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OPTICAL VORTICES IN WEAKLY ELLIPTICAL ANISOTROPIC FIBRES
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In the present paper we have obtained the modes and the corresponding propagation constants of weakly
elliptical anisotropic optical fibres with torsional mechanical stress. Far from the resonance values of the pitch
twist, the modes are found to coincide with the modes of ideal fibres with stress with high accuracy.
Moreover, the circularly polarized optical vortices with topological charges =1 are demonstrated to be robust
in such a fibre. The analysis of the mode propagation constants shows that the mutual influence of stress-
induced circular birefringence and the spin-orbit interaction provides the effective reduction of linear
anisotropy-induced mode dispersion.
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INTRODUCTION

Optical fibres with torsional mechanical stress (TMS) induced by twisting a fibre
around its axis hold a special place among other types of optical fibres. It is due to their
unique ability to significantly reduce the polarization mode dispersion (PMD) [1-3], which
is one of the main causes of pulse lengthening in the fibre systems and decreasing of
sensitivity of the various transducers [4,5]. To date such fibres have been
comprehensively studied. In particular, it was theoretically and experimentally
demonstrated [6] that the fundamental modes of ideal (without any additional optical
imperfections) fibres with TMS are the circularly polarized fields propagating with
different phase velocities. In particular, it means that the twist induces circular
birefringence in an optical fibre This leads to the well known effect of the rotation of the
linearly polarized light launched into the twisted fibre. Recently, efforts have been paid to
investigate the structure of the higher-order modes of fibres with TMS as well. It was
shown [7] that the modes with the azimuthal number / =1 of ideal fibres with TMS are
represented by two circularly polarized optical vortices (OVs) with the topological

charges *1and the conventional TE, and TM( , modes (n being the radial mode

number). At the same time, the modes with />1 are found [7] to consist of four
circularly polarized OVs with topological charges /. The corresponding propagation
constants of the modes were also obtained. Besides, the coupling of the modes with
different azimuthal numbers induced by TMS has been studied [8]. As a result, the
coupled modes are found to obey a kind of selection rule — they must have the same total
(the sum of spin and orbital) angular momentum in the direction of propagation.
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Study of the effect of TMS on the light propagation has not been limited only to the
case of ideal fibres. Indeed, it was shown [6] that in the presence of some kind of optical
perturbations (such as linear anisotropy of the material or of the shape of the fibre’s cross-
section) the fundamental modes of anisotropic fibres with TMS are elliptically polarized.
The question of the OVs propagation through such fibres was also considered [9]. In
particular, the possibility of the stable transmission of circularly polarized OVs with unity
topological charge through elliptical fibres with TMS was theoretically demonstrated
under the condition that the influence of ellipticity and TMS suppresses the spin-orbit
interaction (SOI) in the fibre.

Quite recently, the combined effect of relatively small linear anisotropies of material and
shape on the modes propagation in fibres with TMS near the resonance points was studied
[10]. As a result, the conclusion was made that such fibres can be used for highly effective and
stable generation of practically valuable radially and azimuthally polarized vector beams.

Meanwhile, as far as we know, the effect of small linear anisotropy on the structure
of the higher-order modes and the spectrum of the propagation constants of fibres with
TMS far from resonance points has not been studied yet. At the same time, along with
academic interest, a purely practical interest to this question is connected with the problem
of OVs propagation in optical fibres. Indeed, the OVs have a number of unique properties
that make them the very prospective tools for encoding and transmitting information
[11, 12], for trapping and manipulating microparticles [13], for astronomy purposes
[14, 15] etc. To transmit the OVs over distance the various types of optical fibres have
been proposed [16-20]. Probably, one of the most cheap and thus practically attractive
types of optical fibres for the robust OVs transmission is an ideal fibre with TMS [7-9]. At
that, however, one should take into account that any real fibre inevitably possesses some
amount of linear anisotropy [6] that, in particular, causes the PMD thus impairing the
transmission abilities of a fibre. While the effect of the anisotropy-induced PMD reduction
by twisting a fibre at a sufficiently high rate was demonstrated for the fundamental modes,
the question on the analogous influence of TMS on the OVs in the presence of small linear
anisotropy has not been addressed yet. In light of this, we pursue two main goals in this
paper. The first one is to derive the higher-order / =1 modes of weakly anisotropic fibres
with TMS. The second one is to establish the mode propagation constants and answer the
question of whether TMS suppresses the influence of small linear anisotropy on the
propagation constants of the modes thus leading to the reduction of the anisotropy-induced
mode dispersion.

