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INTRODUCTION

The Berge equilibrium concept was introduced intuitively by French mathematician
Claude Berge [1|. A brief review of Berge’s book by Shubik [2]| scared economists and
contributed to its subsequent neglect in the English-speaking world. Particularly it
was marked: "The arguments have been presented in a rather abstract manner and
no attention has been paid to applications to economics. The book will be of a little
direct interest to economists”. The Berge’s book was translated into Russian in 1961,
and V.Zhukovskiy in 1994-1995 formalized the Berge equilibrium for linear-quadratic
differential games under uncertainties (3], [4].

Note that Nash equilibrium is a common optimality concept for non-cooperative
games. The key difference is that in case of Nash equilibrium an individual player’s
deviation from the equilibrium cannot increase the player’s own payoff whereas; at the
same time in case of Berge equilibrium a deviation by one or more players can reduce
the payoff of a player, who does not deviate from an equilibrium situation. The Berge
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equilibrium concept formalizes mutual support among players motivated by the altruistic
social value orientation in such games.

Now turn to formal definitions. Consider a non-cooperative game of three persons

I3 = ({1,2,3},{Xi}iz123, { fi(2) }i=1.2,3)
where X; C Rb is a set of strategies x; of the i-th player, f;(z) is his payoff function, a
situation x = (x1,z9,23) € X = ]§[ X;.
K. Vaisman called a couple (:Z;,lf") € X x R? a Berge equilibrium solution for the
game T's [5]-|7] if the following conditions

(1°) a situation v = (a, 2y, z) satisfies a Berge equilibrium condition, i.e.
Sy, xg,23) < fi(a¥) V€ X (5 =2,3),
fazr, w3, 23) < fo(a¥) Vap € X (k=1,3),
fa(z1, z2,23) < f3(xV) Va, € X, (r =1,2);
(2°) a property of individual rationality holds for all players, i.e.

fi(z¥) > max min fi(z),
r1 X2,T3

f2(zV) > max min fo(x),
T2 X1,T3

f3(z") > max min f3(z)
xr3 X1,T2

hold.

The "game"sense of the condition (2°) is as follows. If the property of individual
rationality (2") holds then every player provides himself a payoff f;(zV) (i = 1,2, 3) which
is at least not less than the i-th player’s maximin. The condition (2°) first was proposed
by Zhukovskiy’s doctoral student Konstantin Vaisman in 1994 [5]-[7]. He constructed
some examples such that a situation satisfying the Berge equilibrium conditions (19)
provides some players payoffs which are less than their maximins. In order to overcome
this negative property of the Berge equilibrium Vaisman proposed to use additionally
condition (2°). Moreover, the following results were obtained by Vaisman:

— in some cases the Berge equilibrium exists, when there is no Nash equilibrium;

— in some games (The Prisoners’ Dilemma, The Environmental Protection [8, p.
193]) if players simultaneously choose Berge equilibrium strategies, then everyone
receives a larger payoff than if they chose Nash equilibrium strategies.

Konstantin Vaisman died suddenly at the age of 35 in 1998. He owned a remarkable
trait: he had been helping everyone and forgetting himself. The authors of this paper
think that Vaisman’s researches of Berge equilibrium provide a basis to call the
above mentioned solution (zV, fV) of the non-cooperative game I's the Berge-Vaisman
equilibrium.
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Sufficient existence conditions of the Berge equilibrium were obtained by Zhukovskiy
[9] in the form of existence conditions for a saddle point (2°, 2¥) € X x X of the Germayer
convolution max(f;(z|/z) — fil2]), zi € Xi, 2 = (21,...,2n) € X = ][ Xi. The ideas of

v iEN
this approach have been used in the current research.

The aim of this paper is

— to formalize the Berge guaranteed solution for the non-cooperative game of n
persons under uncertainty, when we have only the limits of variations of these
uncertainties;

— to prove existence of the Berge guaranteed solution in the class of mixed
strategies (probability measures).

1. AUXILIARY DATA

1.1. Existence conditions for continuous selector. First introduce some facts from
mathematical programming [10], [11].
Suppose that

(1) aset X c R (R is the Euclidean [-dimensional space) is a compact one;

(2) aset Y C R™ is a convex compact one;

(3) a scalar function F'(z,y) is determined and continuous on X x Y, z € X and
yey;

(4) for any x € X the function F(x,y) is strictly convex in y € Y, i.e.

for all y¥) € Y (j = 1,2) and any A = const € (0, 1).

