] Ch. II, §5.1, and also [12], Ch. 2, [13] and references therein.
The Stieltjes integral f f*(x)dW(xz) has an atomic part f*(0) W(0+) in the case

W(0+) > 0. The Lorentz spaces are maximal rearrangement invariant spaces with
respect to the norm || - ||a,, -
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The norm || f||a,, of function f € Ay can be written as

nmwz/wmmmm=/mem. 2)
0 0
Indeed, using the substitution x = ny«(y), y = f*(x), we get:
1Ay = /fmv P |OK/W Vi (
/W Ydf* (z /an* dy—/Wonf*dm
0

By this deﬁmtlon Aw C L if W(0+) > 0, and Aw DO L if W(+o0) =
1i_>m W(z) < +oo. Whence Ay = L if both the conditions W(0+) > 0 and
W (400) < 400 hold.

We calculate the fundamental function of Lorentz space Ay :

onw(@) = [Wouyaw = [aw —wi)
0 0
for all z > 0 and @4, (0) = W(0) =0, i.e.,

OAy = W. (3)

Theorem 3. Let Wy u Wy are two Lorentz function. Then the following conditions are
equivalent:

1) AW1 g AWZJ.
2). Wa(z) < cWi(z) for all x > 0 and some ¢ > 0.

Proof. 1) = 2). Let Aw, C Aw,. Then, there exists ¢ > 0 such that

1 llaw, < ellfllaw,

(from Proposition 1).
Therefore

Wa(z) = oaw, () = Ljoa)law, < cllljoallaw, = cpaw, (@) = cWi(z).

2) = 1). Backwards, let Wa(z) < ¢Wj(z) for all z > 0 and some ¢ > 0 and
f € Aw,. Then

WMMZ/MWMMM<w

(from formula (2)).
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Therefore

Hﬂh%=1/W%0M@Mx§c/wﬂmM@Mx<m,
0 0

and f S AWQ. Thus AW1 - AWQ.
]

Corollary 3. Let Wi and Wy are two Lorentz functions. Then, the following conditions
are equivalent

1). Aw, = Aw,;
2). aWi(zx) < Wa(x) < caWi(z) for all z > 0 and some c1,ca > 0.

4. COMPARISON OF ORLICZ-LORENTZ SPACES
The rearrangement invariant spaces Ag w, can be defined by
Ao w :={f €Lo: Zo w(f/a) < oo for some a > 0} ,

with the norm
[fllagw = inf{a > 0: Zo w(f/a) < 1},

where
oo

Tow(f) = [ @(f'(@)dW), f €L
0
The functions ® and W is Orlicz and Lorentz functions consequently.

We can refer to [14], [15], 3], [4], [5], [6], [9] and to the references cited therein as well.

Remark 4. As f € Ag w if and only if when exist such a > 0 that

o (£) - Jo(E2) - o (2
0

f*

fE€EAsw < @ <> € Ap,w g nexkoroporo a > 0.
a

< 0,
Aw

SO

We obtain the fundamental function of Orlicz-Lorentz space Ag .

Proposition 2. The fundamental function PAsw of Orlicz-Lorentz space Ag yy is:

O (2) = <<1>1 <W1($)>>1, 2> 0. (4)
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Proof. For any > 0 and a > 0 we have:

1 el a2 —w@s ().
Tow <a'1[°~'”]> _O/q><a 1[0@](75)) aw (1) 0/<1><a> W (1) = W( )¢<a>

So

Theorem 4. Let ®1 and ®o are Orlicz functions, W is Lorentz functions, the functions
Pho,w ANd PG, v aTE fundamental functions of corresponding Orlicz-Lorentz spaces
Ag, w and Ag, w. Then the following conditions are equivalent:

1). @1 = ®o

[\

) A(I>1,W g ACDQ,W;

) N llae,w < cll - [[ag, w for some ¢ > 0;

). Phoyw < CPAg, w Jor some c>0;

). Pa(x) < @y(cx) for some ¢ > 0 and for all x > 0.

Ot = W

Proof. 1) = 2). The condition ®; > ®3 has the form:
Oo(x) < b Py(ax), >0

for some b > 0 and a > 0.
If f € Ag, w, then for some ¢ > 0 we have

o0

I<I>1,W (f) = /(I)l (f> dW < oo.
c c
0
Therefore

A f* f* f
s (£) - Jon (L) o (5w <70 (2) <o

ie fe€ A<1>2,W, whence A‘I)I:W - Aq>27w.

2) = 3). It is follows from 1.

3) = 4). Let [[fllap,w < clfllag, w for some ¢ > 0 and for any f € Ag, w. Using
the function f = 1j9 4, we get:

(PA¢2,W($) = Hl[O,x]”A<I>2,W < CH1[0,x]HAq>1,W = CPAs, w (1‘)
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4) = 5). We use the formula (4) for the fundamental function of Orlicz-Lorentz
space Ag 7, we have:

(7 (wt)) =0 () oo

=t, then

Suppose

1
W (z)
therefore

Suppose t = ®o(y). Then
O (D2(y)) < c @y (Pa(y) = cy, y > 0

or
Pa(y) < Pi(cy), y > 0.
5) = 1). It is obvious. O

Corollary 4. Let ®1 and ®9 are Orlicz functions, W is Lorentz function. the functions
PAo,w aNd QA are fundamental functions of corresponding Orlicz-Lorentz spaces
As, w and Ag, w. Then the following conditions are equivalent:

1). (I)l 7 (I)Q,‘
2). Ao, w = As,w (as sets);
3). Norms ||+ [|ae, w || [Ag, w are equivalent, i.e.

a1l fllas, w < fllas,w < a2l fllas, w
for all f and some a1 > 0, ag > 0;
4).  Fundamental functions @a, y and P, are equivalent, i.e.
W PAp, w (T) S PAg, w (@) < a2pAg, w(T)
for all f and some a; > 0, as > 0;
5). Functions ®1 and Py are equivalent in the next sense:

Dy (a12) < Po(x) < Py(agz), >0

for some a1 > 0 and as > 0.

Theorem 5. Let Wy and Wa are Lorentz functions and ® is Orlicz function.

1). If Wa(z) < cWi(z) for all z > 0 and some ¢ > 0, then Apw, C Ao w,;
2). If the space Agw, is normally embedded in the space Ay, with embedded
constant ¢ < 1, mo Wa(x) < ¢ Wi(x) for all z > 0.
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Proof. 1) = 2). As the space Ag , is normally embedded in the space Ag w,, so

1 llAew, <clfllaew,:

where ¢ < 1. Therefore

PAs,w, (z) = Hl[O,x]||Aq>,W2 < c”l[O,w]HAcp,Mq = CPAs w, (z),

(+ (W;(x)))l <o <W11<x>>>1 '

> (Wf(a:)) et <W1<>>

The function @ is increasing convex on (0, 00). So

o (ww)) = (o () =2 (+ (wiw))

l.e.

Consequently,

ie.,
1 < 1
C bl
Wi(x) = Wa(x)
Whence
Wa(x) < cWi(x)
for all x > 0.

2) = 1). Conversely, let Wa(z) < ¢Wi(z) for all z > 0 and some ¢ > 0 and let
feAsw,. So @ (%) € Ay, for some a > 0 and, using the formula (2),

f* T
H(I) (a) Aw, B O/Wl (77@(1‘:) (@) dr < oo.
Therefore

(ol - 7 (1)) 4 7 (1)) e <

whence f S AQWQ. Thus, Aq;le - A<1>7W2.

O

Corollary 5. Let &1 u ®o are Orlicz functions, and W1 u Wy are Lorentz functions. If
1) ‘1>1 ~ ‘I>2,‘
2). aWi(x) < Wa(x) < caWi(z) for all x > 0 and some c1,ca > 0,

S0 A¢’17W1 = A‘I)27W2 ,
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CpaBuenne npoctrpanctB Opianda, Jlopeumna n Opanyda-Jlopeniia
B pabome paccmampusaromes ycaosusa na pyrnxyuu Opauva v pynrxyun Jlo-
PEHUA, NPU BHINOAHEHUL KOMOPHT 0010 npocmpancmeo Opauva-Jlopenya co-
deporcumesn 6 dpyzom uau koeda amu npocmparcmea cosnadarom. Ilpusedervi
AHANOLUMHBLE PEZYALMAMBL OAA OOUUT NEPECTNAHOBOUHO UHBAPUAGHINHBLT NPO-

cmparems u, 68 wacmuocmu, das npocmparcms Opauva v Jlopenua.

KaioueBnle ciioBa: TepecTAaHOBOYHO WHBApHUAHTHBIE IIPOCTPAHCTBA, ITPOCTPAHCTBA
Opunaa-Jlopennia, cpaBHEHUE TPOCTPAHCTB.

ITopiBasgHHA TpocTopiB OpJaiua, Jlopenia ta Opaigya-Jlopeniia
B pobomi poszasdaromovea ymosu wa pynxuii Opatvua ma nwa dynwyii Jopen-
Ua, NPu BUKOHAHHE AKULT 00ur npocmip Opaiva-Jlopernua € y inwomy abo Koau
Ui npocmopu cnienadaroms. Hasedeno ananro2ivmi peaysvmamu 0Af 36200 HUT

NEPECMAMOBOUHO THBAPIGHINHUL NPOCMOPIE Ma, 30Kpema, 0is npocmopie Op-
atvwa ma Jlopeya.