1. MODEL AND PERTURBATION THEORY APPROACH

It is usually assumed that the fibre consists of the core with the radius 7() and an infinite
cladding and the refractive index of the model in the problem can be presents as [10]:
0 0 sin @

ﬁ%zzm;lf@ﬁ—=%MWm2¢pﬁ%&2_€+qp44n§0r 0 0 —cosg |. (1)

singp —cos@ 0
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Here the first term describes the axially symmetric distribution of the refractive index

in the ideal fibres: 72 (r) = ngo(l —2A-f(r)), A :(ngo —ngl )/21130 is the height of

1
the refractive index profile, ”go = E(n)zc +n)2,) and ngl are the values of the squared

refractive index in the core and cladding, respectively, and for the fibre with step-like
distribution of the refractive index the profile function reads as f(r)=0(r/n—1), 0

being the unity step. The second term in Eq. (1) corresponds to the ellipticity of the fibre’s
cross-section. Indeed, the most simple way of introducing the ellipticity is to make the
scale transformation: x — x(1+ o ) , V> y(1—5 ) , where the ellipticity parameter

0 <<1, and then expand the refractive index in ¢ . The prime stands for derivative with
respect to 7. Linear anisotropy of material is taken into account by introducing the third

term in Eq. (1), where £=diag(l,—1,-1), 5n® = O.S(n)% _n)2}

Eq. (1) accounts for the influence of TMS on the optical properties of the fibre through the

)<< 1. The last term in

photoelastic effect and pygq = 0.5( P11— p12)> p11 and pjp are the photoelastic
constants, ¢ =27/H, H being the twist pitch. Cylindrical polar coordinates (r, go,z)
are implied and the axis z is the fibre’s axis. Note that the tensor in Eq. (1) operates on
the Cartesian components of the electric field: £ = col(Ex,E yaEz) .

To find the modes of elliptical anisotropic fibres with TMS let us consider the vector
wave equation for nonmagnetic anisotropic media with the refractive index in Eq. (1) [10]:

Y OF
((@2 +lk2ﬁ2)E :—V((E.V1n5)+qp44nfor[sin(paaEx —cos¢—yD, (2)
iz

oz
where V = (8/ ox,0/0y,0/ 82), k=2rx/A, A is the wavelength in vacuum. The second

term in the right hand side of Eq. (2) is emerged owing to the tensorial nature of (1) and it
was taken into account that the refractive index can be presented in the form:

ik (r, (p) =¢l+ 6. In addition, we have disregarded the influence of ellipticity and
material anisotropy in the gradient term. This is valid under the following two conditions:

2 \2
(27”1 7’0) |Paal
Asn®
It is also worth noting that the gradient term 6([77 Vinn? (r)) describes the spin-

A>> 5n2 and H <<

3)

orbit interaction (SOI) of light in an ideal fibre [21].
Given the translation invariance of Eq. (1) in the z - direction, it is possible to seek

for a solution of Eq. (2) in the factorized form: E=¢ (r, q))eiﬂ Z, where S is the
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propagation constant. Substituting the ansatz in Eq. (2), one can present the wave equation
in the form of the following eigenvalue problem:

(ﬁ0+l}ell+l}an +VTMS)|V/>:ﬁ2|l//>a (4)
where the ket-vector |l//> = Col(ex, ey,e; ) , the operator H o governs the light

propagation in the ideal optical fibres allowing for the gradient term [22], the operators
Vo = =2k*n2,A871; cos 2¢1 and Vi, = k>™>§ account for the effect of ellipticity and
material anisotropy on the light propagation, correspondingly, and

0 0 sin @

%[S:kquMn?Or 0 0 —cos@ |+
singp —cos@ 0

0.5sin 291V, —sin? (oV(p —l—cos2 @rV,. +0.5sin 2¢V(p 0

+iqp44ngo,3 1+sin? @rV,. +0.5sin 2(0V(p —0.5sin2¢rV,. — cos? Ny 0

irfsin @ —irffcos @ 0

is owing to TMS.
It is easy to see that the operators in Eq. (4) have the following orders: ﬁ@ oc kzngo,