Then there exists a continuous m-vector function y(x) : X — Y such that

min F(z,y) = F(z,y(z)) Vz € X.
yey
1.2. Maximin in terms of hierarchical game. In game theory a maximin strategy
29 and a maximin FY are defined by the chain of equalities
maxmin F(z,y) = min F(z9,y) = FY. 1
max min F(z,y) = min F(27,y) (1)
For the process of accepting a guaranteed solution (29, F9) € X x R we can suggest
the following interpretation in terms of bilevel hierarchical game [10]. Two players are
participating in the game: Center and a player at a lower level on the hierarchy. Assume
that Center forms his own strategy = € X and the player at the lower level constructs an
uncertainty y(z) : X =Y, y(-) € C(X,Y) (see Fig. 1). The game proceeds as follows.
The first move is made by Center. He informs the lower level player of his possible
strategies z € X.
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(xf,F?*)
4 Il move
—>[x= smax F(x, y(x)) = F(x*, Y(x")) —F=]—
1l move | move
yix) x
4[y(x) cmin Fx,y) =Fx, (x)) VxeX ]“‘—
Pic. 1

The following (second) move is transferred to the lower level player, who forms an
uncertainty y(z) : X — Y such that for every x € X

mip F(z,y) = Fla.y(x)) = Fle), (2)

and informs Center about a specific type of the uncertainty y(x).
Finally (third move): Center forms a pair (29, F'9) which is defined by the condition

max F(z,y(z)) = F(a?,y(2%)) = F. (3)

Thus, Center can use the strategy z9. In this case Center provides himself the guarantee
F9 whatever uncertainty y(x) € Y has been realized because F9 < F(z9,y) Yy € Y.
Since FY9 > F[z] Vo € X, the guarantee FY is the largest of all guaranties F[z] .

The given above "hierarchical"approach will be applied in Section 2.

1.3. Mathematical model of conflict. Assume that a mathematical model of conflict
is represented by a non-cooperative game of N persons under uncertainty

In = (N X }ien, Y, {fi(2,9) ien)-

Here N = {1,...,n} is a set of the agents (players) numbers. A strategy of the i-th
player z; € X; C R4 (i € N). The players choose their strategies independently of each
other in the game I' y. Each i-th player formes and uses his own strategy x; € X; (i € N).

As a result we get a situation x = (21,...,7,) € X = [[ X; CR! (I= 3 I;). A set of
ieN iEN

uncertainties y(x) : X — Y C R™ is denoted as YX. In the terminology of the theory

of zero-sum games y(z) is a countersituation. We define a payoff function f;(z,y) of the

i-th player on the sets (z,y(z)). The i-th player obtains the payoff f;(z,y(z)) which is
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equal to the value of his payoff function in the concrete couple (z,y(z)). The aim of the
i-th player is to choose a strategy x; € X; such that his payoff is rational according to
his point of view. By choosing their strategies the players need to focus on possibility of
realization of any uncertainty y(x) € Y.

Let us now turn to the notion of a guaranteed solution of the game I'y.

2. GUARANTEED SOLUTION OF GAME I'y

2.1. Definition. To formalize a solution of the game I'y we shall use the approach from
Subsection 1.2. The only difference is that we replace formation of the interior minimum
from (2) by formation of n minimums (for every i-th player)

filz] = min f;(z,y) = fi(x, y(i)(m)) Vie N, e X. (4)
yeyY

Moreover we replace formation of the outer mazimum from (3) by two following
operations:

a) find a set XV of all situations zV in the "game of guaranties"

Ty = (N A{X}ien {file] = fil(@, 9" (@) }ien)

such that the Berge equilibrium condition is satisfied, i.e.

max  filz||zi] = filz"] (i € N), (5)
TN\ (i} EXN\ (3}
where
[Z'HJ;Z] = [1‘17 s 7xi—17$;’7$i+17 s 7wn]a xN\z = [(I,'l, sy L1, Tt 1y - - 7xn]7
Yo = I X
JEN,j#i
b) find a Slater maximal situation zV € XV in the n-criteria problem

(XY, {filz]}ien) (6)

such that the system of strict inequalities
file] > fil2"] = f7 (i€ N) (7)

is inconsistent for any z € XV.