Kurowosi cioBa: nepecranoBouno inBapianTai npocropu, mpocropu Opiiva-Jlopeniia,
MTOPIBHAHHS ITPOCTOPIB.
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ON THE SPECTRAL PROPERTIES OF SOME
AUXILIARY BOUNDARY VALUE PROBLEMS FROM
THEORY OF METAMATERIALS

We study new spectral boundary wvalue problem arising in theory of
metamaterials. We prove that spectrum of the general problem is discrete and
situated in some sector. In the special one-dimensional case we find localization
of eigenvalues tending to infinity and some asymptotic formulas.
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1. INTRODUCTION. THE GENERAL STATEMENT OF THE PROBLEM

The present paper is devoted to study some model boundary wvalue spectral
problems arising in theory of composite materials. Such materials consist of many
thin layers of materials with different properties that make possible to obtain some
extra characteristics of composite material. Almost 40 years ago Russian scientist Victor
Veselago had an idea for a material with negative index of refraction [1]. Such composite
material with a lot of amazing attributes was obtained experimentally by the group of
American physics at the beginning of XXI century (see [2], [3]). The negative refraction
provides some effects that destroy the classical theory of electromagnetics. For example,
superlens effect allows imaging of details finer than the wavelength of light used. Another
possible application is effect of cloaking devices: at a given frequency, a spherical volume
could be cloaked by means of a spherical shell within which the electric permittivity
and magnetic permeability vary in certain prescribed ways. At the given frequency, any
object contained within the spherical volume would be invisible to outside observers (see
[4], [5]). Obviously, such phenomenons need for the physical and mathematical modeling,.
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We attempt to study some spectral boundary value problem generated by physical
statements from [4], [5]. We consider the following general statement. One have to find
the unknown functions ug(z) (k = 1,2,3) (electromagnetic intensity) in given arbitrary
smooth domains 2 that satisfy equations

—aAui(x) = Aui(z), =€ Q, (1)
—BAus(x) = Aug(z), = € Qo, (2)
—aAuz(z) = Aug(z), =z € Qs, (3)
and boundary conditions
0 0
w(@) = ux(2), a3 @) =55 @), wel, (4)
0 0
ug(x) = us(x), %(m) = a%(w), x €Iy, (5)
ug(z) =0, x € Is. (6)

We suppose that domain €2 situates inside 2o including in 3, and I'y is common
boundary of €7 and 9, I'y is common boundary of 25 and €23 with outward normal
vector 7. The requirement of unboundedness of Q3 we substitute for condition (6),
where I's is sufficiently large outward boundary. The number A € C is unknown spectral
parameter, complex numbers o, f € C (0 < arga < arg f < 7) are given as we consider.
Notice that given statement corresponds to problems from [4], [5] for concentric rings
Q, where Q3 is unbounded and a =1, = -1 +1ic (0 <e << 1).

In the present work we introduce the first step to study the problem. We prove that
problem (1)—(6) has the discrete spectrum with unique limit point at infinity that consist
of isolated eigenvalues of finite multiplicity { A, }72; situated in the sector arg f < arg A <
arg «v. If domains 2, are one-dimension segments then for any given § > 0 there exists the
number R(6) > 0 such that for |A\| > R(§) we have no eigenvalues in the sector arg a+4§ <
arg A < arg 8 — 4. In polar coordinate system we have a branch of eigenvalues tending
asymptotically to some parabola with axis of symmetry ¢ = arg 8 and two branches of
eigenvalues tending asymptotically to another parabola with axis of symmetry ¢ = arg a.

2. PROPERTIES OF THE PROBLEM IN ARBITRARY DOMAINS Qk

Suppose that element u = (u1(x);ua(z);ug(x)) € E := La(Q1) & La(Q2) @ La(Q3) is
a solution of (1)—(6). Left-hand-sides of (1)—(3) determine the linear operator A in E.
If we set it on the elements u with properties: uy(z) € C*(Q) (k = 1,2,3) and ug(z)
satisfy boundary conditions (4)—(6), then using first Green’s formula we obtain

(Au,u)p = —a/Aululdﬁl - B/Auzmng — a/AU31L;3dQ3 =
Ql QQ Q3
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- a/|Vu12d91 + ﬁ/|qu2dQ2 + a/VU3|2d93—

aul

ou ou ou
o ——ur|r, dl'y + 5/ 2172|F1 dl'y — ﬂ/ 2172|F2 dl's + « 3173|F2 dl'y—

an
1)
9
s / S, iy = [ (Vw8 [ [Fuaf a0+ o [0 a0,
o 2 o

Therefore (Au, u) E = cia+co3, where ¢, co > 0. So, the numerical range of the operator
A is the sector of complex plane, forming by polar axes ¢ = arga and ¢ = arg 5. In
particular, the case a,3 > 0 corresponds to nonnegative operator. If a > 0, 8 < 0
(superlens without dissipation of energy) then we have a symmetric operator.

To prove the discreteness of the spectrum let us change the spectral parameter A to

A
the parameter = — + 1. Then equations (1)—(3) can be rewritten as

g
—Aug(z) + u2(x) = pua(x), x € Qo, (7)
—Aug(z) +up(z) = m_ﬁlﬂluh(x), reQ (k=1,3). (8)
The following Green’s formulas are valid:
a/(—Aul + )T A = a/(Vul Vi + ) dQ — a/ %ulm\pl FINE
& & r,

B/ —Auy + uz)n2 dQdy = 5/VU2 Vo + uatpz) dQa+
ou ou
+6/ 2%\& dl'y — 5/ 2%\& dl's;

a/(—Aug + u3)3 dQ3 = a/(Vug - Vns + usnz) dQs+
Q3

(9’U,37 6”37
+Oé/8n773|1"2 dFQ—Oé/an’l’]gh"S ng

Suppose now that

n=(m;ne;ns) € Fo:={m, € H' () : mlr, = n2lr,, nolrs = mslrs, mslr, = 0}

and the element u = (u1;ug;u3) € E is a solution of spectral problem. Then we have
the identity

(Bp—1 +a)/u1771d§21 + Bu/mnngg +Bu—1+a) /u;gnngg =
Ql QQ QB
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= a(u1,m) g a,) + Bluz,m2) 1y + a(us, 13) ()

As the spaces H'(Q;) (with the standard inner products) are boundedly (compactly)
imbedded into Lo(k) (k = 1,3), there exist positive compact in Ly(£2;) operators Vj
which satisfy the identities

/Ukndek = (Vi M) i,y (0
Q

On the base of these formulas we have

Bu(u,n)p = (cur+(1—a)Viur, m) g, +68(u2, n2) i1 (q)+(aus+(1—a) Vs, 03) i1 (s
Hence
p(u,n)e = (Bu,n) k),
where B = diag {%Iﬁ—(l—a)vl; I; %13—1—(1—05)‘/},} in E. As the space Fy is compactly

imbedded into E (see, for e.g. [6]), there exists positive definite in E operator Ay such
that (Bu,n)r, = (AoBu,n)g for any element n € Fy. Therefore p is an eigenvalue of
unbounded in E operator AyB.

It is easy to show that if é — B ¢ R_ then the operator B is boundedly invertible.
o

In this case the numbers p are characteristic numbers of compact operator B_IAE L
Therefore they form the countable set of values with unique limit point at infinity. The
same property is valid for the eigenvalues A = Su — 1.

Let us consider separately the case a = 1. We obtain B~ = diag {811; I»; BI3}.
If additionally 3 = 1 then B~' = Z. Therefore the spectrum of the problem is the
set of positive eigenvalues of the operator Ag. It tends to infinity, and the set of
eigenfunction form the orthonormal basis in F (analogous result in the space E equipped
with equivalent inner product is valid for 5 > 0).

If 5 = —1 then the operator B! = J = J* = J~! is the operator of canonical
symmetry in F/, and the operator B*1A5 Lis J-positive in the space of M. Krein with
the indefinite inner product [u,n] = (Ju,n) . One can prove that the operator J.A, L has
infinite dimensional positive and negative maximal invariant subspaces Li. So, in these
spaces the operator has J—orthonormal systems of eigenelements {e}7°,, [ei, ei] =
+1, with corresponding branches of positive and negative eigenvalues of the operator
T Ay ! with a unique limit point at zero (see, e.g., [7], p. 41-42). Therefore the problem
has branches of positive and negative eigenvalues with limit points at +oo.

The problem with 5 ¢ R is rather difficult. To show it we can write the matrix form
of the operator

B1AL 1A 0
AoB= | Ax Ago Aas
0 B 1Az 1Az
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The spectrum of the boundary value problem (1)—(6) coincides with the spectrum of this
operator. Here we have unbounded operator coefficients A;; without any subordinates,
so the classical approaches are not effective to study the spectral properties.