ﬁéy oc kznczoAé' , lﬁgn o k25n’ , anﬁm oc kqu44n?0r0 , where the typical values of
the parameters are as follows: n., =1.5, A= 10-1073 (for weakly guiding fibres),
§=10"1-1072, 5n* =107 =108, pyy =—0.075 (for silica) and H >10">m. As
a result, I:[o >> T/A'elz,l}an,l}ms and one can use the perturbation theory approach for

solving Eq. (4), treating Ho as a zero-order operator and the operator

I} = I}elz + I}an + I}Ws as a perturbation. As is well known [23], the key point of this
method is that the system could be described with the so-called perturbation matrix, which

o

1

has to be built by averaging the total operator H o+ V over the eigenstates

A2 -4

modes with the azimuthal number / =1, as the basis for the perturbation theory we take
the following zero-order modes:

the zero-order operator: ﬁ@)

0
l//l( n)> . Since we are interested in
Tl
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s ’nr 5
]
0 —F,p (r)sing . A ,(r)cose
‘l//l( n)> =| A p(r)cosp |, ‘vll( n)> = A p(r)sing |, (5
b 3 O 5 4 i
= rF o+ F
ﬂl,nr[ l,l’l l,l’lj|
TR o,
i i ; - J1Uy)
where the radial function for the step-index fibres is Fl, n (r) = B and
K1) p>y,
Ki(Wy)

R= - [22]. The modes W1((31)> =
rO ’ 1

circularly polarized OVs, where the first index inside the ket-vector describes the sign of
polarization, while the second one specifies topological charge; the modes

0 0
l//l( n) > =|TE, n> and l//l( n)> E‘TM 0,n> represent the standard transverse electric
2 3 b 4
and magnetic mode, correspondingly. The perturbation matrix is given by:
— Iys 7 211,,,(0)
Hy‘—l,<'//z,n Ho+V = 1, >j, (6)

where  the  standard definition of the scalar product is  implied:

1,1, n> and

1/11(21) >2 = |—1,—l, n> are right and left

o 2 Fx
d * * *
(@[¥)=] [|0y @), @) ¥, |rdrdp.
0 0 w
z

Using Egs. (4) — (6), we obtain the perturbation operator for / =1 modes:
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an_ﬂ2+An+Cn 0 l(D”+E) £~ Dy
q 0 B-pB+4,-C, —i(D,+E)  E-D,
= ~ R 7
_i(Dy +E) i(D.+E)  -p 0 @
E_Dn E_Dn 0 ﬁnz_ﬂz‘i'an
, A P2
where the SOI constants for the step-index fibres are A :—2(FnFn -Iy ) ,
On'y R=1
A (2 , T o2 5
Bp=— (Fn +FnFn) . 0, = [ RE; (R)dR, f 5, is the well known scalar
Qn”() R=1 0

. ep%) . : :
propagation constant [22], C, = -2 (Zn +Op - Eﬂ J is proportional to the twist,

n

_ k2q|1?~44|"?o

n
are the constants of ellipticity and material anisotropy, correspondingly. Here and in what
follows the azimuthal number is omitted and assumed to be unity.

The analytical expressions of modes and the corresponding propagation constants are
to be obtained by solving the following equation:

Hi=0. (8)

)y and O = O.5q|p44|ngo, D, = —k2n30A5/Qn and E = k*on®

n

Here the vector Xj has the components a;c representing the desired modes in the
. j 0
basis (5): |l//>k :Zcz;C !//7(1 )> .
i

3. HIGHER-ORDER / =1 MODES THE MODE PROPAGATION CONSTANTS

l

Strictly speaking, solving Eq. (8) with the matrix in Eq. (7) would give the modes of
elliptical anisotropic fibres at arbitrary reasonable values of the fibre parameters. The
excat expressions for the modes, however, would be too cumbersome for physical
analasyse. Besides, finding the exact propagation constants seems to be a holpless task,
that is owing to the nontrivial dependence of the matrix in Eq. (7) on [ through the

constant C,, . Meanwhile, since we are interested only in the particular case of weak linear
Dy, 4,

solution of Eq. (8) by means of perturbation approach. Following this idea, one should

b b

<<,

anisotropy when £, Bn|, it looks reasonable to find an approximate

treat the operator Ho=H (E =D, =0) as a zero-order one and the operator
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0 0 i(D,+E) E-D,
0 0 —-i(D,+E) E-D, ) .
ﬁém = . . as a perturbation, which
—-i(D, +E) i(D,+E) 0 0
E-D, E-D, 0 0

corresponds to linear anisotropies of both types.
As was demonstrated in [7], the zero-order eigenfunctions coincide with the fields in
Eq. (5), while the corresponding propagation constants are:

L4 % O_z  40_5 "
%(An+22n), B =B, B, —ﬂn+7. )
This spectrum has the unique feature of demonstrating the so-called accidental
degeneracy, which is in our case the intersection of some of the spectral branches at the
given values of the pitch H . The corresponding case has been considered in [10]. Here
we are interested in finding a solution of Eq. (8) far from such resonance values of the
parameter H . The desired regime is implemented in the fibre under the two conditions:

'Bl(,g) =P+

25, ~ |4y >> |E+Dal. 22, - (2]B,|~|4])|>> |E - Dal- (10)

When these inequalities are obeyed, there is no degeneracy in the spectrum in Eq. (9)

and, consequently, the influence of the perturbation V;an should be taken into account by

making use the perturbation theory without degeneracy [23]. In accordance with it, the
first-order corrections to the eigenfunctions of the zero-order operator are known to have

Vik
2 2
S0P _ 0
i k
corrections, the corrections to the field amplitude do not accumulate under the light
propagation through a fibre, it becomes clear that it is possible to disregard the effect of
small linear anisotropy on the structure of the modes. In other words, the / =1 modes of

weakly elliptical anisotropic fibres with TMS are those of ideal fibres with TMS in the
first-order approximation.
(0

The first-order corrections to the eigenvalues ﬂl. of the zero-order operator H,

the order: <<1. If one also recalls that, in contrast to the phase

2 2
are known to be given by: §ﬂ-(l) =p; —ﬂ-(o) =V

; ; ij» Where Vii are the diagonal

elements of the matrix of the operator Vian in the Hy -representation. It follows from the
above that the propagation constants in the first-order approximation read as:
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(o), o8

=y = 11
At the same time, the direct calculations show that
1
o, "

in the case of the perturbation of the form I}lan . Thus, it turns out that to study the effect
of linear anisotropy on the propagation constants one has to consider the higher-order
terms of the perturbation theory. In so doing and allowing for Eq. (12), one gets the
following form for the propagation constants in the second-order approximation:

(2)
oB.
B; zﬂi(o) +§’—,g- (13)

2
o (2) Vi
where the second-order correction is defined as [23]: éﬁi = Z > >
ki 5(0)7 _ 5(0)
By - B
yields the spectrum of the propagation constants of the / =1 modes of weakly elliptical
anisotropic fibres with TMS up to the second-order terms:

It

Bi=f, +——d4 —25 — (D-E)"
V=P |t g~ -3 [
ﬁ —B +L A +2> +M
2 n 2ﬁn n n |An|_22n ’
2 2
~ (D+E) = 1 (D-E)
=P 2ﬂn(|An|_22n)’ & ﬂn+2ﬂn n+An_2Bn_22n o

As is seen from Eq. (14), the anisotropy-induced corrections are imparted to the
structure of the mode propagation constants, thus ensuring additional mode dispersion as
compared with the case of ideal fibres with TMS. At that, however, it is important that
these corrections are strongly suppressed by the mutual influence of the SOI and TMS-
induced circular birefringence, thus being negligibly small. It directly leads to the
significant reduction of linear anisotropy-induced mode dispersion. Finally, one should
also note that the important feature of the spectrum in Eq. (14) is the absence of
degeneracy. It allows us to make a conclusion on stability of modes in Eq. (5), and,

1,1,n> and |—1,—1,n>.
27
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CONCLUSION

It is considered the higher-order mode propagation through weakly elliptical
anisotropic optical fibres with torsional mechanical stress. It is found that, at certain
fibre’s parameters, the fibres modes are the modes of ideal fibes with stress. The analysis
of the mode propagation constants shows that the mutual effect of stress-induced circular
birefringence and the spin-orbit interaction leads to the strong reduction of the linear
anisotropy-induced mode dispersion. Besides, the circularly polarized optical vortices
with topological charges %1 are found to be the robust fields in the fibre considered. It is
owing to the absence of degeneracy in the spectrum of the mode propagation constants.
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SIBopcbkuii M. O. OnTnyHi BUXOpPH Yy ¢J1a00 eJINTHYHUX AHI30TPONHHX BOJIOKHAX 3 KPYTHWJILHHUMH
Mexaniynumu Hampyramu / M. O. SIBopebkmii // Bueni 3ammcku  TaBpiiicbkoro HauioHaJIbHOTO
yniBepcutery imeHi B. I. Bepuaacekoro. Cepist : ®isuko-matemaruuti Hayku. — 2013. — T. 26 (65), Ne 2. —
C. 20-30.