Then the couple (zV,f%) € X x R" is called a Berge strong guaranteed solution
(equilibrium) in the game I'n. Here the n-vector f = (fi,...,fn) € R™ We present
a construction process of the Berge strong guaranteed solution in the game I'y in Fig.
2.

Now introduce a formal definition.
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Definition 1. A couple (zV, f¥) € X x R™ in the problem I'y is called a Berge strong

guaranteed solution (BVSGS) if there exist n continuous m-vector functions y® (z) (i €
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€ N) such that

y(].()neigx filz,y(2)) = fi(z,yD () = filz] V2 € X (i € N),

and

19) there exists a situation #V € X in the non-cooperative "game of guarantees"

(N AXi}ien, { filx]}ien) (8)
such that the equality (5) is satisfied. The set of all situations xV is designated
by XV ;

20)  the situation zV is Slater maximal for the n-criteria problem
(XY A filz]} ien),

i.e. for any x € XV there exists an index j(z) = j € N such that

fi(z) < f;(2%) = f;.
This condition is equivalent to inconsistency of the system f;[z] > f;[z¥] = f?
(i € N) for any x € X".
3%) the n-vector £ = (f1[z"],..., fulZ"]) = (f2,..., ).

2.2. Sufficient conditions for the Berge equilibrium. We assign the Germayer
convolution [12]
p(r,z) = max(fi[z|z] — fil2]) (9)
1EN
to the "game of guarantees"(8). Here
[37”22] = [.%'1, RN FTS 7 I1 /T ,Jjn] eX = H X, z € X; (’L € N),
1EN
z2=21,-. s Ziy...,2n) € X.
A saddle point (x°,2") of the scalar function o(z,z) is determined by the chain of
inequalities
oz, 2¥) < @’ 2Y) < ¢ 2) Vz,z € X. (10)

Taking into account (9) from the left inequality in (10) for zV = z°

p(a®,2°) = gé%(fi[xollx?] - filz") =0.

we get

Then (10) yields
p(z,2%) = max(fife|lz] - fil"]) <0 Vo € X.
1€
Hence for every ¢ € N
filzllz] = fil"]) <0 Ve € X.
Thus, we get for all z € X

filzllz] < filz"]) (i€ N). (11)
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Fulfillment of the conditions (11) for all z € X (i € N) means that the second
component z¥ = x¥ € X of the saddle point (2°,2") satisfies the Berge equilibrium
condition (5).

Remark. Construction of the Berge equilibrium situation z¥ = z¥ € X (which is
determined by (5)) is reduced to construction of the saddle point (2%, 2") € X? of the
scalar function (9). The second component z¥ € X of the saddle point (2, 2") satisfies

the Berge equilibrium condition (5).
2.3. Continuity of function ¢(z, z).

Proposition. Suppose that in the "game of guarantees"(8) the following conditions

1. the sets X; are compact ones (i.e. closed and bounded) in R;
2. the payoff functions f;[x] are continuous on X (i € N)

take place. Then the scalar function ¢(x, z) from (9) is continuous on X x X.

This proposition follows immediately from the well-known property [11]: suppose that
the function 1 (u, w) is continuous on U x W and the set W is compact; then the function
n(u) = max ¥ (u,w) is continuous on U.

weW

3. MIXED STRATEGIES

3.1. Borel o-algebra. We consider the segment Y* = [y;,y2] C R. A collection & of
subsets of Y = {y € Rly; <y < ya} is called o-algebra if it satisfies the following three
properties:

1. [y1,92] is an element of ;
2. if T C [y1,y2] is an element of J, then its complement [y1,y2] \ 7" is an element

of & as well;
o0

3. if Ty, C [y1,92] (k=1,2,...) are an elements of & then their union (J 7} is an
element of & too. =
If every element of o-algebra (V) is an element of o-algebra (2 then one can say
that o-algebra S@ contains o-algebra M.
First, we consider any o-algebra & which contains all segments [a, 8] C [y1,y2]. One
can prove that there exists a smallest o-algebra B(Y™*) such that

1. it is an element of any other o-algebra;
2. all closed segments from [y;, y2| are the elements of B(Y™).