3. CHARACTERISTIC EQUATION IN ONE-DIMENSIONAL CASE

Let argar < argff and Q1 = (—R;—1), Q2 = (=1;1), Q3 = (I; R) be three intervals

then problem (1)—(6) can be rewritten in the form

—auf(z) = My (), =€ (=R;-1), 9)
— Buly(z) = Muz(z), x € (=L1), (10)
—aus(x) = Mug(z), x€ (LR), (11)
u1(0) = u2(0), ug(l) = us(l), (12)
auj(=1) = Buy(=1),  Puy(l) = aus(l), (13)
u1(—R) = us(R) = 0. (14)
Let us consider two auxiliary problems
" A " A
{ul(x) = aul(x), x € (—R;—1), {u3(x) = au;g(x), z € (I;R), (15)
ui(—R) =0, uz(R) =0
Their solutions are
ui(x) = dj sin \/g(x—FR), uz(x) = dgsin \/g(x—R). (16)
Therefore
u (_g _ \Ectg \/E(R —1) = m(\), Zig = —\/gctg \/E(R —1) = —m(Ai.?
Using this notations we obtain the problem for uy(z) : "
—uf(z) = %Z@(l’), x € (0;1), (18)
Bub(—1) = au’ (=) = ami(N)ui(=1) = am(N)uz(-1), (19)
Buy(l) = aus(l) = amz(N)us(l) = —am(N)us(l). (20)

Equation (18) has the solution us(z) = ¢; sin \/X:(:—i—CQ cos \/ga: So, boundary conditions

(19)—(20) imply
llcos\/iH—czsm\/»]—am [clsln\/>l+czcos\/>]
llcos\/> CQSIH\/>]:—O£’I7’L [Clsm\/>l+62c:os\/>]

5”2 =p

™| >

||
™
™| >
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It is linear homogeneous system of two equation with unknown constants ¢; and ¢y which

has nontrivial solutions if and only if

dot — Acos\/7l+ozm sm[l Asm[l—am cosfl
\/ﬁjcos\/gl—kam()\)sm\/%l - )\sm\/>l+ozm cos\/>l

Hence

A A a A\
2 <\/B>)\cos \/;l + am(\) sin \/;l> (\/ﬁix\sm \/;l — am(\) cos \/;l> =0. (22

If sin \/gl = 0 then (22) implies that either A = 0 or m(A) = 0. One can check that

A = 0 is not eigenvalue. Therefore

P aan -

So, we obtain VA = L( + 7n) (n € Z). On the other hand by the assumption we
have VA = Tfﬂ'k (k € Z). It can not be possible since arg a # arg 3, hence sin \/%l #0.

Equation (22) implies two characteristic equations

A o A
A) = ctg \/;l—l—ﬂﬁctg\/;(R—l) =0, (23)
A o A
——tg\/;l—i—ﬂﬁctg\/;(R—l):O. (24)

These equations can be reduced to the problem of zeros of some entire functions, so the
spectrum is discrete and it has the unique limit point at infinity.

4. LOCALIZATION OF THE EIGENVALUES WITH GREAT ABSOLUTE VALUE

Let us study the case |A\| — oo. To this aim we divide the numerical range of the
operator A to the three domains V, := {z € C: arga < argz < arga + 9}, Vp:={z €
C: arga+6 <argz <argf—6}, Vg:={2€C: argf —0 < argz < arg 3}, where
6 > 0 is a given little number.

For |A\| = oo inside the domain Vp U V, we have

ctg \/él — . (25)

Analogously, inside the domain Vy U V3 we have

ctg \/z(R —1) = —i. (26)

Lemma 1. There ezist such a number R(5) > 0 that there is no solutions of (23), (24)
in the domain Vg for |\ > R(9).
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Proof. Indeed, let us suppose that we have infinitely many solutions {\,,} of (23)
situated in the V{. Using (25), (26) we obtain

- fa. VB
i) —mi—y/=i=i————#0 (n— ), 27
(Any) 3 NG ( ) (27)
since arg aw < arg 3. It is impossible as f(\,,) = 0. Analogous result is obviously valid
for (24). O

Using asymptotic (25) inside the domain Vp U V,, we obtain that (23) and (24) are

close to equation
~ A
fi\) =i+ \/gctg \/;(R—Z) =0. (28)
Inside the domain VU Vg we have asymptotic (26), therefore equations (23) and (24)
Fa1(A) = ctg \/75 - \/> (29)
~ A
fgg()\) 1= ctg \/;l — \/EZ =0. (30)

Union (29), (30) can be reduced to the unique equation. Suppose that

Fa1(A) - Faa(N) = ctg? \/Kl — ctg \/Xl <\/EZ + \/§Z> 1=

cos \/> sin \/>l 2COS\/>ZSIH\/>Z ila+ B
- sm2\/gl sin \/gl < \/7> ooy

A, ila+pB)
ctg \/;2l = ovad (32)

All of limit equations (28), (32) can be reduced to the form

are close to

It is equivalent to

ctgz = a+ b, a,b e R. (33)

Using th ¢ we have ) _ g 2% 1 1) = (a+ib)(e¥= — 1
sing the exponent we have ek +1ib or i(e** +1) = (a+ib)(e* —1).

’ b
Hence 2% = Cm. Finding the logarithm we obtain the countable set of solutions
a+i(b—
1 a+i(b+1) i, |a+i(b+1) .

= —arg —————~ ——In|——=| =4 —iB €7 (A, BeR).
Zn 2arga+i(b_1)+7m 2na+i(b—1) +7m —iB, n (A, )

(34)
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Therefore corresponding solutions of (28) have the form

az? a rlal((Ay + mn)? — B?) |a|B1 (A1 + mn)
My = oy = — Lo — 2 : N. (35
®-07 il @17 Twep e @
All these points are situated on the branch of parabola
Im\)2(R —1)? B?

dla|B} (R—1)*
rotated through the angle arg a.. Notice that there exist some number N; such that for
n > Nj these points are situated in V. For R — [ — oo parabola (36) stretches along its
axis of symmetry and coincides with the ray ¢ = arg a in limit. This conclusion argues
the hypothesis that the problem with unbounded domains has the continuous spectrum
and it fills all the polar axis ¢ = arg a. This problem will be discussed in the further
articles.
Analogous solutions of (32) have the form

o _ B2 B ll((As+mn)? — B3) ) |8IBa(As + )
R ENE] a2 2
All these points are situated on the branch of parabola
(Im N> |8|B3
|8 B3 4z

, neN. (37)

Re ) =

(38)

rotated through the angle arg 5. Obviously, there exist some number Na such that A, €
Vg for n > No.

All of the limit equations are close to solutions of characteristic equations (23), (24)
for A = oo. More precise, for sufficiently large n solutions of characteristic and limit
equations are as close as greater the number n.

Lemma 2. For given v > 1 and the sequence of positive numbers r, =n~"7 — 0 (n —
o0) there exists such a number N, > N1 > 0 that for all n > N, in the neighborhood
|IA—An| < r of each solution A, of (28) we have a unique solution of (23) and a unique
solution of (24).

Proof. Let A\, (n > Njp) are solutions of (28) situated inside the domain V,. To prove
the lemma we can use the theorem of Rouche (see, e.g., [8], p. 131). It is sufficient to
prove the inequality

AN F20) = FEN] < 1] (39)
for all A € C such that |\ = A,| =71, =n"7 (n > Ny > Ny).
Indeed, function ctg \/g (R — 1) is analytic inside Vj, so near \,, we have

A An (R=D\ =) 2
ct —(R—-1)=ct —(R-1) — + O(IA =A%), (40
B\ QR =t R e e FOA ) (@
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Using the assumption f1 = 0 we obtain

e |—‘Z+\/ ctgv R—1)|
[a / (B =D =) 212
=i+ ct R—1) + O(|A = Anl9)]
2\/@’)\ - sin? ( —1)

2
(R=1)IN= A\ 00— A :< const - 7y, —07“2) _
>(2m.sm2\/§<3z> O(A= A >) Tt~ O

=c-n 2 4on M%) (n— oo, y>1). (41)

Here |sin? /22(R — )| > 0 is a fixed number, [v/A,| = ¢ /(4 + mn)% + B2 according
o (34), (35).
On the other hand

|f1(A) f2

(ctg\/>l+\/7ctg\/> )(—tg\/XlJr\Fctg\/g(R—z))_
_(z—k\/ictg\/i ) |—|\/7€tg\/> |Ctg\/> tg\/> 2i| <
< <const+ WACT;;’)Z: — +O(ri)> <ctg \ﬁz — i+ |tg \/ng'l) . (42)

We have

o /)\l ' ‘.e2“\/§+1 ' P . P (43)
ctgy [ Zl—i=li—F—— —il=—F= —5 .
,8 eQzl\/; 1 |€21l\/; . 1’ He21l\/;| . 1’

For A € V, we have Im\/% < 0. By the assumption |A — A\,| =7, — 0 and X € V,,

soIm\/§<Im %4—5” < 0 for some 0 < g, = 0 (n — 00). If\/%:a—ibthen
arg 8 > arg o imply b > 0. So, using (34), (35) we obtain

Im \//\’? =Im <\/¥ \/g> = Im (¢c(A1+mn+iB1)(a—ib)) = —c(A1+7mn)b+caBy, ¢ > 0.

(44)
Therefore

]exp(2z’l\/§)\ = exp(—2{Im \/é) > exp(—2{Im \/g 2ey,) =
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= exp(—2l(—cbmn — cbA1 + caB + €,,)) > c1e®", c1, c2 > 0. (45)

So, for |A — A\, | =, — 0 there exist constants c¢1, ¢o > 0 not depending on the number
n such that

[ A ) 2
For the same A we have

2il, /2
A e B -1 2 2 2
tg\/lki|:|iA+i|: - < - < — . 4n
N N N on 1
B 203 |€21l\/; L |€21l\/;| L ae +

As exponent increases to infinity faster then any power function we really can find such

a number N, that

~ 2 2 o o~y 7y
AR =T < const (2 2 ) < en ol 1) < ROV
(48)
forn > Ny and A = A\y| =7, =n77. O

Lemma 3. For given v > 1 and the sequence of positive numbers r, =n~" — 0 (n —
00) there exist such a number M., > No > 0 such that for all n > M., in the neighborhood
|IA— A\n| < 7 of each solution A\, of (29) we have a unique solution of (23) and in the

neighborhood |A — \,| < 1, of each solution A\, of (30) we have a unique solution of
(24).