BusnHaveHi Moy 1 cTany MOMMpPEHHs clabo0 eMNTUYHUX aHI30TPONHHUX ONTHYHHX BOJIOKOH 3 KPYTHJIBHHM
MEXaHIYHIM HaNpyXeHHAM. BcTaHOBIIEHO, IO JajieKko BiJ PE30HAHCHUX 3HAYEHb KPOKY CKPYTKH MOIM
BOJIOKHA CITIBIIAJIAIOTh 3 MOJAMHU i/IeaJIbHUX BOJIOKOH 3 HANpy>KeHHSIM. BinbIr Toro, mpoaeMoHCTPOBaHO, IO
LUPKYJISIPHO TOJISIPU30BaHi ONTHYHI BUXOPH i3 TOIOJIOTTYHUMH 3apsiiaMi +1 MaroTh BIACTHUBICTh CTPYKTYPHOI
CTIHKOCTi y LUX BOJOKHaX. Y pe3yJjbTaTi aHaji3y CTaJIMX MMOUIMPEHHS BCTAHOBJICHO, IO CYKYIHWH BIUTHB
MOPOPKEHOTO  HATPYXKEHHAMM IUPKYJSIPHOTO TIOABIMHOTO IPOMEHE3aIOMJICHHSI Ta CIHMH-OpPOITaIbHOI
B3aeMoii 3a0e3neuye eeKTUBHE 3aryLIeHHs qUCIEpCii MO, sIKa HaBeeHa JIIHIIHOIO aHi30TPOMIElO.
Kniouosi cnoea: onTHIHUH BUXOP, ONTHYHE BOJIOKHO, JHCIEPCiS MOJIH.

SABopcknii M. A. Ontuyeckue BHXPH B €200 JIJUIMOTHYECKMX AHU30TPONHBLIX BOJOKHAX €
KPYTHJIbHBIMM MeXaHHYeCKUMH HanpsukeHusmu / M. A. SIBopckmii // Yuensle 3anucku TaBpuueckoro
HallMOHAJIBHOIO yHUBepcuTeTa uMeHH B. 1. Bepnanckoro. Cepus : ®usnuko-maremarndeckue Hayku. — 2013.
—T. 26 (65), Ne 2. — C. 20-30.

B nmanHolf pabGoTe MBI MONYyYMIM MOJBI M COOTBETCTBYIOIHE IIOCTOSHHBIE PACIpPOCTpaHEHHs CIabo
SIUIMNTHYECKAX AHU30TPONHBIX ONTHYECKHX BOJIOKOH C KPYTHJIBHBIMH MEXAHHUECKUMM HANpPSKEHUSMH.
YCTaHOBIEHO, YTO BIANM OT PE30HAHCHBIX 3HAYEHMH IIara CKPyTKH MOJBI CHCTEMBI COBIAAAIOT C MOIAMH
HACANbHBIX BOJIOKOH C HAaNpsDKeHUsMH. bBomee Toro, mokas3aHo, 9YTO IUPKYJSPHO TOISIPU30BAaHHBIC
ONTUYECKHE BUXPU C TONOJOTMYECKUMH 3apsamMu +1 SBIAIOTCS yCTOMYMBBIMU B JAaHHBIX BOJIOKHaX. B
pesyibTaTe aHaluM3a IOCTOSHHBIX  PacIpOCTPAaHEHUS  yCTAaHOBJIEHO, 4YTO COBMECTHOE  BIIUSHHE
HUHIYLMPOBAHHOTO  HANpPSKCHUSAMH  LUPKYJSIPHOTO  JBYJYYEHPENOMIICHHS ¥ CIIHUH-OPOMTAIBHOIO
B3aMMOJICHCTBUs obecreunBaeT 3(p(EeKTHBHOE IOJABICHUE MOJOBOW IHCIEPCUM, BBI3BAHHOW JIMHEHHOM
AQHHU30TPOIHUH.

Knioueswie cnoga: ontuueckuil BUXph, ONTUIECKOE BOJIOKHO, MOOBAs THUCHEPCHSL.
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