This o-algebra B(Y™) is called the Borel o-algebra. Elements of the Borel o-algebra
B(Y™) are called Borel measurable sets. Thus for the segment [y, y2] the Borel o-algebra
is the smallest o-algebra over [y, y2] containing all closed subsets of [y1, ya].

Second, for the set Y* = {y = (y1,...,ym) | ¥i € [ygl),yze)] (i=1,...,m)} o-algebra

& is a collection of subsets of Y* such that
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1. Y* is an element of &
2. Qs closed with respect to the complementation operation Y*\Yj for all Yy, € &
(k=1,2,...);
o
3. § is closed with respect to the operation of countable unions J Y.
k=1
The Borel o-algebra B(Y™) is the smallest o-algebra over Y* containing all closed
subsets of Y*.
Third, we consider a set Y € R™ . Let Y be compact and hence bounded. Then there

exist numbers yl(l), yZ@) (i=1,...,m) such that

YV ={y=...um) 5" <y<uy? (i=1,....m)}
Let us construct B(Y™*). Then
B(Y)=BY*) (Y ={Y:( Y | Ys € B(Y")}.

The Borel o-algebra B(X;), where the set X; (i € N) of pure strategies z; of the i-th
player is a compact set in R%, is constructed in the same way.

3.2. Mixed strategies and situations in mixed strategies. Assume that in the
class of pure strategies x; € X; (i € N) there does not exist a situation zV satisfying the
Berge equilibrium condition (5). Then one can follow the approach proposed by Borel,
von Neumann and Nash. The approach is that the set X; of pure strategies x; should
be extended to the set of mixed strategies; then for the game (8)

(N {Xi}ien, { filz]}ien)

existence of situation satisfying the Berge equilibrium condition can be established on a
class of mixed strategies.
For this construct the Borel o-algebra B(X;) for every set X; (i € N) and construct

the Borel o-algebra B(X) for the set of situations X = [] X;. Assume that B(X)
€N
contains all Cartesian products of elements of the Borel o-algebras B(X;) (i € N).
In game theory a mixed strategy v;(-) of the i-th player is a probability measure on
the compact set X;. Consider the definition from [8]. Assume that B(X;) is a Borel
o-algebra over a compact set X; C Rl. A probability measure is a nonnegative scalar

function v;(-) which is defined on B(X;) and satisfies the following two conditions:

19) for every sequence {Q,(;)}iozl of mutually disjoint elements from B(X;) the
relation
vlJoy) =Jn@y)
k k
holds. We call this the property of countable additivity of the function v;(-);
20)  the equality
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takes place. We call this the property of normability.

Hence v;(Q™) < 1 VQW € B(X;).

Denote the set of mixed strategies v;(-) of the i-th player by {v;} (i € N).

Let 0(-) be Dirac function. Then a measure of the form d(x; — x})(dx) is also a
mixed strategy from the set {v;} (i € N). Note that the measure-products v(dx) =
=wv1(dxy) - ... vy(dz,) determined in [13], [14] are the probability measures on the set
X of situations (in pure strategies). Denote the set of probability measures v(dz) by
{v}. The measure v(dx) is called a situation in mized strategies.

Note that for constructing the measure-product v(dz) we use the smallest o-algebra
B(X) over X x ... x X,, = X such that B(X) contains all Cartesian products QW x
X ... x QM where Q¥ € B(X;) (i € N).

By [15], [16] the sets of all possible probability measures v;(dz;) (i € N) and v(dx) are
weakly closed and weakly compact in itself sets. This means (for {v}) that from every
infinite sequence {v®} (k =1,2,...) we can choose a subsequence {1} (j =1,2,..))
such that {v*/)} weakly converges to a measure v(¥)(-) € {v}. In other words, for any

scalar function (x) which is continuous on X, we have

Jim [ @) (o) = [ ola)p(do
X X
and v () € {v}.

Since p(z) is continuous, the integrals (mathematical expectations) [ ¢(x)v(dz) exist.
X
By Fubini’s theorem we have

/cp(m)l/(dac) _ /.../go(x)yn(dxn)...ul(dxl),
X X1 Xn

where the order of integration can be changed.