Proof. We prove only the first part of the theorem connected with the equations (29)
and (23). The second part can be proved analogously.

Let A, (n > N) are solutions of (29) situated inside the domain V. By the theorem
of Rouche (see, e.g., [8], p. 131) it is sufficient to prove the inequality

1100 = a1 = | ety Am 1)+ [5il < e fgz -\ = 1Pl @)

for all A € C such that |\ — \,| =7, =n"7 and n > M, > N».

Indeed, function ctg \/gl is analytic inside Vg, and we have

ctg \/Kl — ctg \/zl— A=) o(a— anl?). (50)
38 B ayBx, -sin? /291

Using the assumption fgl()\n) = 0 we obtain

l()‘ — )‘n)

- +O(IA = M) >
2/ B\, - sin? %"l

[far (M) = |
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> ial
VA, - sin? ,/%"l

=en " O™ =en T o(n™Th) (n— o0, ¥ >1). (51)

t-r
A=A = [O(A = An?)| = ——— T O(r2) =
=l =00 = M) = B 00

Here |sin? 1/%"l| > 0 is a fixed number, |\/A,| = ¢ /(A + mn)2 + B2 according to (34),
(35).
On the other hand

2i(R—1),/2
A e a4+ 1] 2 2
lctg /= (R=1)+i| = |i————+1| = < )
. A . A : A
V o ezz(R_z)\/g . - e-m(R-l),/a‘ ’6_21(}2_1),/5‘ B } |
52
For all A,, € V3 we have Im 4/ %" > 0. By the assumption |\ — \,| =7, =n~7 — 0 and

A€ V3, s0 Im\/§>lm\/%"—5n > 0 for some 0 < &, = 0 (n — o0). If\/g:a—l—ib
then arg 5§ > arg a imply b > 0. So, using (34), (35) we obtain

Im \/27 =Im <\/§ \/E) = Im (¢(A+7mn+iB)(a+ib)) = c(A+mn)b+caB, ¢ > 0.

(53)
Therefore

lexp(—2i(R )\/7)]—exp —lIm\/7>eXp —lIm\/i 9Re,) =

= exp(2(R — I)(cbrn + cbA + caB — e,,)) > dye®™.  (54)

for some dy, d2 > 0. Finally, we can find such a number M, that

a0 = 1[5t 20 i < iy < en o) < a0, 69

for [\ = Ap| =rn =177 and n > M,,. O

5. SOME ASYMPTOTIC FORMULAS FOR THE LIMIT EQUATIONS
Now, let us consider the interesting special case
a=1, /B=i+e (B=-1+¢e>+2e), e—0. (56)
We can rewrite the limit equations (28), (32)

ctg (ﬁ(R - l)> =1 e, (57)

2 2

21 € 2 +¢&3 £
t A =— ' R —— -+
cg<fi+€> 2(52+1)+Z2(52+1) 5 + i€, (58)
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If z = V/A(R — ) then we obtain by the formula (34)

2 2
anz+wn_2+i<;—52>+o(52), es0 (n=0,1,2,..). (59

Let us define u,, := % + mn, then we have asymptotic formula for the solutions of (57)

Anl(e) =

2 1 2 1
& [ 2 22Un + i(eun — €2uy,) | + o(e%). (60)

(R—12 (R—12|™ ° 1
For e = 0 we have the branch of positive eigenvalues

7['2(% +n)?

M(0) = ==

(61)

If € increases then all this values move asymptotically in upper complex half plane along
some parabolas, and its shift is as big as the number n. By formula (36) for all fixed
€ > 0 the branch of eigenvalues is situated along the parabola

(ImA)2(R—1)? (e —¢%)?

ReX = - . 62
© (e-<2)2 4R-1)? (62
. 20\ . .
If we change the variable z = - b (58) then using formula (34) we obtain
it+e
zn:§+7m—§—i(s+2e)+o(e ), €—=0 (n=0,1,2,...). (63)

Let us define v, := 5 4+ 7n. So, we have asymptotic formula for the solutions of (58)

—1+¢e2+ 2 ,
)\n(E) — Tzn =
1
T [—vp + €2(1+ 50, 4+ v7) + 2i(e(vn + v7) +26%0,)] + (%), & 0. (64)

If £ = 0 then it is the branch of negative eigenvalues

772(% +n)2

An(0) = ——"

(65)

If € increases then all this values move asymptotically in upper complex half plane along
some parabolas, and its displacement as big as the number n. By formula (38) for all
fixed € > 0 the branch of eigenvalues is situated along the parabola

272 2 2
Re ) — (ImA)%* e —i—O(E)’
g2 + o(e?) 412

(66)

rotated through the angle arg(—1 + &2 + 2ie).
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6. CONCLUSION

In present work we consider some auxiliary spectral boundary value problems arising
in theory of metamaterials. We prove that general problem has discrete spectrum situated
in the sector argff < argA < arga. In the special one-dimensional case we find
characteristic equation for eigenvalues A, and establish its localization in the narrow
angles arga < arg A < arga+9d and arg 5 — 6 < arg A < arg (6 > 0) for n — oo. More
precise, we find exact solutions of limit characteristic equations corresponding to each
of these sectors and prove that asymptotic behavior of the eigenvalues coincides with
these solutions which are parabolas with polar axis of symmetries arg A = arga and
arg A\ = arg 3. For the interesting physical case a = 1, /8 = i + ¢ we find asymptotic
behavior of the eigenvalues A, for ¢ — 40 depending on the number n.

Authors thank to Kiselev A.V. and Kopachevsky N.D. for statement the problem and
useful advises.
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O cneKTpaJIbHBIX CBOMCTBaX HEKOTOPHIX BCIOMOTATEJIbHBIX KPAEBBIX 33424
TEeopuM MeTaMaTepuaJsioB
Paccmampusaemcs 106a4 cnexkmpasvnas Kpaesas 3a0a4a, B03HUKAIOUWGA 6
MEOPUU MEMAMAMEPUAN0E. B obwem cayvae doka3ano, 4mo ee cnexmp A6Ad-
emca JUCKPEemHvM U PACTLONOHCEH 6 HEKOOPOM cexmope. B wacmmom odno-
MEPHOM CAYHAE HATOEH AOKAAUSAUUA COOCTNBEHHLT 3HAYEHUL, CMPEMAULUTCA

K 6BC?COH6%HOCTTLU, a MawraHce HEKOMOPBLE ACUMNIMOTNUYECKUE diopmym)t.

Kirouesnie ciioBas: CHGKTpaJH)HaH KpaeBas 3a/1a4a, rZLI/ICK]I)GTHBIIL/'I CIIEKTD, JIOKaJIN3aIlA
CODOCTBEHHBIX SHHHGHI/H'?'I7 ACHUMIITOTHYIECKHE (i)OpMyJH)I

IIpo ciekTpasibHi BJacCTUBOCTI AeAKNX JOIOMIi>KHIUX KPANOBUX 33aAa4 TE€OPil
MeTaMaTepiaiB
Poszenadaemoves nosa cnexmpanvha kpatiiosa 3a0aua, wo 6UHUKGE 8 MeEOPLi me-
mamamepianie. Y 3azarvromy eunadky dosedeno, wio i cnexmp € Juckpemmnum
ma PO3MAUL0BAHUM Y JeAKOMY CeKmopi. Y 4acmuomy 0OHOMIPHOMY SUNGIKY
3natidena AOKAAIBAULA BAACHUT 3HAYEHD, WO 3052a10MbCA J0 HECKIHUEHOCTNI, G
mMaKxoxHc Jeari acCuMNMOMUYHI HOPMYAU.

Kurouessie cioBa: CriekTpasibHasi KpaeBast 3a/1a49a, JIMCKPETHBIN CIIEKTD, JIOKAJIU3AIINs
CODCTBEHHBIX 3HAYCHUI, ACUMITOTHICCKIE (DOPMYJIBI
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EXISTENCE OF BERGE EQUILIBRIUM IN MIXED
STRATEGIES

We formalize a guaranteed solution notion for a mon-cooperative game of n
persons under uncertainty. This notion is based on the appropriate modification
of maximin and the Berge-Vaisman equilibrium. We obtain existence conditions
for the guaranteed solution in the class of mized strategies (probability
measures).*

Keywords: probability measure, mixed strategy, weak compactness in itself, guarantee,
Berge-Vaisman equilibrium, Nash equilibrium, maximin.

E-mail: zhkvlad@yandex.ru

INTRODUCTION

The Berge equilibrium concept was introduced intuitively by French mathematician
Claude Berge [1|. A brief review of Berge’s book by Shubik [2]| scared economists and
contributed to its subsequent neglect in the English-speaking world. Particularly it
was marked: "The arguments have been presented in a rather abstract manner and
no attention has been paid to applications to economics. The book will be of a little
direct interest to economists”. The Berge’s book was translated into Russian in 1961,
and V.Zhukovskiy in 1994-1995 formalized the Berge equilibrium for linear-quadratic
differential games under uncertainties (3], [4].

