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For the graphic image of thermal expansion anisotropy the three-dimensional revolving models of
indicatory surfaces were constructed. The form and orientation of these surfaces depends on the
crystal symmetry in accordance with the principle of Neumann.
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INTRODUCTION

Materials generally change their size when subjected to a temperature change while
the pressure is held constant. Common engineering solids usually have coefficients of
thermal expansion that do not vary significantly over the range of temperatures where they
are designed to be used, so where extremely high accuracy is not required, practical
calculations can be based on a constant, average, value of the coefficient of expansion.

Thermal expansion of crystals is described by nine coefficients, which form a
symmetric tensor of the second order. For the evident graphic image of anisotropy of
thermal expansion, it is convenient to use indicatory surfaces. Radius-vector of this
surface is proportional to the size of the relative lengthening of crystal in this direction at
heating.

1. METHODS OF INVESTIGATION

To a first approximation, the change in length measurements of an object (“linear
dimension” as opposed to, e.g., volumetric dimension) due to thermal expansion is related
to temperature change by a “linear expansion coefficient”. It is the fractional change in
length per degree of temperature change. Assuming negligible effect of pressure, we may
write:

Al/l

AT )
Where [ is a particular length measurement and A/// is the rate of change of that
linear dimension per unit change in temperature.
For a definite choice of the coordinate system (the choice is determined by
installation rules and associated to the elements of the symmetry of the crystal) amount of
independent coefficients a, decreases [1], Table 1.

On
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Coefficient of thermal expansion in any direction, [2]:
On=) Qij* Ni*nj . ()
Where o; are coefficients of thermal expansion of crystals, formative the second-

order tensor; n;, nj are components of the vector of unit length determining in some
direction in the crystal.

Table 1
The equations of indicatory surfaces of thermal expansion
Category View of the tensor of The number The equations
thermal expansion of indicatory surfaces
independent
parameters
Higher ayx 0 0 1 =0y
0 ayx O >
0 0 oy

Middle 2 a=tyy (NE+n3) +

2
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Lowest gy O O UW=0yy ME+ @y, i+
0 ay O 3 a,, n?
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For the construction of three-dimensional revolving models of indicatory surfaces
would be convenient to use application package MathCad. Great mathematical capabilities
of this package make it a convenient tool for physical research [3, 4].

Within this package the program was created, that allows to construct of indicatory
surfaces of thermal expansion. Analysis of the received indicatory surfaces allows
defining the symmetry and the anisotropy of the properties, and, if necessary, establishing
the directions of its extreme value.

2. RESULTS AND DISCUSSION

Thermal expansion of crystals of the highest category symmetry (cubic crystal
system) is described by a single coefficient. a. For any other cubic crystal, indicatory
surface has a form of a sphere. Thus, the crystals of higher category evenly broaden on all
directions, saving the primary form.

Fig. 1. The indicatory surface of thermal expansion of the cubic crystal and its
projection on the plane (XOY).

For the crystals of middle category (crystals of this category have an third, fourth or
sixth order axis of rotation, the axis Z is directed along its) let us consider number of
interesting cases:

a) All the coefficients of thermal expansion more than zero, at that a,, < a,,. For
example, for a crystal of zinc: a. = 14-10°, °C!, ar,,= 55-10° °C!, [5], Fig. 2.

Fig. 2. The indicatory surface of thermal expansion of zink and its projection on the
plane (XOY).

94



USING INDICATORY SURFACES FOR THE STADY OF ANISOTROPY ...

For a crystal of zinc indicatory surface is elongated along the axis Z. This axis
coincides with the axis of the sixfold. With a uniform heating of zinc in this direction
crystal pull stronger than in the perpendicular direction.

b) All the coefficients of thermal expansion more than zero, and a,, < ayy. As, for
example, for a crystal a-quartz: a,,=14-10° °C"!, a,,= 9-10°°C.

Fig. 3. The indicatory surface of thermal expansion of a-quartz and its projection on
the plane (XOY).

It is seen, that surface of thermal expansion in this case is the ellipsoid flattened along
the axis of Z. This direction of minimum increase of crystal of quartz at heating. And
maximally — in perpendicular direction.

c¢) We will especially distinguish a case, when one of coefficients of thermal
expansion less zero. As an example, the indicatory surface of thermal expansion of a
crystal calcite CaCOs, which is widely used in an optical instrument production. Its
coefficients of thermal expansion: a,,= -5,2:10° °C!, a,,= 22,6:10° °C". The indicatory
surface of thermal expansion of a crystal calcite is multi-cavity surface with positive and
negative areas of thermal expansion, Figure 4. It is seen, that along the axis of Z thermal
expansion of calcite is maximal. Perpendicular to this axis is the region of negative
thermal expansion (compression). Thus, at heating, calcite broadens in one direction, and
in other — compressed. Also near the axis of Z there is a cone of directions with half-angle
75°56°, along which the expansion (compression) is zero. In these directions at heating, a
crystal does not change.

Fig. 4. The indicatory surface of thermal expansion of calcite and its projection on the
plane (XOY).
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Thus, indicatory surfaces of thermal expansion of crystals middle category are
spheroids. The axis of rotation is the main axis of symmetry (Z).