3.3. Mixed extension of the game (8). We put into correspondence to the "game

of guarantees"in pure strategies (8) its mixed extension
V. (whien (5 = [ ilalvldo)hien). (12)
X

Here (as in (8)) IV is a set of players’ numbers, {v;} is a set of mixed strategies v;(-)
of the i-th player (i € N). In the game (12) each i-th player chooses his own strategy
vi(+) € {v;}. As aresult the situation v(-) € {v} in mixed strategies is composed. Further

we introduce the payoff function (mathematical expectation) f;[v] = [ fi[z]v(dz) of i-th
X

player on the set {v}.
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For the game (12) the situation in mixed strategies vV(-) € {v} satisfies the Berge
equilibrium condition if

max filvlvi] = £ilv'] (i € N), (13)
v (i} (OE{va\ 1y }

where

v\ (o iy = vi(den) - . vim1(dwim1)viga (dzi) - - vp(dan),
[I/HZ/ZV] = [1/1(d$1) e 1/1;1(daj‘ifl)ljzl(dl‘i)%#l(daj‘iJrl) e I/n(dl‘n)],
vV (dx) = vy (dz1) ... vy (dzy,).

For the game (12) the condition (13) determines the analogue of Berge equilibrium
situation xV satisfying (5). Denote the set of situations in mixed strategies vV(-) € {v}
satisfying (13) by {v'}.

3.4. Properties of situations in mixed strategies satisfying the Berge
equilibrium condition.

3.4.1. Weak compactness in itself of the set {v'}. We establish the weak compactness
in itself of the subset {v¥} C {v}.

Assume that @[z] is an arbitrary continuous on X scalar function. Suppose that
the elements v®)(-) (k = 1,2,...) of the infinite sequence {v*)(-)}2%, belong to the
set {vV}. Then, since {v} C {v}, it follows that {v(}2°, C {v}. As {v} is weakly
compact in itself (see Subsection 3.2) there exists a subsequence {Ix(ki)(-)}]@’i1 and a
measure °(-) € {v} such that

lim | o[z]r*)(dz) = /(p[x]yo(daf).
J—00
X X

Now we prove the validity of the inclusion v°(-) € {vV}. Assume the contrary. Then
for a rather large j there exists a number ¢ € N and a situation v(-) € {v} such that
fZ[DHVZC 1 > f;[V*]. This inequality contradicts the inclusion {1/(’“1')(~)}]°-';1 c {v'}.

Thus for the game (12) we obtained weak compactness in itself of the set of situations
{v'}.

Compactness of the set f[{v¥}] = U flv] (n-vector f = (fi,...,fn)) in the

v()efvv}
criteria space R™ can be established in the same way.

3.4.2. Auziliary property 1. Consider scalar functions (9) yi(z,2) = filx || zi] — fi[z] and
o(x,2) = max @i(z, z). According to Subsection 2.3 it follows that if f;[z] (i € N) are
1€

continuous and the set X C R! of situations = is compact, then ¢(z, z) is determined
and continuous on X x X.
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We have @;(z,2) < p(x,z) = mzjx\?cgoi(x,z). Integrating the both parts of this
1€
inequality by an arbitrary measure-product p(dz)v(dz), where u(-) € {v} and v(-) € {v},
we get,

| et ouondn < [ maxeie utdedz)
XxX XxX

for all # € N. Therefore

max / wi(z, z)u(dx)v(dz) < /Igé%(%(m,z)ﬂ(dx)y(dz).
XxX XxX

Taking into account the form of ¢;(x, z) from (9) we have

wa [ (ke 5= flEDnov(d) < [ max(ile ] ) - flEDudov(ds). (1)
XxX XxX
Remark. The inequality (14) is a generalization of the well-known property: maximum

of sum do not exceed sum of maxima.

3.4.3. Auziliary property 2. Now consider an auxiliary two-person zero-sum game
[y = <{17 2}? {Xl =X, Xy = X}7 @(377 Z)>

In the game I'y the set of strategies x of the first player is X1 = X, the set of strategies
z of the second player is X9 = X. The payoff function ¢(z, z) of the first player is of the
form (9). The aim of the first player is to choose his strategy = € X such that to get the
largest possible value of the payoff function ¢(z, z). The aim of the second player is to
choose a strategy z € X such that the function ¢(z, z) takes the least possible value.
The solution of the game I'y is a saddle point (29, 2%) € X x X. It satisfies the relation

p(z,2") < p(a?,2") < ¢(a°,2)
for Vr € X and Vz € X.
Now assign a mixed extension

f? = <{1’ 2}7 {V}v {:u}v 90(’/) :U’)>

for the game I's.
Here {v} is the set of mixed strategies v(-) of the first player,{u} = {v} is the
set of mixed strategies p(-) of the second player, the payoff function (mathematical