Note that Nash equilibrium is a common optimality concept for non-cooperative
games. The key difference is that in case of Nash equilibrium an individual player’s
deviation from the equilibrium cannot increase the player’s own payoff whereas; at the
same time in case of Berge equilibrium a deviation by one or more players can reduce
the payoff of a player, who does not deviate from an equilibrium situation. The Berge

'Pa6ora Buimosmena npu nopepxkke PO, mpoexr Ne14-01-90408 Ykp _a.
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equilibrium concept formalizes mutual support among players motivated by the altruistic
social value orientation in such games.

Now turn to formal definitions. Consider a non-cooperative game of three persons

I3 = ({1,2,3},{Xi}iz123, { fi(2) }i=1.2,3)
where X; C Rb is a set of strategies x; of the i-th player, f;(z) is his payoff function, a
situation x = (x1,z9,23) € X = ]§[ X;.
K. Vaisman called a couple (:Z;,lf") € X x R? a Berge equilibrium solution for the
game T's [5]-|7] if the following conditions

(1°) a situation v = (a, 2y, z) satisfies a Berge equilibrium condition, i.e.
Sy, xg,23) < fi(a¥) V€ X (5 =2,3),
fazr, w3, 23) < fo(a¥) Vap € X (k=1,3),
fa(z1, z2,23) < f3(xV) Va, € X, (r =1,2);
(2°) a property of individual rationality holds for all players, i.e.

fi(z¥) > max min fi(z),
r1 X2,T3

f2(zV) > max min fo(x),
T2 X1,T3

f3(z") > max min f3(z)
xr3 X1,T2

hold.

The "game"sense of the condition (2°) is as follows. If the property of individual
rationality (2") holds then every player provides himself a payoff f;(zV) (i = 1,2, 3) which
is at least not less than the i-th player’s maximin. The condition (2°) first was proposed
by Zhukovskiy’s doctoral student Konstantin Vaisman in 1994 [5]-[7]. He constructed
some examples such that a situation satisfying the Berge equilibrium conditions (19)
provides some players payoffs which are less than their maximins. In order to overcome
this negative property of the Berge equilibrium Vaisman proposed to use additionally
condition (2°). Moreover, the following results were obtained by Vaisman:

— in some cases the Berge equilibrium exists, when there is no Nash equilibrium;

— in some games (The Prisoners’ Dilemma, The Environmental Protection [8, p.
193]) if players simultaneously choose Berge equilibrium strategies, then everyone
receives a larger payoff than if they chose Nash equilibrium strategies.

Konstantin Vaisman died suddenly at the age of 35 in 1998. He owned a remarkable
trait: he had been helping everyone and forgetting himself. The authors of this paper
think that Vaisman’s researches of Berge equilibrium provide a basis to call the
above mentioned solution (zV, fV) of the non-cooperative game I's the Berge-Vaisman
equilibrium.
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Sufficient existence conditions of the Berge equilibrium were obtained by Zhukovskiy
[9] in the form of existence conditions for a saddle point (2°, 2¥) € X x X of the Germayer
convolution max(f;(z|/z) — fil2]), zi € Xi, 2 = (21,...,2n) € X = ][ Xi. The ideas of

v iEN
this approach have been used in the current research.

The aim of this paper is

— to formalize the Berge guaranteed solution for the non-cooperative game of n
persons under uncertainty, when we have only the limits of variations of these
uncertainties;

— to prove existence of the Berge guaranteed solution in the class of mixed
strategies (probability measures).

1. AUXILIARY DATA

1.1. Existence conditions for continuous selector. First introduce some facts from
mathematical programming [10], [11].
Suppose that

(1) aset X c R (R is the Euclidean [-dimensional space) is a compact one;

(2) aset Y C R™ is a convex compact one;

(3) a scalar function F'(z,y) is determined and continuous on X x Y, z € X and
yey;

(4) for any x € X the function F(x,y) is strictly convex in y € Y, i.e.

for all y¥) € Y (j = 1,2) and any A = const € (0, 1).

Then there exists a continuous m-vector function y(x) : X — Y such that

min F(z,y) = F(z,y(z)) Vz € X.
yey
1.2. Maximin in terms of hierarchical game. In game theory a maximin strategy
29 and a maximin FY are defined by the chain of equalities
maxmin F(z,y) = min F(z9,y) = FY. 1
max min F(z,y) = min F(27,y) (1)
For the process of accepting a guaranteed solution (29, F9) € X x R we can suggest
the following interpretation in terms of bilevel hierarchical game [10]. Two players are
participating in the game: Center and a player at a lower level on the hierarchy. Assume
that Center forms his own strategy = € X and the player at the lower level constructs an
uncertainty y(z) : X =Y, y(-) € C(X,Y) (see Fig. 1). The game proceeds as follows.
The first move is made by Center. He informs the lower level player of his possible
strategies z € X.
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(xf,F?*)
4 Il move
—>[x= smax F(x, y(x)) = F(x*, Y(x")) —F=]—
1l move | move
yix) x
4[y(x) cmin Fx,y) =Fx, (x)) VxeX ]“‘—
Pic. 1

The following (second) move is transferred to the lower level player, who forms an
uncertainty y(z) : X — Y such that for every x € X

mip F(z,y) = Fla.y(x)) = Fle), (2)

and informs Center about a specific type of the uncertainty y(x).
Finally (third move): Center forms a pair (29, F'9) which is defined by the condition

max F(z,y(z)) = F(a?,y(2%)) = F. (3)

Thus, Center can use the strategy z9. In this case Center provides himself the guarantee
F9 whatever uncertainty y(x) € Y has been realized because F9 < F(z9,y) Yy € Y.
Since FY9 > F[z] Vo € X, the guarantee FY is the largest of all guaranties F[z] .

The given above "hierarchical"approach will be applied in Section 2.

1.3. Mathematical model of conflict. Assume that a mathematical model of conflict
is represented by a non-cooperative game of N persons under uncertainty

In = (N X }ien, Y, {fi(2,9) ien)-

Here N = {1,...,n} is a set of the agents (players) numbers. A strategy of the i-th
player z; € X; C R4 (i € N). The players choose their strategies independently of each
other in the game I' y. Each i-th player formes and uses his own strategy x; € X; (i € N).

As a result we get a situation x = (21,...,7,) € X = [[ X; CR! (I= 3 I;). A set of
ieN iEN

uncertainties y(x) : X — Y C R™ is denoted as YX. In the terminology of the theory

of zero-sum games y(z) is a countersituation. We define a payoff function f;(z,y) of the

i-th player on the sets (z,y(z)). The i-th player obtains the payoff f;(z,y(z)) which is
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equal to the value of his payoff function in the concrete couple (z,y(z)). The aim of the
i-th player is to choose a strategy x; € X; such that his payoff is rational according to
his point of view. By choosing their strategies the players need to focus on possibility of
realization of any uncertainty y(x) € Y.

Let us now turn to the notion of a guaranteed solution of the game I'y.

2. GUARANTEED SOLUTION OF GAME I'y

2.1. Definition. To formalize a solution of the game I'y we shall use the approach from
Subsection 1.2. The only difference is that we replace formation of the interior minimum
from (2) by formation of n minimums (for every i-th player)

filz] = min f;(z,y) = fi(x, y(i)(m)) Vie N, e X. (4)
yeyY

Moreover we replace formation of the outer mazimum from (3) by two following
operations:

a) find a set XV of all situations zV in the "game of guaranties"

Ty = (N A{X}ien {file] = fil(@, 9" (@) }ien)

such that the Berge equilibrium condition is satisfied, i.e.

max  filz||zi] = filz"] (i € N), (5)
TN\ (i} EXN\ (3}
where
[Z'HJ;Z] = [1‘17 s 7xi—17$;’7$i+17 s 7wn]a xN\z = [(I,'l, sy L1, Tt 1y - - 7xn]7
Yo = I X
JEN,j#i
b) find a Slater maximal situation zV € XV in the n-criteria problem

(XY, {filz]}ien) (6)

such that the system of strict inequalities
file] > fil2"] = f7 (i€ N) (7)

is inconsistent for any z € XV.

Then the couple (zV,f%) € X x R" is called a Berge strong guaranteed solution
(equilibrium) in the game I'n. Here the n-vector f = (fi,...,fn) € R™ We present
a construction process of the Berge strong guaranteed solution in the game I'y in Fig.
2.

Now introduce a formal definition.
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P1ic. 2

Definition 1. A couple (zV, f¥) € X x R™ in the problem I'y is called a Berge strong

guaranteed solution (BVSGS) if there exist n continuous m-vector functions y® (z) (i €
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€ N) such that

y(].()neigx filz,y(2)) = fi(z,yD () = filz] V2 € X (i € N),

and

19) there exists a situation #V € X in the non-cooperative "game of guarantees"

(N AXi}ien, { filx]}ien) (8)
such that the equality (5) is satisfied. The set of all situations xV is designated
by XV ;

20)  the situation zV is Slater maximal for the n-criteria problem
(XY A filz]} ien),

i.e. for any x € XV there exists an index j(z) = j € N such that

fi(z) < f;(2%) = f;.
This condition is equivalent to inconsistency of the system f;[z] > f;[z¥] = f?
(i € N) for any x € X".
3%) the n-vector £ = (f1[z"],..., fulZ"]) = (f2,..., ).