For crystals of the lowest category, depending on the symmetry and, accordingly, the
number of independent coefficients of thermal expansion, there are also a number of
cases:

a) Three independent coefficients of thermal expansion, as, for example, for the
orthorhombic crystal system.

For example, for a crystal of aragonite in this category ay,= 35-10¢ °C,
ayy= 17-10° °C"', @,,=10-10° °C"', characterized by the presence of three mutually
perpendicular twofold axes of symmetry. The indicatory surface of thermal expansion of
aragonite is shown in Fig. 5.

Fig. 5. The indicatory surface of thermal expansion of aragonite and its projection on
the planes (XOY), (XOZ) u (ZOY).

It is seen that all the projections are ellipses. Indicatory surface of such crystals is a
triaxial ellipsoid with axes coinciding with the coordinate axes, which coincide with the
twofold axis of symmetry.

b) In less symmetrical crystals this category (the monoclinic crystal system)
indicatory surface is described by four thermal coefficients. For example, for a crystal of
potassium  tartrate:  ay,=12-10°  °C', ayy=44,8:10°C",  a,,=32:10° °C",
Ay,= — 12:10° °C"'. The indicatory surface of such crystals in projection has one ellipse
only — perpendicular to the axis of Y, that coincides with the only axis of symmetry in
these crystals, Fig. 6.
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Fig. 6. The indicatory surface of thermal expansion of potassium tartrate and its
projection on the plane (XOZ).

CONCLUSION

The anisotropy of thermal expansion of single crystals in some way connected with
their symmetry, according to Neumann’s principle:

1. Thermal expansion of crystals of the highest category is isotropic.

2. When heated, the crystals of middle and lower category can expand in all
directions or in certain directions to shrink and expand in other ones.

3. An indicatory surface of thermal expansion of such crystals is spheroids if all
aij — positive or surface with several (positive and negative) parts, if some ajj — negative.

4. There are determined directions in a crystal in last case along which thermal
expansion is equal to zero.
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Iloka3aHa MOXIMBICTH JOCHIIPKEHHS aHI30TPOIil TEIIOBOIO PO3MIMPEHHS KPHCTANiB 3a JIOHOMOTOI0
rpadiYHIX TIOBEPXOHb, PaAiyCc-BEKTOPH SKUX XapaKTEPU3YIOTh BiIHOCHI BEIMYUHM BIACTHBOCTI B 3aJaHOMY
HampsMKy. 3a Gopmoro yka3aTeabHON MOBEPXHI MOXKHA BHSBUTH eKCTPEMalbHI HANPSIMKH, B SKUX BEJUYHHA,
II0 BHU3HAYa€ BIACTHBICTh, NMpHUHMae MakcuMajibHe abo MiHiManbHe 3Ha4yeHHA. CHMeTpis yKazaTenbHOI
MOBEPXHI MOBHHHA MICTHTH B c001 BCi €IEMEHTH CUMETpil KpHCTaia BiOBiIHO 10 mpuHImny Heiimana.
Knwwuoei cnosa: Bka3iBHa MOBEPXHsI, TEIIOBE PO3IIMPEHHS, aHI30TPOITis.

MakcumoBa E. M. Ucnosb3oBaHue yka3aTelbHbIX NMOBEPXHOCTel /sl MCCIeI0BAHMA AHU3OTPONMU
TeIUIOBOro pacuupeHusi kpucraaios. / E. M. MakcumoBa, A. U. 3amkoBckas // YdeHble 3alHCKH
TaBpuueckoro HalMOHANEHOTO YHHUBepcuTeTa MMeHN B. U. Bepranckoro. Cepust : dusnko-mMaTeMaTHIECKUE
Hayku. — 2014. — T. 27 (66), Ne 2. — C. 92-98.
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IToka3aHa BO3MOXKHOCTb HCCJIEAOBAaHMS AHU30TPONMHU TEIUIOBOTO DACHIMPEHMS] KPUCTAIIOB C ITOMOIIBIO
rpaM4YecKUX IOBEPXHOCTCH, pPaJlyc-BEKTOPbl KOTOPBIX XapaKTEPU3YIOT OTHOCHTEIbHBIC BEIHMYHUHBEI
cBoifcTBa B 3aJaHHOM HamnpaBieHuH. [To Gpopme ykasaTenpHON MOBEPXHOCTH MOXKHO BBISIBUTH SKCTPEMalbHbIE
HalpaBlICHUs, B KOTOPHIX BEIMYMHA, OIpEAENSAIoNias CBOWCTBO, MPUHUMAET MaKCHMAaJIbHOE WIIH
MHUHUMAaJIbHOE 3HaueHrne. CHMMeTpusl yKka3aTeJIbHOH IIOBEPXHOCTH JIOJDKHA COJepiKaTh B ceOe BCe 3IEMEHTHI
CUMMETPUH KpHCTa/lla B COOTBETCTBHHU C puHIunoM Helimana.

Knrwouegvie cnosa: yxasarenbHas I0OBEpXHOCTb, TEIUIOBOE paCIIMPEHUE, aHU30TPOIUSL.
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