expectation) of the first player is o(v, ) = [ @i(z,y)pu(dz)v(dy).
XxX

The solution of the game I'y is a saddle point (10, u¥), where (+°, ") is defined by
the inequalities
P 1) < o, 1*) < (v, 1) (15)
for all v(-) € {v} and u(-) € {v}. This solution is called a saddle point in mixed strategies
for the game I's.
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Glicksberg proved in 1952 the theorem of existence of Nash equilibrium in mixed
strategies for a non-cooperative game with n > 2 players [17]. For the special case of a
non-cooperative game of n > 2 players, namely for a two-person zero-sum game fg, this
theorem implies the following proposition.

Proposition. Suppose that the set X C R’ is compact and the payoff function of the
first player (z, z) is continuous on X x X in the game I's. Then there exists a solution
(10, V) satisfying (15) in the game I's, i.e. there exists a saddle point in mixed strategies
for the game I's.

Taking into account (9) we can present the inequalities (15) as

[ max(ile 2] = AlDude) (@) < [ max(le | 2 - AR do(d2) <

XxX XxX

< [ mathle 2 - AEDR () (16)
XxX
for all u(-) € {v} and v(-) € {v}. Setting v(dz) = u°(dz) the equality

plv) = [ max(fla | 2~ Fle)u®(do(d)
XxX
implies
p(u’,v) =0.
Hence, taking into account (16) we obtain

[ max(ile I 2] = AlDutde) (@) <o,
XxX
By (14) we get

max [ (fle | 2~ filDutdn)y(d2) <o,
XxX

ma / file | i)y (dz) - / filu(dey (dz) | <o.
x X XxX
Then

/ file || zilp(da)v¥(dz) < / filzlp(dz)v¥(dz) Vu(-) € {v}.
XxX XxX
Taking into account normalization of probability measure p(-) (see Subsection 3.2) we
have [ p(dz) =1. Then the previous inequality implies
X

/ Flo || 2idu(da)v (dz) < / Flelu(de)v (dz) Vi€ N.

XxX XxX
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Using notations from (12), taking into account f;[p || vi] = [ filz || zi]p(dz)v¥(dz),
XxX
we get,

filw vi] < filv'] (i € N),

i.e. condition (13) holds.

Thus, if the sets X; C R% (i € N) are compact and the payoff functions f;[z] of every
i-th player are continuous on X in the game (8), then there exists a situation in mixed
strategies vV () € {v} satisfying Berge equilibrium condition (5) in the game (8).

4. EXISTENCE

4.1. The notion of strong guaranteed Berge equilibrium in mixed strategies.
In this section we present the main result of present paper. We establish existence of a
strong guaranteed Berge equilibrium in mixed strategies for the game

Iy = (N, {Xi}tien, Y™, {fi(z,y) }ien)-
For this we assign a quasimixed extension

T = (N, {vi}ien, Y, {fi(, ) bien)

to the game I'y.

Recall that in I'y the sets X; C Rl (i € N) are compact ones. N = {1,...,n} is the
set of players’ numbers in the game Iy (as in I'y). In Ty every i-th player (i € N)
can use both pure strategies z; € X; C R% (i € N) (as in I'y) and mixed strategies
(probability measures) v(-) determined on the Borel o-algebra B(X;) over the compact
set X; C RY (see subsection 3.2). YX is the set of uncertainties y(z) : X — Y, Y Cc R™.
The payoff function of the i-th player is of the form

filvy) = / fi(w,y)v(da). (17)
X

Similarly to Subsection 2.1, we introduce the notion of a strong guaranteed equilibrium
@V, F%) € {v} xR™ (f = (f1,..., fn)) in mixed strategies for the game T'y. For this we
use three stages:

Stage 1. Taking into account the relation

min fi(z,y) = fi(x,y" (x)) = filz] Vo € X (i€ N)
yey

we construct n vector-functions y(z) € YX.
Stage 2. For the non-cooperative "game of guarantees"of n persons