2.2. Sufficient conditions for the Berge equilibrium. We assign the Germayer
convolution [12]
p(r,z) = max(fi[z|z] — fil2]) (9)
1EN
to the "game of guarantees"(8). Here
[37”22] = [.%'1, RN FTS 7 I1 /T ,Jjn] eX = H X, z € X; (’L € N),
1EN
z2=21,-. s Ziy...,2n) € X.
A saddle point (x°,2") of the scalar function o(z,z) is determined by the chain of
inequalities
oz, 2¥) < @’ 2Y) < ¢ 2) Vz,z € X. (10)

Taking into account (9) from the left inequality in (10) for zV = z°

p(a®,2°) = gé%(fi[xollx?] - filz") =0.

we get

Then (10) yields
p(z,2%) = max(fife|lz] - fil"]) <0 Vo € X.
1€
Hence for every ¢ € N
filzllz] = fil"]) <0 Ve € X.
Thus, we get for all z € X

filzllz] < filz"]) (i€ N). (11)



268 V. |. Zhukovskiy, S. N. Sachkov, L. V. Smirnova

Fulfillment of the conditions (11) for all z € X (i € N) means that the second
component z¥ = x¥ € X of the saddle point (2°,2") satisfies the Berge equilibrium
condition (5).

Remark. Construction of the Berge equilibrium situation z¥ = z¥ € X (which is
determined by (5)) is reduced to construction of the saddle point (2%, 2") € X? of the
scalar function (9). The second component z¥ € X of the saddle point (2, 2") satisfies

the Berge equilibrium condition (5).
2.3. Continuity of function ¢(z, z).

Proposition. Suppose that in the "game of guarantees"(8) the following conditions

1. the sets X; are compact ones (i.e. closed and bounded) in R;
2. the payoff functions f;[x] are continuous on X (i € N)

take place. Then the scalar function ¢(x, z) from (9) is continuous on X x X.

This proposition follows immediately from the well-known property [11]: suppose that
the function 1 (u, w) is continuous on U x W and the set W is compact; then the function
n(u) = max ¥ (u,w) is continuous on U.

weW

3. MIXED STRATEGIES

3.1. Borel o-algebra. We consider the segment Y* = [y;,y2] C R. A collection & of
subsets of Y = {y € Rly; <y < ya} is called o-algebra if it satisfies the following three
properties:

1. [y1,92] is an element of ;
2. if T C [y1,y2] is an element of J, then its complement [y1,y2] \ 7" is an element

of & as well;
o0

3. if Ty, C [y1,92] (k=1,2,...) are an elements of & then their union (J 7} is an
element of & too. =
If every element of o-algebra (V) is an element of o-algebra (2 then one can say
that o-algebra S@ contains o-algebra M.
First, we consider any o-algebra & which contains all segments [a, 8] C [y1,y2]. One
can prove that there exists a smallest o-algebra B(Y™*) such that

1. it is an element of any other o-algebra;
2. all closed segments from [y;, y2| are the elements of B(Y™).

This o-algebra B(Y™) is called the Borel o-algebra. Elements of the Borel o-algebra
B(Y™) are called Borel measurable sets. Thus for the segment [y, y2] the Borel o-algebra
is the smallest o-algebra over [y, y2] containing all closed subsets of [y1, ya].

Second, for the set Y* = {y = (y1,...,ym) | ¥i € [ygl),yze)] (i=1,...,m)} o-algebra

& is a collection of subsets of Y* such that
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1. Y* is an element of &
2. Qs closed with respect to the complementation operation Y*\Yj for all Yy, € &
(k=1,2,...);
o
3. § is closed with respect to the operation of countable unions J Y.
k=1
The Borel o-algebra B(Y™) is the smallest o-algebra over Y* containing all closed
subsets of Y*.
Third, we consider a set Y € R™ . Let Y be compact and hence bounded. Then there

exist numbers yl(l), yZ@) (i=1,...,m) such that

YV ={y=...um) 5" <y<uy? (i=1,....m)}
Let us construct B(Y™*). Then
B(Y)=BY*) (Y ={Y:( Y | Ys € B(Y")}.

The Borel o-algebra B(X;), where the set X; (i € N) of pure strategies z; of the i-th
player is a compact set in R%, is constructed in the same way.

3.2. Mixed strategies and situations in mixed strategies. Assume that in the
class of pure strategies x; € X; (i € N) there does not exist a situation zV satisfying the
Berge equilibrium condition (5). Then one can follow the approach proposed by Borel,
von Neumann and Nash. The approach is that the set X; of pure strategies x; should
be extended to the set of mixed strategies; then for the game (8)

(N {Xi}ien, { filz]}ien)

existence of situation satisfying the Berge equilibrium condition can be established on a
class of mixed strategies.
For this construct the Borel o-algebra B(X;) for every set X; (i € N) and construct

the Borel o-algebra B(X) for the set of situations X = [] X;. Assume that B(X)
€N
contains all Cartesian products of elements of the Borel o-algebras B(X;) (i € N).
In game theory a mixed strategy v;(-) of the i-th player is a probability measure on
the compact set X;. Consider the definition from [8]. Assume that B(X;) is a Borel
o-algebra over a compact set X; C Rl. A probability measure is a nonnegative scalar

function v;(-) which is defined on B(X;) and satisfies the following two conditions:

19) for every sequence {Q,(;)}iozl of mutually disjoint elements from B(X;) the
relation
vlJoy) =Jn@y)
k k
holds. We call this the property of countable additivity of the function v;(-);
20)  the equality
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takes place. We call this the property of normability.

Hence v;(Q™) < 1 VQW € B(X;).

Denote the set of mixed strategies v;(-) of the i-th player by {v;} (i € N).

Let 0(-) be Dirac function. Then a measure of the form d(x; — x})(dx) is also a
mixed strategy from the set {v;} (i € N). Note that the measure-products v(dx) =
=wv1(dxy) - ... vy(dz,) determined in [13], [14] are the probability measures on the set
X of situations (in pure strategies). Denote the set of probability measures v(dz) by
{v}. The measure v(dx) is called a situation in mized strategies.

Note that for constructing the measure-product v(dz) we use the smallest o-algebra
B(X) over X x ... x X,, = X such that B(X) contains all Cartesian products QW x
X ... x QM where Q¥ € B(X;) (i € N).

By [15], [16] the sets of all possible probability measures v;(dz;) (i € N) and v(dx) are
weakly closed and weakly compact in itself sets. This means (for {v}) that from every
infinite sequence {v®} (k =1,2,...) we can choose a subsequence {1} (j =1,2,..))
such that {v*/)} weakly converges to a measure v(¥)(-) € {v}. In other words, for any

scalar function (x) which is continuous on X, we have

Jim [ @) (o) = [ ola)p(do
X X
and v () € {v}.

Since p(z) is continuous, the integrals (mathematical expectations) [ ¢(x)v(dz) exist.
X
By Fubini’s theorem we have

/cp(m)l/(dac) _ /.../go(x)yn(dxn)...ul(dxl),
X X1 Xn

where the order of integration can be changed.

3.3. Mixed extension of the game (8). We put into correspondence to the "game

of guarantees"in pure strategies (8) its mixed extension
V. (whien (5 = [ ilalvldo)hien). (12)
X

Here (as in (8)) IV is a set of players’ numbers, {v;} is a set of mixed strategies v;(-)
of the i-th player (i € N). In the game (12) each i-th player chooses his own strategy
vi(+) € {v;}. As aresult the situation v(-) € {v} in mixed strategies is composed. Further

we introduce the payoff function (mathematical expectation) f;[v] = [ fi[z]v(dz) of i-th
X

player on the set {v}.
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For the game (12) the situation in mixed strategies vV(-) € {v} satisfies the Berge
equilibrium condition if

max filvlvi] = £ilv'] (i € N), (13)
v (i} (OE{va\ 1y }

where

v\ (o iy = vi(den) - . vim1(dwim1)viga (dzi) - - vp(dan),
[I/HZ/ZV] = [1/1(d$1) e 1/1;1(daj‘ifl)ljzl(dl‘i)%#l(daj‘iJrl) e I/n(dl‘n)],
vV (dx) = vy (dz1) ... vy (dzy,).

For the game (12) the condition (13) determines the analogue of Berge equilibrium
situation xV satisfying (5). Denote the set of situations in mixed strategies vV(-) € {v}
satisfying (13) by {v'}.

3.4. Properties of situations in mixed strategies satisfying the Berge
equilibrium condition.

3.4.1. Weak compactness in itself of the set {v'}. We establish the weak compactness
in itself of the subset {v¥} C {v}.

Assume that @[z] is an arbitrary continuous on X scalar function. Suppose that
the elements v®)(-) (k = 1,2,...) of the infinite sequence {v*)(-)}2%, belong to the
set {vV}. Then, since {v} C {v}, it follows that {v(}2°, C {v}. As {v} is weakly
compact in itself (see Subsection 3.2) there exists a subsequence {Ix(ki)(-)}]@’i1 and a
measure °(-) € {v} such that

lim | o[z]r*)(dz) = /(p[x]yo(daf).
J—00
X X

Now we prove the validity of the inclusion v°(-) € {vV}. Assume the contrary. Then
for a rather large j there exists a number ¢ € N and a situation v(-) € {v} such that
fZ[DHVZC 1 > f;[V*]. This inequality contradicts the inclusion {1/(’“1')(~)}]°-';1 c {v'}.

Thus for the game (12) we obtained weak compactness in itself of the set of situations
{v'}.

Compactness of the set f[{v¥}] = U flv] (n-vector f = (fi,...,fn)) in the

v()efvv}
criteria space R™ can be established in the same way.

3.4.2. Auziliary property 1. Consider scalar functions (9) yi(z,2) = filx || zi] — fi[z] and
o(x,2) = max @i(z, z). According to Subsection 2.3 it follows that if f;[z] (i € N) are
1€

continuous and the set X C R! of situations = is compact, then ¢(z, z) is determined
and continuous on X x X.
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We have @;(z,2) < p(x,z) = mzjx\?cgoi(x,z). Integrating the both parts of this
1€
inequality by an arbitrary measure-product p(dz)v(dz), where u(-) € {v} and v(-) € {v},
we get,

| et ouondn < [ maxeie utdedz)
XxX XxX

for all # € N. Therefore

max / wi(z, z)u(dx)v(dz) < /Igé%(%(m,z)ﬂ(dx)y(dz).
XxX XxX

Taking into account the form of ¢;(x, z) from (9) we have

wa [ (ke 5= flEDnov(d) < [ max(ile ] ) - flEDudov(ds). (1)
XxX XxX
Remark. The inequality (14) is a generalization of the well-known property: maximum

of sum do not exceed sum of maxima.

3.4.3. Auziliary property 2. Now consider an auxiliary two-person zero-sum game
[y = <{17 2}? {Xl =X, Xy = X}7 @(377 Z)>

In the game I'y the set of strategies x of the first player is X1 = X, the set of strategies
z of the second player is X9 = X. The payoff function ¢(z, z) of the first player is of the
form (9). The aim of the first player is to choose his strategy = € X such that to get the
largest possible value of the payoff function ¢(z, z). The aim of the second player is to
choose a strategy z € X such that the function ¢(z, z) takes the least possible value.
The solution of the game I'y is a saddle point (29, 2%) € X x X. It satisfies the relation

p(z,2") < p(a?,2") < ¢(a°,2)
for Vr € X and Vz € X.
Now assign a mixed extension

f? = <{1’ 2}7 {V}v {:u}v 90(’/) :U’)>

for the game I's.
Here {v} is the set of mixed strategies v(-) of the first player,{u} = {v} is the
set of mixed strategies p(-) of the second player, the payoff function (mathematical

expectation) of the first player is o(v, ) = [ @i(z,y)pu(dz)v(dy).
XxX

The solution of the game I'y is a saddle point (10, u¥), where (+°, ") is defined by
the inequalities
P 1) < o, 1*) < (v, 1) (15)
for all v(-) € {v} and u(-) € {v}. This solution is called a saddle point in mixed strategies
for the game I's.
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Glicksberg proved in 1952 the theorem of existence of Nash equilibrium in mixed
strategies for a non-cooperative game with n > 2 players [17]. For the special case of a
non-cooperative game of n > 2 players, namely for a two-person zero-sum game fg, this
theorem implies the following proposition.

Proposition. Suppose that the set X C R’ is compact and the payoff function of the
first player (z, z) is continuous on X x X in the game I's. Then there exists a solution
(10, V) satisfying (15) in the game I's, i.e. there exists a saddle point in mixed strategies
for the game I's.

Taking into account (9) we can present the inequalities (15) as

[ max(ile 2] = AlDude) (@) < [ max(le | 2 - AR do(d2) <

XxX XxX

< [ mathle 2 - AEDR () (16)
XxX
for all u(-) € {v} and v(-) € {v}. Setting v(dz) = u°(dz) the equality

plv) = [ max(fla | 2~ Fle)u®(do(d)
XxX
implies
p(u’,v) =0.
Hence, taking into account (16) we obtain

[ max(ile I 2] = AlDutde) (@) <o,
XxX
By (14) we get

max [ (fle | 2~ filDutdn)y(d2) <o,
XxX

ma / file | i)y (dz) - / filu(dey (dz) | <o.
x X XxX
Then

/ file || zilp(da)v¥(dz) < / filzlp(dz)v¥(dz) Vu(-) € {v}.
XxX XxX
Taking into account normalization of probability measure p(-) (see Subsection 3.2) we
have [ p(dz) =1. Then the previous inequality implies
X

/ Flo || 2idu(da)v (dz) < / Flelu(de)v (dz) Vi€ N.

XxX XxX
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Using notations from (12), taking into account f;[p || vi] = [ filz || zi]p(dz)v¥(dz),
XxX
we get,

filw vi] < filv'] (i € N),

i.e. condition (13) holds.

Thus, if the sets X; C R% (i € N) are compact and the payoff functions f;[z] of every
i-th player are continuous on X in the game (8), then there exists a situation in mixed
strategies vV () € {v} satisfying Berge equilibrium condition (5) in the game (8).

4. EXISTENCE

4.1. The notion of strong guaranteed Berge equilibrium in mixed strategies.
In this section we present the main result of present paper. We establish existence of a
strong guaranteed Berge equilibrium in mixed strategies for the game

Iy = (N, {Xi}tien, Y™, {fi(z,y) }ien)-
For this we assign a quasimixed extension

T = (N, {vi}ien, Y, {fi(, ) bien)

to the game I'y.

Recall that in I'y the sets X; C Rl (i € N) are compact ones. N = {1,...,n} is the
set of players’ numbers in the game Iy (as in I'y). In Ty every i-th player (i € N)
can use both pure strategies z; € X; C R% (i € N) (as in I'y) and mixed strategies
(probability measures) v(-) determined on the Borel o-algebra B(X;) over the compact
set X; C RY (see subsection 3.2). YX is the set of uncertainties y(z) : X — Y, Y Cc R™.
The payoff function of the i-th player is of the form

filvy) = / fi(w,y)v(da). (17)
X

Similarly to Subsection 2.1, we introduce the notion of a strong guaranteed equilibrium
@V, F%) € {v} xR™ (f = (f1,..., fn)) in mixed strategies for the game T'y. For this we
use three stages:

Stage 1. Taking into account the relation

min fi(z,y) = fi(x,y" (x)) = filz] Vo € X (i€ N)
yey

we construct n vector-functions y(z) € YX.
Stage 2. For the non-cooperative "game of guarantees"of n persons

(N A{vitien {filv]} ien), (18)
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where the payoff function of the i-th player is defined by the equality f;[v] = [ fi[z]v(dz)
X
(1 € N), we find a set {vV} C {v} of situations in mixed strategies v¥(-) such that

max  fpY] = fiB] G EN). (19)
vty O€{vmgiy }
Here the measure-product v ;) (dry 13y) = vi(dz1) ... vie1(dwi-1)vig1(dzisr) - . v (dey),
i.e. vV(-) satisfies the Berge equilibrium condition in the game (18).
Stage 3. For the n-criteria problem

{v' A filv]}ien)

construct a Slater maximal solution 7V(-) € {v} such that for any vV(-) € {v'} the
system of strict inequalities

filvl > fil#*] = £ (i € N)
is inconsistent.
Then the couple (7", f* = (f;,..., f2)) is called a Berge strong guaranteed equilibrium
in mized strategies for the game I'y. The situation in mixed strategies 7V(-) is called a
guaranteeing situation; n-vector f* is called a vector guarantee.

4.2. Proof of existence. Assume that the following conditions hold for the game I'y:

(1°) the sets X; C R% (i € N) and Y C R™ are compact and Y is convex as well;

(2°) the payoff functions f;(z,y) (i € N) are continuous on X x Y (X = [[ X;);
iEN
(3%) for any x € X the payoff functions fi(x,y) (i € N) are strictly convex in y € Y,
i.e. for all A = const € (0,1) and y¥) € Y (j = 1,2) the following strict

inequalities hold
Filz, Ay + (1= Ay @) < Nifil, v D) + (1 = N) fi(z,yP) (i € N).

We prove that fulfillment of conditions 1° — 3 provides existence of strong guaranteed
equilibrium of Berge in mixed strategies in the game I'yy. In other words, we are going
to prove that conditions 1Y — 3% yield existence of a couple (¥(-), f*) satisfying the
requirements of Stages 1-3 from Subsection 4.1.

Stage 1. By Subsection 1.1 fulfillment of conditions 1° — 3% yields existence of a
continuous m-vector function

y () : min filz,y) = filz,y'(2)) = filz] Yo € X (i€ N). (20)

Note that the functions fi[z] = fi(z,y?(x)) (i € N) are continuous on X (as a
superposition of continuous functions fi(z,y) and y®(z)). By (20) for every z € X
we have

filz] < fi(z,y) Yy € Y(i € N). (21)
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Integrating the both parts of the inequality (21) by an arbitrary measure v(-) € {v} we
get

filv] = /fl[:z]y(d:v) < /fl(:c,y)l/(dac) = filv,y) Yy €Y (i € N). (22)
X X

Due to the inequality (21) we can assign the "game of guarantees"

Ly = (N, {Xitien, { filz]}ien)
to the game I'y.
Since for all y € Y we have

filz] < fi(z,y) (i€ N),
then the vector guarantee f[z] = (fi[z],..., fu[z]) corresponds to each situation z € X

in I'y. In the same way, due to the inequality (22) in the "game of guarantees"in mixed
strategies

T, = (N, {vihien {filV] = / filel(d2) hien)
X

the vector guarantee f[v] = (fi[v],..., fu[v]) corresponds to each situation in mixed
strategies v(-) € {v}.

Since inequalities (21) and (22) hold for all ¢ € N then it follows that the guarantees
flz] and f[v] are the "smallest". This is a main reason to use the term "strong
guaranteed".