(N A{vitien {filv]} ien), (18)
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where the payoff function of the i-th player is defined by the equality f;[v] = [ fi[z]v(dz)
X
(1 € N), we find a set {vV} C {v} of situations in mixed strategies v¥(-) such that

max  fpY] = fiB] G EN). (19)
vty O€{vmgiy }
Here the measure-product v ;) (dry 13y) = vi(dz1) ... vie1(dwi-1)vig1(dzisr) - . v (dey),
i.e. vV(-) satisfies the Berge equilibrium condition in the game (18).
Stage 3. For the n-criteria problem

{v' A filv]}ien)

construct a Slater maximal solution 7V(-) € {v} such that for any vV(-) € {v'} the
system of strict inequalities

filvl > fil#*] = £ (i € N)
is inconsistent.
Then the couple (7", f* = (f;,..., f2)) is called a Berge strong guaranteed equilibrium
in mized strategies for the game I'y. The situation in mixed strategies 7V(-) is called a
guaranteeing situation; n-vector f* is called a vector guarantee.

4.2. Proof of existence. Assume that the following conditions hold for the game I'y:

(1°) the sets X; C R% (i € N) and Y C R™ are compact and Y is convex as well;

(2°) the payoff functions f;(z,y) (i € N) are continuous on X x Y (X = [[ X;);
iEN
(3%) for any x € X the payoff functions fi(x,y) (i € N) are strictly convex in y € Y,
i.e. for all A = const € (0,1) and y¥) € Y (j = 1,2) the following strict

inequalities hold
Filz, Ay + (1= Ay @) < Nifil, v D) + (1 = N) fi(z,yP) (i € N).

We prove that fulfillment of conditions 1° — 3 provides existence of strong guaranteed
equilibrium of Berge in mixed strategies in the game I'yy. In other words, we are going
to prove that conditions 1Y — 3% yield existence of a couple (¥(-), f*) satisfying the
requirements of Stages 1-3 from Subsection 4.1.

Stage 1. By Subsection 1.1 fulfillment of conditions 1° — 3% yields existence of a
continuous m-vector function

y () : min filz,y) = filz,y'(2)) = filz] Yo € X (i€ N). (20)

Note that the functions fi[z] = fi(z,y?(x)) (i € N) are continuous on X (as a
superposition of continuous functions fi(z,y) and y®(z)). By (20) for every z € X
we have

filz] < fi(z,y) Yy € Y(i € N). (21)
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Integrating the both parts of the inequality (21) by an arbitrary measure v(-) € {v} we
get

filv] = /fl[:z]y(d:v) < /fl(:c,y)l/(dac) = filv,y) Yy €Y (i € N). (22)
X X

Due to the inequality (21) we can assign the "game of guarantees"

Ly = (N, {Xitien, { filz]}ien)
to the game I'y.
Since for all y € Y we have

filz] < fi(z,y) (i€ N),
then the vector guarantee f[z] = (fi[z],..., fu[z]) corresponds to each situation z € X

in I'y. In the same way, due to the inequality (22) in the "game of guarantees"in mixed
strategies

T, = (N, {vihien {filV] = / filel(d2) hien)
X

the vector guarantee f[v] = (fi[v],..., fu[v]) corresponds to each situation in mixed
strategies v(-) € {v}.

Since inequalities (21) and (22) hold for all ¢ € N then it follows that the guarantees
flz] and f[v] are the "smallest". This is a main reason to use the term "strong
guaranteed".

Stage 2. Since the sets X; (i € N) are compact and the function f;[x] is continuous on

X = [ Xi (see conditions 1° — 20 and Stage 1), taking into account Subsection 3.4.3,
1EN

there exists a situation in mixed strategies vV(-) satisfying the requirement of Berge

equilibrium (19) in the game I'y. Therefore the set {vV} # (). By Subsection 3.4.1 the

set {vV} is weakly compact in itself, then the set of values of payoff functions

e=fl{r'Y= U [0 (hereflv] = (Al),..., ful]) (23)
v(-)e{v}
is a compact set in R™ (see the proof in Subsection 3.4.1).