Stage 2. Since the sets X; (i € N) are compact and the function f;[x] is continuous on

X = [ Xi (see conditions 1° — 20 and Stage 1), taking into account Subsection 3.4.3,
1EN

there exists a situation in mixed strategies vV(-) satisfying the requirement of Berge

equilibrium (19) in the game I'y. Therefore the set {vV} # (). By Subsection 3.4.1 the

set {vV} is weakly compact in itself, then the set of values of payoff functions

e=fl{r'Y= U [0 (hereflv] = (Al),..., ful]) (23)
v(-)e{v}
is a compact set in R™ (see the proof in Subsection 3.4.1).

Stage 3. Let a; = const > 0 and Y. a; > 0. Consider a linear convolution »_ «a;f;
iEN iEN
determined on ® (see (23)). Since Y a;f; is continuous on ¢ and taking into account
1EN B B B
Weierstrass theorem we get that there exists a constant n-vector f* = (f7,...,f3)) € ®
such that max > a;f; = Y. a;ff. Due to Karlin’s Lemma [19] the alternative f* is
€P jeN i€EN

maximal by Slater in the n-criteria problem

(@, {fitien),

i.e. for any f € ® the system of inequalities

fi>ff (ieN)
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is inconsistent. Taking into account the construction way of the set ® (see (23)) one can
state that there exists a situation 7°(-) € {v} such that f* = f[P®]. This situation
in mixed strategies v°(-) is Slater maximal in n-criteria problem ({vV},{fi[v]}ien)-
According to the definition from Subsection 4.1 the couple (7", f*) is a Berge strong
guaranteed equilibrium in mixed strategies for the game I'y.

Thus, if for the game I'y the following conditions

— the sets X; CRY (i € N) and Y C R™ are compact;

— the set Y is convex;

— the scalar payoff functions f;(z,y) (i € N) are continuous on X x Y;

— for any x € X the payoff functions f;(z,y) (i € N) are strictly convex in y € Y

hold, then there exists a Berge strong guaranteed solution (BVSGS) in mixed strategies
in the game I'y.

Remark. The "game sense"of the notion of BVSGS is as follows. Every situation has
a corresponding vector guarantee. Among these guarantees we have to select the ones
which correspond to the Berge equilibrium situations. Then from such guarantees a
Slater maximal guarantee (with respect to the selected guarantees) has to be chosen.
The couple (the equilibrium situation and the corresponding vector guarantee) is offered
as a "good"solution (BVSGS) for the game I'y. In fact, whatever uncertainty is realized
in the game I'y, the players (using the situation from BVSGS) provide themselves "the
largest"guaranteed payoffs. For each player this guaranteed payoff coincides with the
corresponding component of the vector guarantee.

5. CONCLUSIONS

In this paper two new basic results of game theory have been established. These results
concern Berge equilibrium (see the review [18]).
First, for the non-cooperation game

Ly = (N, {Xi}ien, { filr] }ien),

where N = {1,...,n} is the set of players’ numbers, the set of strategies x; of the i-th

player is X; C RY (i € N), the situations = (z1,...,7,) € X = [[ X; C R, the
iEN

i-th player payoff function f;[z] is determined on X, the following proposition have been

obtained.

Proposition 1. If X; are compact and f;[z] are continuous on X; (¢ € N) then in the
game I'y there exist the situations in mixed strategies 7V(-) € {v} satisfying the Berge
equilibrium condition (19) such that #V(-) is Slater maximal with respect to all other
situations satisfying the Berge equilibrium condition.
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Second, we considered a non-cooperation game of n persons under uncertainty

I'n = (N A{X}ien, Y, {fi(z,9) Yien),

where N, z;, X;, x, X are the same as in I'g, Y X is the set of uncertainties y(x) : X —
— Y C R™, on the set X XY the payoff function f;(x,y) of any i-th player is determined.

In subsection 4.1 for the game I'yy we have introduced the notion of Berge strong
guaranteed equilibrium in mixed strategies.

Proposition 2. Let in the game I'y the following conditions

— the sets X; C R% (i € N) and Y C R™ are compact;

— the set Y is convex;

— the scalar payoff functions f;(z,y) (i € N) are continuous on X x Y;

— for any x € X the payoff functions f;(x,y) (i € N) are strictly convex in y € Y’

hold, then there exists a Berge strong guaranteed solution in mixed strategies in the
game I'y.
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CyuiecTBoBaHue paBHOBecusi 10 Bepky B CMelIaHHBIX CTpaTerusix
Jns 6eckoasuyuontot uepol n AUy, Npu HEOnPedeAeHHOCY POPMANUSYETCA
NOHAMUE 24PAHMUPOBANHO20 PEWEHUSA, OCHOBANHO20 Ha NOOLOOAWEl MOOUPU-
KAUuU Makcumuna u pasrosecus no Bepowcy. IToayuens Yycaosus cyuecmeosa-
HUA 2aPANMUPOBAHHOZ0 PEWEHUA 6 KAACCE CMEWAHHOIT cmpameull (6eposm-
HOCTHBLT MED).
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HOCTB, TapaHTus, paBHOBecue 1o Bep:ky-Balicmany, paBnosecue o Harry, MmakcumuH.



CO/ZIEP>KAHUE

M. B. bapan
TEOPEMA O CPEJIHEM U ®OPMVYJIA TEMJIOPA J1JISI CUM-
METPNYECKUX ITPOU3BOJHBIX 1 CUMMETPUYECKUX
K-CYBJND®PEPEHIIVAJIOB ... ... i,

FO.B. Borganckuii, A.HO. Canxkapesckuii
JIATIJTACHAH I1O MEPE U BAIAYA JUPUXJIE ..............

E. B. boxoHok, E. M. KyabmeHko
KJIACCBlI BAPUAIIMOHHBIX ®YHKIIMOHAJIOB, MMEIO-
IImx HEJIOKAJIBHBINT KOMIIAKTHBINI KCTPEMVYVM B
WP HA MHOT'OMEPHOM OBJIACTBIO ...,

3. J1. Ma3mes
CHHEKTPAJIBHAS 3AJIAYA C VCJIOBUSIMU COIIPAXKE-
HUS HA KPUBOJIMHENMHOM F'PAHUILIE ........................

H. [l. Konadesckuii, K. A. Pagomupckas
ABCTPAKTHBIE CMEIITAHHBIE KPAEBBIE U CITEKTPAJIb-
HBIE BAJTAYUN COIIPAKEHWA ...,

M. B. Menbhukosa, O. C. Crapkoea
CJIABBIE 1 OBOBIIIEHHBIE PEIIIEHNA ABCTPAKTHOM
CTOXACTUYECKOIN SAJAYM KOIIINA ..........................

E. B. CémkuHna
CIHEKTPAJIbHASA IIPOBJIEMA, ACCOIIMMPOBAHHASY C
3AZTAYEN O MAJIBIX JABUXKEHUAX AUCCUIIATUBHOMN
CUCTEMDBI . ...

H. I. ConpaTtoea
O PEIIEHUU TPEXKPUTEPUAJIbBHOM 3AJAYN IIPU
HEOIIPEAEJIEHHOCTIL ........... ... .. . ..

®. C. CToHsiKMH
CEKBEHIIMAJIbHA YA BEPCHNYA TEOPEMBI VJIA O BBIIIVK-

21

31

45

o8

65

75

JIOCTU N KOMIIAKTHOCTU OBPA3A BEKTOPHBIX MEP 100



281

®. C. Crouskun, P. O. Wnnnés
AHAJIOT TEOPEMBHBI JIAIIYHOBA O BBIIIYKJIOCTU AJIA --
KBA3SMUMEP 1 EI'O ITPNJIOZKEHU S K 3ATAYE O PA3IEJIE
PECYPCOB ... 112

3. N. Xannnosa
QKCTPEMAJIBHBIE BAPUAIIMOHHBIE 3AJAYN C CVYB-
TJIAAIKAM MHTET'PAHTOM ... i 125

A. B. Ubirankoea
NCKJIFOUYEHUMWE YCJIOBUA AdKOBUN
B BAPUAIIMOHHBIX 3AJAYAX C HEI'NNIAIKNM WHTE-
TP AH T T OM . 154

B. 1. XKykoeckuii, 1. K. Axpamees
TAPAHTNPOBAHHOE IIO PUCKY PEHNIEHNE B 3AJAYE
ANBEPCUPNKAIINN BKJIAIJA IIO TPEM JAEIIO3UTAM
(PYBJIEBOMY, B JOJIJTAPAX M EBPO) ......................... 177

B. 1. XXykosckuii, M. /. Beicokoc
TAPAHTVPOBAHHOE IIO NMCXOJAM N PUCKAM PEIIIE-

HUE B OﬂHOKPHTEPHAﬂbHOﬁ SBAJAYE ..................... 198
A. V. Dereza

DEFINITION OF TIME COMPONENT PETRI NET FOR

DIFFERENT WAYS OF IT CONSTRUCTION .................... 211

A. S. Gorbatov, V. |. Zhukovskiy
ABOUT DEPOSIT DIVERSIFICATION PROBLEM .............. 222

0. S. Kisel, J. S. Pashkova
COMPARISON OF ORLICZ, LORENTZ AND ORLICZ-
LORENTZ SPACES ... . 234

V. |. Voytitsky, D. A. Zakora
ON THE SPECTRAL PROPERTIES OF SOME AUXILIARY
BOUNDARY VALUE PROBLEMS FROM THEORY OF
METAMATERIALS ... 247

V. |. Zhukovskiy, S. N. Sachkov, L. V. Smirnova
EXISTENCE OF BERGE EQUILIBRIUM IN MIXED
STRATEGIES ... i 261



	UZ_2014_01____279.pdf