Stage 3. Let a; = const > 0 and Y. a; > 0. Consider a linear convolution »_ «a;f;
iEN iEN
determined on ® (see (23)). Since Y a;f; is continuous on ¢ and taking into account
1EN B B B
Weierstrass theorem we get that there exists a constant n-vector f* = (f7,...,f3)) € ®
such that max > a;f; = Y. a;ff. Due to Karlin’s Lemma [19] the alternative f* is
€P jeN i€EN

maximal by Slater in the n-criteria problem

(@, {fitien),

i.e. for any f € ® the system of inequalities

fi>ff (ieN)
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is inconsistent. Taking into account the construction way of the set ® (see (23)) one can
state that there exists a situation 7°(-) € {v} such that f* = f[P®]. This situation
in mixed strategies v°(-) is Slater maximal in n-criteria problem ({vV},{fi[v]}ien)-
According to the definition from Subsection 4.1 the couple (7", f*) is a Berge strong
guaranteed equilibrium in mixed strategies for the game I'y.

Thus, if for the game I'y the following conditions

— the sets X; CRY (i € N) and Y C R™ are compact;

— the set Y is convex;

— the scalar payoff functions f;(z,y) (i € N) are continuous on X x Y;

— for any x € X the payoff functions f;(z,y) (i € N) are strictly convex in y € Y

hold, then there exists a Berge strong guaranteed solution (BVSGS) in mixed strategies
in the game I'y.

Remark. The "game sense"of the notion of BVSGS is as follows. Every situation has
a corresponding vector guarantee. Among these guarantees we have to select the ones
which correspond to the Berge equilibrium situations. Then from such guarantees a
Slater maximal guarantee (with respect to the selected guarantees) has to be chosen.
The couple (the equilibrium situation and the corresponding vector guarantee) is offered
as a "good"solution (BVSGS) for the game I'y. In fact, whatever uncertainty is realized
in the game I'y, the players (using the situation from BVSGS) provide themselves "the
largest"guaranteed payoffs. For each player this guaranteed payoff coincides with the
corresponding component of the vector guarantee.

5. CONCLUSIONS

In this paper two new basic results of game theory have been established. These results
concern Berge equilibrium (see the review [18]).
First, for the non-cooperation game

Ly = (N, {Xi}ien, { filr] }ien),

where N = {1,...,n} is the set of players’ numbers, the set of strategies x; of the i-th

player is X; C RY (i € N), the situations = (z1,...,7,) € X = [[ X; C R, the
iEN

i-th player payoff function f;[z] is determined on X, the following proposition have been

obtained.

Proposition 1. If X; are compact and f;[z] are continuous on X; (¢ € N) then in the
game I'y there exist the situations in mixed strategies 7V(-) € {v} satisfying the Berge
equilibrium condition (19) such that #V(-) is Slater maximal with respect to all other
situations satisfying the Berge equilibrium condition.
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Second, we considered a non-cooperation game of n persons under uncertainty

I'n = (N A{X}ien, Y, {fi(z,9) Yien),

where N, z;, X;, x, X are the same as in I'g, Y X is the set of uncertainties y(x) : X —
— Y C R™, on the set X XY the payoff function f;(x,y) of any i-th player is determined.

In subsection 4.1 for the game I'yy we have introduced the notion of Berge strong
guaranteed equilibrium in mixed strategies.

Proposition 2. Let in the game I'y the following conditions

— the sets X; C R% (i € N) and Y C R™ are compact;

— the set Y is convex;

— the scalar payoff functions f;(z,y) (i € N) are continuous on X x Y;

— for any x € X the payoff functions f;(x,y) (i € N) are strictly convex in y € Y’

hold, then there exists a Berge strong guaranteed solution in mixed strategies in the
game I'y.
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CyuiecTBoBaHue paBHOBecusi 10 Bepky B CMelIaHHBIX CTpaTerusix
Jns 6eckoasuyuontot uepol n AUy, Npu HEOnPedeAeHHOCY POPMANUSYETCA
NOHAMUE 24PAHMUPOBANHO20 PEWEHUSA, OCHOBANHO20 Ha NOOLOOAWEl MOOUPU-
KAUuU Makcumuna u pasrosecus no Bepowcy. IToayuens Yycaosus cyuecmeosa-
HUA 2aPANMUPOBAHHOZ0 PEWEHUA 6 KAACCE CMEWAHHOIT cmpameull (6eposm-
HOCTHBLT MED).

Kirouesrslie cioBa: BEPOATHOCTHBIE MEPDbI, CMEIllaHHasd CTpaTerusd, cj1abast KOMIIaKT-

HOCTB, TapaHTus, paBHOBecue 1o Bep:ky-Balicmany, paBnosecue o Harry, MmakcumuH.



